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This paper focuses on studying the Poisson theory and the integration method of dynamics of relative motion.
Equations of a dynamical system of relative motion in phase space are given. Poisson theory of the system is established.
The Jacobi last multiplier of the system is defined, and the relation between the Jacobi last multiplier and the first
integrals of the system is studied. Our research shows that for a dynamical system of relative motion, whose configuration
is determined by n generalized coordinates, the solution of the system can be found by using the Jacobi last multiplier if
(2n—1) first integrals of the system are known. At the end of the paper, an example is given to illustrate the application
of the results.
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1. Introduction 2. Equations of dynamics of rela-

. _ tive motion
The study on dynamics of complicated system

has more important significance along with modern
development of science and technology. The motion
of the complicated system consists of the motion of
the carrier body and the motion of the carried body
relative to the carrier body. The motion of the com-
plicated system can be described in the inertial co-
ordinate system or in the moving coordinate system
fixed on the carrier body. The dynamics in the moving
coordinate system is called dynamics of relative mo-
tion. Whittaker!!! obtained the Lagrange equations of
holonomic systems subjected to uniform rotation con-
straints. Lur’e[?! studied the dynamics of general rel-
ative motion of holonomic systems. Mei always takes
the dynamics of relative motion as a special topic
to summarize and research in his monographs.—¢
In recent twenty years, many important results on
study of the dynamics of relative motion have been
obtained.3=29 In this paper, we further study the in-
tegration theory of dynamics of relative motion for
holonomic systems, and establish the Poisson theory
of dynamics of relative motion and present a new in-
tegration method of dynamics of relative motion, i.e.,

the method of Jacobi last multiplier.

Suppose that the configuration of relative motion
of a dynamical system is determined by n generalized

coordinates ¢s (s = 1,...,n), and the equations of dy-
namics of relative motion can be written as follows:[5!
d oL, OL, " .
el _ = © 4 T, =1,...,n), (1
e G QUG AT, (s n). (1)
where
Li=T,-V-V°-v¥ (2)

is the Lagrangian of relative motion, 7; is the kinetic
energy of relative motion, V is the potential energy,
V0 is the potential energy of the uniform field, V¥ is
the potential energy of the centrifugal forces; Q7 are
the non-potential generalized forces, Q¥ are the gen-
eralized rotating inertial forces, and I's are the gener-
alized gyroscopic forces. %]
Let

0L,
94’

then equations (1) can be written in the partial canon-

Ps H= (psts - Lr) |(q,p,t) ) (3)

ical form

OH oOH ~ o N
=, Ps=—7—+ Q)+ QY+ 1T,
Ops 0qs

(s=1,...,n), (4)

qs
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where
Q! =0Q!(q.p.t) = Q! (q,4(q,p.1t),1),
QY = Q% (q,p,t) = QY (q,4 (g, p,1) 1),
I,=TI,(q,p.t)=Ts(q.4(q.p,t),t). (5
Suppose
e 0H
Qﬂs + QL: + FS *st )
Opy
911 . 0
(st) : ) (6)
0 an
and let
=1,...
alt — QMa (:u‘ ) ’n) ) (7)
Pu—n, (L=n+1,...,2n),

then equations (4) can be written in the contravariant
algebraic form

H
#7’9“1/%:07 (/1‘71/:17"'52”)7 (8)
where
On n In n
S = T, (W)= [
_Inxn Onxn
On n On n
(1) = ) ) : (9)

Onxn (_Qkk)nxn

3. Poisson theory of systems of

dynamics of relative motion

Define a generalized Poisson bracket

def. 0A _,,, OH
o0’ gar

Differentiating an arbitrary differentiable function

[A, H] = (10)

F = F(a,t) with respect to time ¢ along the tra-
jectory of dynamics of relative motion, we have

dF OF
il + [F, H], (11)
where
d 0 OH 0
- _ = wv _—
dt ot Oa? Oat’ (12)

From the formula (11), we obtain the follow
proposition.
Proposition 1 For a dynamical system of rel-

ative motion under consideration, the necessary and

sufficient condition under which I (a,t) = const. is a
first integral of the system is to satisfy the following
generalized Poisson equation

or
S LH) =0,

Let I = H, then the condition (13) becomes

(13)

oI
= — H H
0= +IHH]
OH OH  OH
ot iz
ot T oa dar
OH OH . OH
_ T mpy
ot T aanl par

2
_on_, (oH
ot dants

::%§+(Qg+@§+fgqé

Therefore, we have the following proposition.

(14)

Proposition 2 For a dynamical system of rel-
ative motion under consideration, the necessary and
sufficient condition under which the Hamiltonian H is
a first integral of the system is to satisfy the formula
(14).

From the formula (14), the Proposition 2 has the
following deduction.

Proposition 3 For a dynamical system of rel-
ative motion under consideration, if ¢ is not explicitly
QU +Q7 + I,
alized gyroscopic forces, then the Hamiltonian H is a

contained in H, and ( are the gener-

first integral of the system.

Taking the partial derivative of Eq. (13) with re-
spect to time ¢, we obtain
ol oS OH

ﬁ g L8 0 ( oI G O0H L9
ot \ ot ot \ dar Oa¥  Oa* Ot Oa”

or .. o (ol
__ Qpv _— —
T g m@w)o

If ¢ is not explicitly contained in S** and H, then

(15)

the above formula becomes

0 (01 ol
7 (3) * 58] o

Therefore, we have the following Proposition 4.

(16)

Proposition 4 For a dynamical system of rela-
tive motion under consideration, if I (a,t) = const. is
a first integral, and ¢ is not explicitly contained in S**
and H, then 0I/0t,0%1/0t?,. ..
of the system.

are also first integrals

Similarly, we have the following Proposition 5.
Proposition 5 For a dynamical system of rela-
tive motion under consideration, if I (a,t) = const. is
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a first integral, and a” is not explicitly contained in
SH and H, then 9I/da?,dI/da”” . ..
integrals of the system.

are also first

Propositions 1-5 constitute the Poisson theory of
the dynamical system of relative motion under con-

sideration.

4. Method of Jacobi last multi-
plier of systems dynamics of

relative motion

Definition For a dynamical system of relative
motion under consideration, if there exists some func-

tion M = M (a,t) satisfying the following condition

oM 0 oOH
Ty 2 pr 227 )
i (MS 8@”) 0, (17)

then function M is called the Jacobi last multiplier of
the system.
Obviously we have

0 OH
— HY ) =
dar <w 8a”> 0. (18)

Therefore the condition (17) is equal to the following
equation

el V) S
dt + Oa*

dM 0 oOH
nv =
(T D ) 0. (19)

Equation (17) or (19) is called the determining
equation of Jacobi last multiplier of the dynamical
system of relative motion under consideration.

For the above definition, we have the following
Proposition 6.

Proposition 6 For a dynamical system of rela-
tive motion under consideration, if the following con-
dition is satisfied

0 OH
i uv _
i (T 8(1”) 0, (20)

then M = 1 is the last multiplier of the system, and

all the integrals of the system are its Jacobi last mul-
tipliers.

Proposition 7 For a dynamical system of rela-
tive motion under consideration, if M = M (a,t) and
N = N (a,t) are two Jacobi last multipliers of the sys-
tem, then its quotient M /N is a first integral of the
system.

Proof According to Proposition 1 and using the
determining equation of Jacobi last multiplier of the

dynamical system of relative motion, we can easily
obtain the result of this proposition.

Proposition 8 For a dynamical system of rela-
tive motion under consideration, if (2n — 1) first inte-

grals of the system are known, i.e.
Iy (a,t) =Cy, (0=1,...,2n—1), (21)

then the integral of the system is

M* 2n 2n,v 8H i _
/A* [da — <S 80,”) dt:| 7627“ (22)

where A denotes the Jacobian

8(117]23 .. 'aIQn—l)
d(a',a?,... a2 1)’

A=

(23)

Here ()" denotes that a” are expressed as functions of
a®™ and t, and C), (u = 1,...2n) are the constants of
integration.

Proof For the dynamical system of relative mo-
tion under consideration, similar to the deduction
given by Whittaker in Ref. [1], we can easily obtain

0 0H 0 OH\"
. nv — 2n,v 27 *
Oat (S 5‘a”) 4 { da?" [(S 5‘al’> /A }

(24)

Since M is a Jacobi last multiplier of the system, we
have

1dM | 8 <SwaH>_0'

ar Taa 5 aar (25)

From Egs. (24) and (25), we obtain

1 dMm 0 omy OH\" /| .,
AMdtwa%[(S a> /A}

g /(1
+8t<A*)_O’

a) M/A}jLazt(A*)

(27)

(26)

or

9 2
Oa?n [(S

207

which shows that the expression

M~ 2n 2n,u8£ i
i (52

is the perfect differential of some function of a?>" and
t, and this establishes the proposition.

Proposition 8 presents a new method, i.e., the
method of Jacobi last multiplier, to integrate the dy-

namical equations of relative motion. In general, the
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method of Jacobi last multiplier has no restrictions
such as those in the Hamilton—Jacobi method. The
(i) a suffi-
cient number of independent first integrals must be

main difficulty of this method lies in:

known in advance; (ii) the solution of the determining
equation (19) should be found. However, as long as
(2n — 1) first integrals are known and the Jacobi last
multiplier M of the system might be found, one can
obtain the solution of the dynamical system of relative
motion.

5. Examples

To illustrate the above result, we give an example.

Consider a particle with mass m moving with-
out friction in a plane P which goes through a fixed
straight line Oz (the angle between the line Oz and
a vertical line is a constant value «), the plane P at
the same time rotating about the fixed line Oz with
constant angular velocity w.l”) Let us try to solve this
problem by the method of Jacobi last multiplier.

Choose the coordinates z and r of the particle in
the moving plane P as the generalized coordinates,
which express the relative position of the particle.!”!
The kinetic energy of relative motion is

1 . . 1 . .
To=gm (i +2%) = 5m (@ +d3) - (28)
The potential energy of the centrifugal forces is
1
Ve = fimquS. (29)

The non-potential generalized forces are
Q7 = —mgcosa, Qy =—mgsinasinwt. (30)

The generalized momenta and the Hamiltonian are re-

spectively
P1=mqy, p2 =mgs,
H= % (p? +p3) — %mwzqg- (31)
Let
al = qi, a’® = q2, ad = Dpi1, a* = P2, (32)

then equations (8) yield

H
gt

oy =0 (my=1,234), (33)
where

1 2 2 1 2

H = [(a*)" + (a*)’] = 3me? (),

(71 2N 117 v
SHY = WY 4 THY

024501
0 0 1
0 0 01
(W) = ,
-1 0 00
0 -1 0
00 O 0
00 O 0
(") = )
00 —2; O
00 0 —f29
211 = m?gcosa (a3)71 ,
290 = m*gsinasinwt (a*) - (34)

The determining equation (19) of the Jacobi last mul-
tiplier gives

oM 87M a®

oM oMb oMt oM
ot da' m

2 m " 9ab (mg cos )

M
+ 5 (mw?a® — mgsinasinwt) = 0.(35)

a
Equation (35) has the following solutions

M =1, (36)

M = a® 4 mgt cos a, (37)
1

M = ma' — a®t — imgt2 cos a, (38)

1
_ 0 Tat — 2
M = 5, XP (wt) [a* — mwa

+ % (sinwt — coswt) sin oz} . (39)
w

The formulae (37)—(39) are the first integrals of the
system. Let

I, = a® +mgtcosa = Cy, (40)
1
I, = ma' — a3t — imth cosa = Cy, (41)
1
I; = 2, EXP (wt) [a* — mwa®
+ % (sinwt — cos wt) sin oz} =Cs5. (42)
w

From Egs. (40)—(42), we have

1 C C
a' = ——gt’cosa + it —2,
2 m m
2 Ly, 9 . .
a® = —a” + = (sinwt — coswt) sina
mw w
205
— 25 exp (—wt
- exp (—uwt),
a® = —mgtcosa + C;. (43)

Performing some deriving work, we obtain

_ 8(11a12713) _ 1 2 _ *
A= (al,a,a%) —gm exp (wt) = A*.  (44)

Expression (22) gives the following integral
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1 1
/ S B — {da4 — {wa4 —3mg (sinwt + cos wt) sin @ — 2w?C3 exp (wt)} dt} =Cy. (45)
—§m2 exp (wt)
After integration, we obtain
4 Lo 1 .
a’ = —gm Cyexp (wt) + wCsexp (—wt) + 5, Mg sin o cos wt. (46)
w

Formulae (43) and (46) give the solution of the problem, and it contains four arbitrary constants.
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