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This paper discusses the existence of ion–acoustic solitary waves and their interaction in a dense quantum electron–

positron–ion plasma by using the quantum hydrodynamic equations. The extended Poincaré–Lighthill–Kuo perturbation

method is used to derive the Korteweg-de Vries equations for quantum ion–acoustic solitary waves in this plasma. The

effects of the ratio of positrons to ions unperturbation number density p and the quantum diffraction parameter He (Hp)

on the newly formed wave during interaction, and the phase shift of the colliding solitary waves are studied. It is found

that the interaction between two solitary waves fits linear superposition principle and these plasma parameters have

significantly influence on the newly formed wave and phase shift of the colliding solitary waves. The investigations

should be useful for understanding the propagation and interaction of ion–acoustic solitary waves in dense astrophysical

plasmas (such as white dwarfs) as well as in intense laser-solid matter interaction experiments.
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1. Introduction

Nonlinear electrostatic pulses (solitary waves) in
multi-component plasmas have attracted considerable
interest during the past years. In contrast to the usual
plasma consisting of positive ions and electrons, the
nonlinear waves behave differently in plasmas hav-
ing an additional component of positrons.[1] Electron–
positron–ion (EPI) plasmas are rather widespread
in nature. As for astrophysical plasmas, such a
plasma plays an important role in understanding the
plasmas in the active galatic nuclei,[2] in the pulsar
magnetospheres,[3] in the solar atmosphere,[4,5] and
even in the early universe.[6−8] As for laboratory plas-
mas, it is well known that the short relativistically
strong laser pulse in matter can be accompanied by
the EPI plasma due to photoproduction of pairs dur-
ing photon scattering by nuclei.[9−11]

The ion–acoustic wave (IAW) is an ion timescale
phenomenon and this mode does not exist in electron–
positron plasmas. The IAW in three-component EPI
plasmas have been extensively studied and there are
a lot of research works on this fundamental mode
in both the magnetized and unmagnetized cases. It

is well known that in a frame moving with the lin-
ear phase velocity (in the long-wavelength limit), the
Korteweg-de Vries (KdV) equation is the simplest
form of a nonlinear equation that yields a solitary
wave structure. The formation of KdV solitary waves
in plasmas is due to a delicate balance between nonlin-
earity and dispersion. In a homogeneous plasma, the
behaviour of one-dimensional solitary waves is gov-
erned by the usual form of the KdV equation. Among
the nonlinear structures, ion–acoustic solitary wave
(IASW) represents the most important aspect of non-
linear phenomena in modern plasma research, and
there are numerous investigations have been carried
out on this fundamental mode in various EPI plasma
systems.[12−16]

A quantum plasma, whose constituents are the
electrons, positrons, and ions, has the properties of
high plasma particle number densities and low tem-
peratures, in contrast to the classical plasma. The
latter has the characters of high temperatures and
low particle number densities. When an EPI plasma
is cooled to extremely low temperatures, the thermal
de-Broglie wavelength of the charged particles is equal
to or larger than the average interparticle distance. In
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such a situation, ultracold EPI plasma behaves like a
Fermi gas and quantum mechanical effects begin to
play an important role in the behaviour of charged
particles.[17−19] In quantum plasmas, the dispersion
caused by strong density correlation due to quantum
fluctuations plays a significant role in understanding
the collective effect in plasmas.

Because of the importance of quantum mechani-
cal effects on the collective interactions in superdense
astrophysical environments (such as white dwarfs and
neutron stars),[20] in microelectronic devices,[21] in
high-intense laser-solid density experiments,[22] and in
nonlinear quantum optics,[23,24] many authors have
studied the quantum acoustic solitons in different
quantum EPI plasma systems by using the quantum
hydrodynamic (QHD) model. The QHD model is an
extension of the classical fluid model in a plasma. It is
composed of a set of equations that describe the trans-
port of charge density, momentum, and energy in a
charged particle system. The difference between QHD
model and classical model is that an additional term,
the so-called “Bohm potential” is introduced in the
equation of motion for the charged particles. By em-
ploying QHD model, Sabry et al.[25] studied the non-
linear IASW in quantum EPI magnetoplasmas. Mush-
taq et al.[26] examined the characteristics and stability
of IASW with transverse perturbations in ultracold
quantum magnetospheric EPI plasma. Ali et al.[27]

investigated the linear and nonlinear properties of the
IASW in a quantum EPI plasma. In these studies, not
much attention has been paid to the study of the basic
physics of interaction between solitary waves in such
a plasma system. Therefore, in this paper, the head-
on collision between two IASWs in a three-component
quantum plasma consisting of electrons, positrons and
ions is investigated by using the extended Poincaré–
Lighthill–Kuo (PLK) method.[28−30]

This paper is orgainzed as follows: In Section 2,
the basic set of fluid equations governing the dynam-
ics of the nonlinear IASWs are presented, and two
KdV equations describing the system are derived. In
Section 3, we give a discussion. The results are sum-
marized in the last section.

2. Basic set of equations and in-

teraction between two IASWs

As mentioned, we consider the propagation of
IASWs in a three-species unmagnetized, collision-

less quantum plasma system composed of electrons,
positrons, and ions. The electrons and positrons are
considered inertialess by assuming that the phase ve-
locity of the wave is much less than the Fermi ve-
locities of electrons and positrons, respectively. We
also assume that the ions are cold, and electrons and
positrons for this one-dimensional zero-temperature
Fermi gas obey the following pressure law[31]

pj =
mjv

2
Fj

3n2
j0

n3
j , (1)

where vFj =
√

2kBTFj/mj with j = e,p are the elec-
tron and positron Fermi thermal speeds, respectively;
kB is Boltzmann constant, mj is particle mass, and
TFj is the particle Fermi temperature; nj is the parti-
cle number density, and nj0 is the equilibrium number
density. Furthermore, at equilibrium, the charge neu-
trality condition is ne0 = ni0 + np0.

The basic set of normalized QHD equations de-
scribing the nonlinear dynamics of IASWs in the EPI
quantum plasma system are given as follows:

∂ni
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+
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∂2√n e

∂x2

)
− n e

∂n e

∂x
= −∂φ

∂x
, (4)

H2
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2
∂
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(
1√
np

∂2√np

∂x2

)
− σnp

∂np

∂x
=

∂φ

∂x
, (5)

∂2φ

∂x2
= (1 + p)n e − pnp − ni . (6)

In the above equations, the quantities nj (j =
i, e,p) are the ion, electron, and positron number den-
sities, normalized by the unperturbed number densi-
ties nj0, respectively. The ion fluid velocity ui and
the electrostatic wave potential φ are normalized by
the quantum ion–acoustic speed csi = (2kBTFe/mi)1/2

and 2kBTFe/e, respectively. The space coordinate x

is normalized by the ratio of ion plasma frequency
ωpi =

√
4πni0e2/mi to the quantum ion–acoustic

speed csi = (2kBTFe/mi)1/2, and the time coordi-
nate t is normalized by the ion plasma period ω−1

pi =√
mi/4πηi0e2, respectively; where mi is the mass of

ions, σ = TFp/TFe and p = np0/ni0 are the ratio of
positron to electron Fermi temperature and the ra-
tio of positron to ion unperturbed number density, re-
spectively. Since from the standard definition of Fermi
temperature we have kBTFj = ~2(3π2)2/3n

2/3
j0 /2mj , σ

is related to p through the relation σ = [ p/(1+p)]2/3.
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The nondimensional quantum diffraction parameter
Hj (j = e,p) is defined as

Hj =
√
~2ω2

pi/mimjc4
si. (7)

There is no quantum diffraction term in ion momen-
tum equation (2), therefore, ions are treated classically
in this plasma system.

Integrating Eqs. (4) and (5) once under the
boundary conditions n e = 1, np = 1, and φ=0 at ±∞,
we have

H2
e

2

(
1√
n e

∂2√n e

∂x2

)
+

1
2
(1− n2

e) + φ = 0, (8)

H2
p

2

(
1√
np

∂2√np

∂x2

)
+

σ

2
(1− n2

p)− φ = 0. (9)

We assume that there are two solitary waves A
and B in the plasma. They are, asymptotically, far
apart in the initial state and propagate toward each
other. After some time they meet, collide, and then
depart. We also assume that the solitary waves have
small amplitudes ∼ ε (where ε is a small parame-
ter characterizing the strength of the nonlinearity)
and the interaction between the two waves are weak.
Hence, we expect that the collision will be quasielas-
tic. In order to analyse the effects of collision, we
employ an extended PLK perturbation method.[32,33]

This method is a combination of the standard reduc-
tive perturbation method[34,35] with the technique of
strained coordinates. According to this method, we
introduce the stretched coordinates

ξ = ε(x− ct) + ε2P (0)(η, τ)

+ ε3P (1)(ξ, η, τ) + . . . , (10)

η = ε(x + ct) + ε2Q(0)(ξ, τ)

+ ε3Q(1)(ξ, η, τ) + . . . , (11)

τ = ε3t, (12)

where ξ and η denote the trajectories of the two soli-
tary waves propagating toward to each other. The
wave velocities c, the variables P (j) and Q(j) (j =
0, 1, . . . ) will be determined later.

The plasma parameters are expanded around the
equilibrium values in powers of ε in the following
forms:

ni = 1 + ε2ni1 + ε3ni2 + ε4ni3 + . . . , (13)

n e = 1 + ε2n e1 + ε3n e2 + ε4n e3 + . . . , (14)

np = 1 + ε2np1 + ε3np2 + ε4np3 + . . . , (15)

ui = ε2ui1 + ε3ui2 + ε4ui3 + . . . , (16)

φ = ε2φ1 + ε3φ2 + ε4φ3 + . . . . (17)

Then, substituting Eqs. (10)–(17) into Eqs. (2),
(3), and (6)–(9), and by equating the powers of ε, we
obtain a set of coupled equations in different orders of
ε. To the leading order, we have

c

(
− ∂

∂ξ
+

∂

∂η

)
ni1 +

(
∂

∂ξ
+

∂
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)
ui1 = 0, (18)

c

(
− ∂

∂ξ
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∂

∂η

)
ui1 +

(
∂

∂ξ
+

∂

∂η

)
φ1 = 0, (19)

ni1 + pnp1 − (1 + p)ne1 = 0, (20)

σnp1 + φ1 = 0, (21)

ne1 − φ1 = 0. (22)

The solutions of Eqs. (18)∼(22) read

φ1 = ψA(ξ, τ) + ψB(η, τ), (23)

ni1 =
1
c2

[ψA(ξ, τ) + ψB(η, τ)], (24)

ne1 = ψA(ξ, τ) + ψB(η, τ), (25)

np1 = − 1
σ

[ψA(ξ, τ) + ψB(η, τ)], (26)

ui1 =
1
c
[ψA(ξ, τ)− ψB(η, τ)], (27)

and with the solvability condition [i.e., the condition
to obtain a uniquely defined ni1, ne1, np1 and ui1 from
Eqs. (18)–(22) when φ1 is given by Eq. (23)], the wave
velocity c can be obtained to be

c2 =
σ

p + σ(1 + p)
. (28)

The unknown functions ψA and ψB will be obtained
at higher order. Equations (23)–(27) indicate that, at
the leading order, we have two waves, one of which,
ψA(ξ, τ), is traveling to the right, and the other one,
ψB(η, τ), is traveling to the left. At the next order,
we have the similar relations for φ2, ni2, ne2, np2, and
ui2.

At the next higher order, we have

2cui3

= −
∫ (

∂ψA
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∂ψA

∂ξ
+ β

∂3ψA

∂ξ3

)
dη

+
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∂ψB
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+ αψB

∂ψB
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+ β

∂3ψB

∂η3

)
dξ

−
∫∫ (

2
∂P (0)
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− γψB

)
∂2ψA

∂ξ2
dξdη

+
∫∫ (

2
∂Q(0)

∂ξ
− γψA

)
∂2ψB

∂η2
dξdη, (29)

where

α =
c2

2

(
3
c4

+ 1 + p− p

σ2

)
, (30)
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β =
c2

2

(
1− H2

e

4
(1 + p)− pH2

p

4σ2

)
, (31)

γ =
c2

2

(
1
c4
− 1− p +

p

σ2

)
. (32)

The first and second terms of Eq. (29) will be propor-
tional to η(ξ) because the integrated function is inde-
pendent of η(ξ). Thus the first two terms of Eq. (29)
are all secular terms, which must be eliminated in or-
der to avoid spurious resonances. Hence we have

∂ψA

∂τ
+ αψA

∂ψA

∂ξ
+ β

∂3ψA

∂ξ3
= 0, (33)

∂ψB

∂τ
+ αψB

∂ψB

∂η
+ β

∂3ψB

∂η3
= 0. (34)

Equations (33) and (34) are the two-side traveling
wave KdV equations in the reference frames of ξ and η,
respectively. Their corresponding stationary solutions

have the following form:

ψA = φ1sech2

[(
αφ1

12β

)1/2 (
ξ − 1

3
αφ1τ

)]
, (35)

ψB = φ2sech2

[(
αφ2

12β

)1/2 (
η − 1

3
αφ2τ

)]
, (36)

where φ1 and φ2 are the amplitude of the two solitary
waves A and B at their initial position, respectively.

The third and fourth terms of Eq. (29) are not
secular terms in this order, but they will become sec-
ular in the next order.[36,37] Hence we have

2
∂P (0)

∂η
= γψB, (37)

2
∂Q(0)

∂ξ
= γψA. (38)

So the leading phase changes P (0) and Q(0) due to the
interaction can be calculated from Eqs. (37) and (38)
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γ

2

∫ η
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γ

2

(
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3
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, (39)
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γ

2
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(
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3
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− 1

}
. (40)

Thus, up to O(ε2), the trajectories of the two solitary waves for weak head-on interactions are

ξ = ε(x− ct) + ε2
γ

2

(
12βφ2

α

)1/2
{

tanh

[(
αφ2

12β

)1/2 (
η − 1

3
αφ2τ

)]
+ 1

}
+ O(ε3), (41)

η = ε(x + ct) + ε2
γ

2

(
12βφ1

α

)1/2
{

tanh

[(
αφ1

12β

)1/2 (
ξ − 1

3
αφ1τ
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− 1

}
+ O(ε3). (42)

To obtain the phase shifts after a head-on interaction of the two solitary waves, we assume that the solitary
waves A and B are, asymptotically, far apart from each other at the initial time (t = −∞), i.e., solitary wave
A is at ξ = 0, η = −∞ and solitary wave B is at η = 0, ξ = +∞. After the collision (t = +∞), solitary wave B
is far to the left of solitary wave A, i.e., solitary wave A is at ξ = 0, η = +∞ and solitary wave B is at η = 0,
ξ = −∞. From Eqs. (41) and (42) we can obtain the corresponding phase shifts ∆A and ∆B as follows:

∆A = ε(x− ct)|ξ=0,η=+∞ − ε(x− ct)|ξ=0,η=−∞ = −ε2γ

(
12βφ2

α

)1/2

, (43)

∆B = ε(x + ct)|η=0,ξ=−∞ − ε(x + ct)|η=0,ξ=+∞ = ε2γ

(
12βφ1

α

)1/2

. (44)

3. Results and discussion

We have presented a study on the interaction between two IASWs with the same structure in a quan-
tum plasma, consisting of electrons, positrons, and ions, by employing the QHD model and extended PLK
perturbation method. Let us now discuss the effects of the ratio of positrons to ions unperturbation num-
ber density p and the quantum diffraction parameter He (Hp) on the interaction of IASWs. In order to
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investigate the nonlinear dynamics of IASWs in dense astrophysical environment, we have used parameters
(ne0, np0, ni0) ∼ 1027–1028 cm−3.[27] These parameters are representative of the plasma in dense white dwarfs
and satisfy the quasineutrality condition.

3.1.Head-on collision of two solitary waves

Figures 1 and 2 show the profile of head-on collision between two IASWs with the same structure. We note
that there are two same-amplitude solitary waves propagating toward each other, and after some time they
meet, collide, and then depart. From all these figures, we note that when two solitary waves collide head-on, a
new wave is formed in the interaction area. It is shown that the amplitude of the newly formed wave is about
two times that of the colliding solitary waves. That is to say, the interaction between the two solitary waves
fits linear superposition principle in this quantum system.

Fig. 1. Profile of interaction between two same structure IASWs for various values of p: (a) p = 0.01; (b) p = 0.1; (c)

p = 0.5; (d) p = 0.8, here He(Hp) = 0.01. Recall that σ is related to p through the relation σ = [ p/(1 + p)]2/3.

Fig. 2. Profile of interaction between two same-structure IASWs for various values of p: (a) p = 0.01; (b) p = 0.1; (c)

p = 0.5; (d) p = 0.8, here He(Hp) = 0.8.
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Figure 1 shows the effect of number density ratio
p on the interaction of the solitary waves with smaller
value of He(Hp) = 0.01. It is noted that both the
amplitude and width of the newly formed wave de-
creases with the increase of p. Other careful inves-
tigations indicate that the effect of number density
ratio on the amplitude and width of the newly formed
wave is stronger when p in the range of (0.01 → 0.1),
and this effect becomes weaker when p is in the range
of (0.5 → 0.8). That is to say, the effect of number
density ratio p on the structure of the newly formed
wave is more remarkable for smaller p. Figure 2 il-
lustrates the effect of number density ratio p on the
interaction of the solitary waves with a bigger value
of He(Hp) = 0.8. It is noted that the results shown in
Fig. 2 are quite similar to that in Fig. 1. To examine
the effect of quantum diffraction parameter He (Hp)
on the interaction of the solitary waves, detailed stud-
ies reveal that when p < 0.1, the wave amplitude and
width increase with the increase of Bohm potential
when He (Hp) is in the range of (0.01 → 0.1), but the
wave amplitude and width decrease with the increase
of Bohm potential when He (Hp) is in the range of
(0.1 → 0.8). It is found that the effect of Bohm po-
tential on the structure of the newly formed wave is
weaker when p > 0.1.

Thus, we can conclude that the interaction be-
tween the two IASWs fits linear superposition princi-
ple in this quantum system, and plasma parameters
p and He (Hp) have remarkable effects on the newly
formed wave.

3.2.The colliding phase shift

Since solitary wave A is traveling to the right and
solitary wave B to the left, we see from Eqs. (43) and
(44) that due to the collision each solitary wave has a
negative phase shift in its traveling direction. In or-
der to know how the plasma parameters influence the
phase shifts, we give the results as shown in Fig. 3.
In this figure, all physical quantities are dimension-
less, and ε = 0.1, u0ξ = 1 are used. Figure 3 shows
the phase shift ∆B of the solitary wave B against
the quantum diffraction parameter He (Hp) for var-
ious values of positron to ion number density ratio
p = 0.8, 0.5, 0.1, and 0.01. It is clear that the phase
shift decreases with the increase of Bohm potential
and number density ratio. We note that the value of
p has considerable effect on the colliding phase shift

when p < 0.5, while the change of p has little effect
on the phase shift when p > 0.5. That is to say, the
effect of number density ratio p on the colliding phase
shift is more pronounced for smaller p. We also note
that the variation of He (Hp) has obvious effect on
the colliding phase shift when p < 0.1, and the change
of He (Hp) has little effect on the phase shift when
p > 0.1. Thus, we can conclude that the effect of
quantum diffraction parameter He (Hp) on the col-
liding phase shift is more pronounced for smaller p.

Fig. 3. Colliding phase shift ∆B versus the quantum

diffraction parameter He (Hp) for different values of p(=

0.8, 0.5, 0.1, 0.01).

4. Conclusion

We have studied the propagation and interaction
of IASWs in an unmagnetized three-component quan-
tum electron–positron–ion plasma. The phase velocity
of quantum IASW is assumed to be much smaller than
the electron and positron Fermi velocities and larger
than the ion Fermi velocity. Therefore we can ignore
the inertia of electron and positron. By using the ex-
tended PLK perturbation method, we derive two KdV
equations for IASWs in this quantum plasma system.
The results show that this system admits a solution
with two solitary waves; they travel toward each other.
Some interesting results of this work may be summa-
rized as below.

(i) The interaction between the two IASWs fits
linear superposition principle in this quantum system.

(ii) The plasma parameters p and He (Hp) have
significantly influence on the newly formed wave and
phase shift of the colliding solitary waves.

Finally, we stress that these results may be useful
to the investigation of the propagation and interaction
of quantum ion–acoustic solitary waves in dense astro-
physical plasmas (such as white dwarfs), as well as in
intense laser-solid matter interaction experiments.
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