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Decoherence of photon-subtracted squeezed vacuum
state in dissipative channel”*
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This paper investigates the decoherence of photo-subtracted squeezed vacuum state (PSSVS) in dissipative channel
by describing its statistical properties with time evolution such as Wigner function, Husimi function, and tomogram. It
first calculates the normalization factor of PSSVS related to Legendre polynomial. After deriving the normally ordered
density operator of PSSVS in dissipative channel, one obtains the explicit analytical expressions of time evolution of
PSSVS’s statistical distribution function. It finds that these statistical distributions loss their non-Gaussian nature and
become Gaussian at last in the dissipative environment as expected.
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1. Introduction

Since 1991, when photon-added coherent states
(PACS) was first presented by Agarwal and Tara,!!
subtracting photons from and/or adding photons to
quantum states have been paid much attention. Be-
cause these states are of particular interest since they
exhibit quite significant and unusual physical prop-
erties, studying them can not only deepen our un-
derstanding of the nature of quantum fields but also
help us to realize these fields experimentally for pos-
sible future applications such as in weak-signal detec-
tion, quantum computing, and quantum coding.[>=1
For example, PACS exhibits some nonclassical prop-
erties such as negativity of Wigner function, higher-
order squeezing and higher-order sub-Poissonian pho-
ton statistics, etc.[l1512] Photon-added entangled co-
herent state (PAECS)["3=19] can violate the Clauser,
Horne, Shimony and Holt (CHSH) inequality and
have the nonclassical quasiprobability distribution.
Its amount of entanglement can be increased by re-
peatedly adding photon number.

In the present work, we shall focus our study on
another nonclassical state, photo-subtracted squeezed
vacuum state (PSSVS) and discuss its statistical prop-
erties with time evolution in dissipative channel. As is
well known, dissipative quantum channels tend to de-

teriorate the degree of nonclassicality. Thus, it is nec-
essary to investigate the decoherence properties in dis-
sipative channels. Historically, for the single PSSVS,
Biswas and Agarwall'®! investigated theoretically its
nonclassical properties and decoherence in two differ-
ent decoherent channels (amplitude decay and phase
damping). In Ref. [17], statistical properties of PSSVS
were investigated in a thermal environment.

This work is arranged as follows. In Section 2,
we first calculate the normalization factor of PSSVS,
which turns out to be a Legendre polynomial of the
squeezing parameter, by using the principle of math-
ematical induction. In Section 3, based on our pre-
ceding results,!'® we directly derive the normally or-
dered density operator of PSSVS in dissipative chan-
nel, which is convenient for us to calculate the follow-
ing statistical distribution function. We devote Sec-
tions 4 and 5 to deducing the explicit analytical ex-
pressions of time evolution of PSSVS’s Wigner func-
tion (WF) and Husimi function (HF), respectively.
In Section 6, The tomogram with time evolution of
PSSVS is calculated via the intermediate coordinate-
momentum representation. Through the limited dis-
cussion, it is found that these statistical distributions
loss their non-Gaussian nature and become Gaussian
at long times in the dissipative environment as ex-
pected. Conclusions are involved in the last section.

*Project supported by the National Natural Science Foundation of China (Grant No. 10775097), the Key Program Foundation of
the Ministry of Education of China (Grant No. 210115) and the Research Foundation of the Education Department of Jiangxi

Province of China (Grant No. GJJ10097).
TCorresponding author. E-mail: yuanhch@sjtu.edu.cn

(© 2011 Chinese Physical Society and IOP Publishing Ltd

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

024203-1



Chin. Phys. B Vol. 20, No. 2 (2011) 024203

2. Normalization of PSSVS

Photon substraction is a useful way to condition-
ally manipulate a nonclassical state of the optical field.
Recently, an SPSSV has also been experimentally pre-
pared with a pulsed and continuous wave squeezed
vacuum. 1929 Theoretically, the PSSVS can be ob-
tained by repeatedly operating the photon annihila-
tion operator a on a squeezed vacuum state S(r) |0},
ie.,

|r,m) = N, n,a™S(r)[0), (1)
where |0) is single mode vacuum, S(r) is the single-
mode squeezing operator S(r) = exp[r(at? — a2)/2]
with 7 being the squeezing parameter, [a,a’] = 1, and

Ny is the normalization factor to be determined.
In order to obtain the normalization factor, we let

), = a™S(r)]0), (2)
where

Iry = S(r)|0) = Vsechr exp (‘m;lra:ﬂ) 10) -

According to the principle of mathematical induction
and a' |r) = acothr |r), we have

tanh ra?
1 (r |r), = coth®rsech r (0] exp <m)aTa

2
X exp (tanh;a“) 0) —1
= isinhrP;(—isinhr), (3)
where Py(z) = z is the first-order Legendre polyno-
mial, and
2(r [r)y = (r| (aa® = 1)(aa® = 1)[r) — 1 (r] |r),

= 2(isinh \)?2Py(—isinh \), (4)

where Py (z) = (322 — 1) is the second-order Legen-
dre polynomial. Similarly, for the case n < m, we can
easily obtain the following expression:

n—1 <T ‘T>n71
= (1 sinh 'r)"_l(n — 1)!Pn_1(—isinh ’I“), (5)

where P,,(z) is m-order Legendre polynomial whose
definition is!]

[m/2] U m—21

2m =20 (-1) =
2 (®)

P (2) = 211 (m — )l (m — 20)!

1=0
Therefore, we can also prove that
w1 |1y, = (rla"™ (aa® = 1)a™ " |r)
= coth®r ,, (r |r),,
—@m=1) o (),
—(m =1 2 (r )y, (7)

ie.,

m (7 [Py = (=sinh? r){=(2m = 1) s (r 1),

—(m =12 2 (7 |7),, o} (8)

Comparing Eq. (8) with the recurrence relation of Leg-
endre polynomial

(m 4+ 1)Ppyi(z) — 2m + 1)zP,, (x)
+ mP,,—1(z) =0, (9)

we have
m (1 |r),, = ml(isinhr)"P,,(—isinhr),  (10)

which leads to compact expression for the normaliza-
tion factor of PSSVS

N; 2 =ml(isinhr)™ Py, (—isinhr). (1)

This is a remarkable result. From Eq. (11) it is clearly
seen that PSSVS’s normalization factor is related to
the m-order Legendre polynomial of the squeezing pa-
rameter r, where m is just the subtracted photon num-
ber.

3. Normally ordered form of
PSSVS’s density operator in

dissipative channel

When the PSSVS evolves in the dissipative chan-
nel (or cavity at zero temperature), the evolution of
the density matrix can be described by!?2

d/;li)(tt) =k [2ap () a’ —alap (t) — p(t)a’a], (12)

where [a,aT] = 1 and « is the dissipative coefficient.
By virtue of the entangled state representation, we
find that the density operator p (t) for the dissipative
channel satisfies the following relation:['8]

o0

™ ta® taf
p (t) — Z — o~ fita aanpOaTn e~ hita a7 (13)
n:
n=0

25t and equation (13) is just the

where T" = 1 — e™
Kraus sum representation.
The initial density matrix pg is the PSSVS in

Eq. (13), i.e.,
Po = |T7m> <T‘7m|
= N2, a™S(r)|0) (0] ST(r)at™. (14)

r,m

Substituting it into Eq. (13) yields

oo Tn
Prom (t) = Z FGhm,n (a, al: t) , (15)
n=0 ’

where
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Gromon (a at t) N2

By noticing
tanh
S(r)|0) = sech!/?p exp (aI;raT2> [0), (17)

and using

—rtata wtata Kt

e ae =aqae™,

=afe ", (18)

_ T T
e Kta aa]‘enta a

we can rewrite Eq. (16) as

2(n+m)ntan+m

Gr,m,n (aan;t) = szsechre

0y (0] e

\/tanhr/2e™"t,

On the other hand, using the Bogolyubov trans-
formation

x ek’a al™m  (19)

where p =

eBe 4 = B+ (A, B] + 1[A (A, B] 4, (20)

and the operator identity!23!

T m
(wa +ya!)" = <—i y)

(3o ) o

denotes the normal ordering and H,,(x) is
the Hermite polynomiall?4

where : :

HM(-Z') =

= —e¢

" li=o, (22)

we obtain the following two expressions:

i2 t2

an—i—me“?a |0> _ eu a (a+2u2aT)n+m |0>
= (i e
x i (ipal) |0), (23)
and
(0] e af™ 4™ = (0] Hyyyn (—i pra)
x e (i)t (24)

Substituting Eqgs. (23) and (24) into Eq. (19) and con-
sidering the normal product form of vacuum projector

|0) (0] = : exp(—a'a):, we can simplify Eq. (19) as
tanh7r """
Gr,m,n (a70,T;t) = N,,?’mSeChT’ < an T)
o (i) e
X Hygm (—ipa) erat (25)

ertalagngmg(r) 10 (0] ST (r)al

_ t
maTne Kta a

(16)

Therefore, we obtain the normal ordering form of
pr.m () in Eq. (15), which is very convenient to calcu-
late the following content. As the result of Eq. (15),
when xt =0, T =0, pr.m (0) = po as expected. When
kt — 00, T =1, we find p, », (00) — |0) (0], which im-
plies that the system state reduces to a Gaussian state
after a long time interaction in dissipative channel.

4. Wigner function of p, ,, (t)

It is well known that the WF evolution is usu-
ally a useful approach to monitor the decoherence of
some quantum state. In the following section, using
the normally ordered form of p, ., (t), we evaluate the
WF with time evolution for PSSVS. For a single-mode

system p, the Wigner function is given by!2°!

W (a,a*) =Tr[pAy (a, )], (26)

(¢ +ip)/v2 and the Wigner operator

Ay (o, @) in the coherent representation |z) can be
[26]

where @ =

expressed as

2
o2l

Ay (o, )=

™

2
[l el

Knowing the normally ordered form of p, ., (t) for
|r,m), we easily obtain

e2lal® oo g2,
/ o (0)12)
T ) T

—2(za*—z"a)

W (o, 0" t) =

X e (28)

Substituting Egs. (15) into Eq. (28), we obtain the
analytical expression of WF evolution of PASVS for
any photon-added number m in the dissipative envi-
ronment, which reads as

W (a,a™;t) =

N2 sechreQ‘O‘|2 il ) <tanhr>n+m
2

T n!

n=0
e d2z
<f
oo T

X Hn-i—nL (

7| |2 2a*z+2az*+,u z +,u2z*2

ntm (—ipz). (29)

Noticing the generating function of single-mode Her-

ipz")H

mitian polynomials in Eq. (22) and using the following
integral formula

d?z
[ ep (Clal? a4 422 4 927

1 _ 2 2
VT ( ancj—6 4gf;r ! f) (0
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whose convergent condition is Re(¢ + f £ ¢) < 0 and Re (

sechr

Vi

62n+2m

W(a,a™t) =

X 8)\n+m aEner

where we have set

exp (CAe — Be?

(2 —4fg

- ) < 0, we can write Eq. (29) as

n+m
tanhr) e—ZDIa\Q—C(a2+a*2)

— BXN? + Ae + A*X) |r=e—0, (31)

~dipa+8iplar 1 —4y? 1+ dpt
A= ApedSipter 1 e THE o A (32)
1—4pt 1—4pt 1—4pt 1—4put
Further expanding the term exp (CAe) to the form of the series and noticing the recurrence relation of Hermite
polynomial
d! 2in)
we finally obtain the analytic expression of Wigner function for the PSSVS in the dissipative channel,
N2, sechre~2Plol’=¢(a*+a™?)
W (o, a*;t) = /2
( ) /1 — 4ut
B O el i (LR ‘H (2%) 2 (34)
L L 2 (4 m — D) mrmei\ 2V/B

It is shown from Eq. (34) that the arbitrary PSSVS’s
WF evolution is related to Hermite polynomial.

In particular, when «t = 0, T = 0, it leads to
B = cosh®r, C = —sinh 2r, D = cosh 2r,

A = Vtanhr cosh® r[2p(1 + tanhr)

+ i2¢g(tanhr — 1)) (35)

and m = 0, 1, equation (34) becomes, respectively,

1 a0 .
Wineo (@, a;0) = —e~ (€777 47%%) (36

™

which is just the WF of squeezed vacuum state, a
Gaussian distribution in phase space, and

which shows that its WF becomes negative as
2 (¢%¢™* +p?e?) < 1. From Egs. (36) and (37) we
can see that when the added-photon number m > 1,
the corresponding WF is a non-Gaussian distribution
in phase space. Additionally, when xt — oo, T = 1,
then 4 — 0,8 — 1,C — 0,D — 1, equation (34) is

. B e*QQ*PQ
W(aaa 700) - T 9

(38)

which indicated that the WF losses its non-Gaussian
nature and becomes Gaussian at long times in the dis-
sipative environment.

In fact, by compacting the summation in Eq. (31)

1 . o .
Wi (@, 0:0) = — [2 (qge +pgezr) B 1] and employing the s'lmllar p'rocedure t.o (?btaln
0 Eq. (34), one can obtain the Wigner function in an-
x e (@77 Hpe ), (37)  other form as follows:
|
N? >
W (o, o t) = L\/» exp [—% [(4e72 sinh? 7 4 2)] la]® + s~ 2" sinh 2r (® + a*Q)}
™
2m
X Fxmgem P (1A + 182 + code + 3\ + che) [amemo
| 1%005h7‘
= mﬂt{);((— sinh r)) exp [—2% (20725 sinh? r + 1) la|? 4 3¢~ sinh 2r (o® + a*Q)}
i [2 tanhr (1 — 2e_2"t)] ¥ 9
X H,—x (M 39

024203-4



Chin. Phys. B Vol. 20, No. 2 (2011) 024203

with

s sinh 27
4 b
= (1 — 26_2’5”) sinh?r, ¢3=2e " (coax + 210",

M= —je "/ ((1 — 26_2t”) sinh 7v/2 tanh ra. + Vsinh 27“04*) .

» = (4e72mT sinh? 7 + 1)_1 , ¢ =

(40)

Using Eq. (39), we show the variation of the Wigner function at different time scales in Fig. 1. Tt is easy to
see how the negative region of the Wigner function gradually diminishes. Note that at the centre of the phase

space, the Wigner function Eq. (39) can be expressed as

i/ (= § 2€0hr)™ o Gy 1—2e_2"‘t)]k

TP (—1smhr Z [(m — k)]

k=0

|Ho—i (0)]°

W (0,0,t) =

From Eq. (41), one can verify that when the following condition (1 — 26_2“) > 0 is satisfied, i.e.

1
t> kt, = =1In2,
K K 2n

(41)

(42)

the Wigner function has no chance to show the negative region (see Fig. 2). This is in agreement with the

conclusion in Ref. [16].

W(q,p)
W(q,p)

m\

,ul .

|,
nm,lj,t’@ﬁ

W(q,p)
W(q,p)

Fig. 1. Wigner function of PSSVS for m =1 and » = 0.31 at (a) xt = 0.05, (b) xt = 0.1, (c¢) k¢t = 0.3, and (d)

Kkt = 0.5.

0.3
0.2
0.1

W(0,0,t)
[en}
W(0,0,t)

-0.1 ' —0.1

0.2 [-0.2
(a)

—0.3 —-0.3

Fig. 2. Wigner function of PSSVS at the centre of the phase space as the function of the time ¢ (a) m
r=0.3,0.5,08; (b) r=0.3and m =1, 2, 3.
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5. Husimi function of p;,, (%)

The WF itself is not a probability distribution since not always positive. To overcome this shortcoming,
the so-called HF is introduced,?”) which is defined in a manner which guarantees it to be non-negative and
gives it a probability interpretation. The theoretical calculation of HF can help experimentalists to judge the
quality of the experiment. Based on this, we discuss the HF of PASVS and its effect with time evolution in a
dissipative channel.

To begin with, we derive the expression of HF  'in which
evolution of p; ., (t) for PASVS in a dissipative chan-
nel. Recall that Husimi operator A(q,p;e€), which A= V2 (eq —ip) B= l1—e
smoothes out the Wigner operator A, (¢, p’), is intro- I+e ’ 2(1+¢)’
duced via averaging over a “coarse graining” function, O = 2,/€ and D= — €q® + p?
1+¢€’ o 1+e

An(g,pre) = 2/dCJ’dp’Aw(q'm')

1 Thus, the HF of various density matrix is given by
2

(p/ - p) ) (43)

2
X exp [—6(9/ -q) - -

where positive € is the Gaussian spatial width param- H(p,a) = {a.plpla ). (46)
eter, and may express a pure state density operator,
e, 28] which is the expectation value of a pure state. For
simplicity, here we assume 0 < € < 1. Equation (46)
Anlg,pse) = |q,p>676 (@l (44) provides us a good representative space for studying
where |g, p), is expressed as various properties of HF.

D Substituting Eq. (15) into Eq. (46), we can de-
_Ja D s 2
|4:p)e = VCexp ( 2 +A%’ + Ba ) 00, (45)  geribe the HF of Pr.m (t) for PSSVS as

> ™ tanhr notm 2,12 2
H(p,¢;t) = N7 sechr g ( 5 ) e (@ ple” " Hyym (ipal) |0>’ (47)
n=0 :

Firstly we calculate the overlap . (g, p| e“Q‘lTQH,H_m (i uaT) |0). Inserting the completeness relation of coherent
state and using Eqgs. (30) and (22), we have

12at? ) t d2z 12at? . +
Al Huim (ipa') [0) = [ — (g,p [2) (2| * Hppm (ipa') 0)

€

n-+m 2
— /CeD/Q 9 /d Ze—|z|2+Az—‘,-2ip‘tz*-‘,—Bz2-‘,-,u2z*2—t2

otn+m T =0

= VCeP2EMTmAIABW (G AEp), (48)
where E = /1/(1 — 4By?), then the HF of p, ,, (t) is expressed as

H(pg;t) = N7 sechrCe” ‘exp [(AEM)Q} ‘2

X T" [tanhr\" ™ nt+m+1 . 2
X§2n1< 5 ) |E2| Hyim G AER)?, (49)

n=0

which is non-negative in phase space and is related to Hermite polynomial.
Especially, when xt = 0, T = 0, equation (51) becomes the HF of PSSVS

m+1

2 1 —2Btanhr
A% tanhr [ tanhr
= )H,.|idy ————
P (2—4Btanhr> (1 2—4Btanhr>
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while kt — co, T'— 1, then

2./€ €q® + p?
H(p,q;00) = mexp <—1+6 )

which is also of a Gaussian form.

6. Tomogram of p;.,,(t)

Once the probability distributions Py (Z¢) of the quadrature amplitude are obtained, one can use the inverse
Radon transformation familiar in tomographic imaging to obtain the WF and density matrix. Thus the Radon

transform of the WF corresponds to the probability distributions Pp (i).[?”) The tomogram 7 of the PSSVS

in dissipative channel, denoted as the Radon transform of WF, is defined by[30:31]

T(q.t)5, = / 5= £d — g0') Tt [ A (3. 8°) prm (8)] dd'dp

= Tt [10) 0.5 {4l Prom (O] = 1.6 (al pran () 10D (52)

where the operator |q>f of.g (q| is just the Radon transform of single-mode Wigner operator A,, (3, 5*), and

2qa’  G*al?
0) .4 = M exp (Qf“ T ) 0). (53)
as well as
B 2
G:f_197 M = [71' (f2+92):| 1/4eXp |:_2(f2q<|»g2):| (54)

Thus the tomogram of a quantum state p, ., () is just the quantum average of p, ,,, (¢) in the |q>f , representation,
which is a kind of intermediate coordinate-momentum representation.
Substituting Eq. (15) into Eq. (52), we obtain the tomogram of p, ., (¢), i.e.

> T tanhr notm 2,12 2
Tt = Veseer 30 (50 ) [ 01 B (i) 0] (55)
n=0

Firstly we will calculate the overlap 7., (g| €***"*H,,,, (ipa') |0). Inserting the completeness relation of coherent
state and using Eqgs. (30) and (22), we obtain

2,12 .
f9 <LI| el Hiotm (1 /Lat) |O>

an+m d2 ) G
= Mi/—zexp { |z)* + \quJrQi/J,TZ* — —*22 + p?2*? 72}
v

orntm G* 2G 0
n+m-+1
G 2q% 12 iV2qu
2Gp® + 212 |G + G* \/2|G)? p? + G2
Then we have the tomogram of p, , (t) as
2 M2T™ [tanhr\"T™" G* Al
T(q,t)sy = N?Z,,sech
(q? )f;g T,msec T.T;) nl < 9 ) ’2GM2+G*
2
2¢° 2 iv2
exp (200 Ny, 2 | (57)
252G+ ) " 2
p? G + \V2IGI 2 + G2
Especially, when st = 0, T = 0, equation (51) becomes the tomogram of PSSVS
tanhr\ "™ G* m
T = N2, M?sech
(@,0) 1.9 = Nom Msec T( 2 ) ’Gtanhr—i—G*
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¢* tanhr
exp

while kKt — 0o, T'— 1, then

2
Tla.9)s5 = 7 (12 +2)) o (- 515

|G|? tanh r + G*2

2

tanh r
Hyom [ 58
" 1q\/|G|2taunh7'—|—G*2 (58)

(59)

which is also a Gaussian distribution corresponding to the vacuum state.

7. Conclusions

In summary, we discussed the decoherence of
PSSVS in dissipative channel by describing its statis-
tical properties with time evolution, such as Wigner
function, Husimi function, and tomogram. First, we
calculated the normalization factor of PSSVS, related
to Legendre polynomial and derived the normally or-
dered density operator of PSSVS in dissipative chan-
nel. Then, the explicit analytical expressions of time
evolution of PSSVS’s statistical distribution function

were also deduced in detail. By analysing the spe-

cial case, we found that these statistical distributions
loss their non-Gaussian nature and become Gaussian
at last in the dissipative environment, this shows the
fact that dissipative quantum channels tend to dete-
riorate the degree of nonclassicality. At present, the
combination of the photon addition and subtraction
has been discussed in Ref. [32], thus studies about the
combination of the photon addition and subtraction
applying on the squeezed vacuum state are in progress
in dissipative channel and new results will be reported

later.
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