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Luo Yi-Ping(罗一平)† and Fu Jin-Li(傅景礼)

Department of Physics, Zhejiang Sci-Tech University, Hangzhou 310018, China

(Received 25 July 2010; revised manuscript received 14 September 2010)

This paper proposes a new concept of the conformal invariance and the conserved quantities for Birkhoff systems

under second-class Mei symmetry. The definition about conformal invariance of Birkhoff systems under second-class

Mei symmetry is given. The conformal factor in the determining equations is found. The relationship between Birkhoff

system’s conformal invariance and second-class Mei symmetry are discussed. The necessary and sufficient conditions of

conformal invariance, which are simultaneously of second-class symmetry, are given. And Birkhoff system’s conformal

invariance may lead to corresponding Mei conserved quantities, which is deduced directly from the second-class Mei

symmetry when the conformal invariance satisfies some conditions. Lastly, an example is provided to illustrate the

application of the result.
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1. Introduction

In theoretical physics, the conformal invariance
is a symmetry under dilatation (scale invariance) and
also under the special conformal transformations[1]. In
fact, the conformal invariance means that the equa-
tion obtained by the action of the infinitesimal opera-
tor equals a conformal multiplier matrix multiplied it-
self. It was introduced into physics by Cunningham[2]

and Bateman[3] shortly after Einstein’s first paper
on special relativity. Afterwards, Galiullin et al.[4]

studied the conformal invariance of Birkhoff equations
and their relation with the Lie symmetry. Robert
and Matthew[5] investigated the conformal Hamilto-
nian systems by geometric method, discussed the ge-
ometric structure of conformal systems with invari-
ance. Recently, the conformal invariance developed
rapidly in dynamical mechanical systems, and many
scholars studied the conformal invariance and con-
served quantities of mechanical systems.[6−15] Since
Mei[16] presented a new symmetry — the form in-
variance, the more and more attention has been paid
to research on Mei symmetry and conserved quantity,
which was quickly extended to all types of mechanical
systems.[17−30] Mei’s form invariance is also called Mei
symmetry, which means that the dynamical function

in the equation of motion still satisfies the primary
form of the equations after some infinitesimal trans-
formations.

However, until now the research on the conformal
invariance and conserved quantities of Birkhoff sys-
tems under second-class Mei symmetry have not been
reported yet. In the present paper, the new concept
of conformal invariance and conserved quantities of
Birkhoff systems under second-class Mei symmetry are
presented first. In fact, the aim of studying the con-
formal invariance and conserved quantities of Birkhoff
systems under second-class Mei symmetry is to seek
the one-parameter group of infinitesimal transforma-
tion of equations. By infinitesimal transformations,
we can obtain the conformal factor of conformal in-
variance and the conserved quantities of Birkhoff sys-
tem under second-class Mei symmetry.

The Birkhoffian dynamics is more general than
the Hamiltonian mechanics and it is extensively ap-
plied to the fields of modern physics. Therefore, the
researches on conformal invariance of Birkhoffian dy-
namics systems under second-class Mei symmetry is
significant not only geometrically but also mechani-
cally.
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2. Second-class Mei symmetry of

Birkhoff systems

Suppose that the Birkhoffian equation can be
written as(

∂Rν

∂aµ
− ∂Rµ

∂aν

)
ȧν − ∂B

∂aµ
− ∂Rµ

∂t
= 0,

(µ, ν = 1, . . . 2n), (1)

where B = B(t, a) is called Birkhoffian, Rµ = Rµ(t, a)
is called Birkhoffian functions, and aµ are variables.
The system described by Eq. (1) is called Birkhoffian
system. From Eq. (1) we can obtain

ȧµ = Ωµν

(
∂B

∂aν
+

∂Rν

∂t

)
, (2)

where Ωµν is a Birkhoffian contravariant tensor, that
is

Ωµν =

((
∂Rν

∂aµ
− ∂Rµ

∂aν

)−1
)µν

, (3)

where

ΩµνΩνρ = δµρ. (4)

Suppose that the system is non-singular, i.e.

detΩµν 6= 0, (5)

we can solve all generalized accelerations as

äµ = σµ(t,a). (6)

Let us introduce the infinitesimal transformations
of time and generalized coordinate as

t∗ = t + ∆t, aµ∗(t∗) = aµ(t) + ∆aµ. (7)

Their expanding forms are

t∗ = t + εξ0(t, a), aµ∗(t∗) = aµ(t) + εξµ(t, a), (8)

where ε is the small parameter and ξ0, ξµ are the gen-
erators of the one-parameter infinitesimal transforma-
tion group. Taking the infinitesimal generators as

X(0) = ξ0
∂

∂t
+ ξµ

∂

∂aµ
, (9)

we find that its first expanded vector is

X(1) = X(0) + (ξ̇µ − ȧµξ̇0)
∂

∂ȧµ
, (10)

and its second expanded vector is

X(2) = X(1) + (ξ̈µ − 2äµξ̇0 − ȧµξ̈0)
∂

∂äµ
. (11)

Undergoing the transformations (8), we find that
Birkhoff’s functions Rµ and the Birkhoffian B become
respectively R∗µ and B∗ as follows:

R∗µ = Rµ(t∗,a∗) = Rµ(t,a) + εX(0)(Rµ) + O(ε2),

B∗ = B(t∗,a∗) = B(t, a) + εX(0)(B) + O(ε2). (12)

Definition 1 If the form of Birkhoff equation (1)
keeps invariant when the Birkhoff’s function Rµ and
the Birkhoffian B are replaced respectively by R∗µ and
B∗ under the infinitesimal transformations (8), then
the invariance is called the second-class Mei symmetry
of the Birkhoff system.

Substituting Eq. (12) into Eq. (1), by Definition
1, we have

(
∂R∗ν
∂aµ

− ∂R∗µ
∂aν

)
ȧν − ∂B∗

∂aµ
− ∂R∗µ

∂t
= 0. (13)

Neglecting the terms of O(ε2) and higher order terms,
we obtain[

∂

∂aµ
X(0) (Rν)− ∂

∂aν
X(0) (Rµ)

]
ȧν

− ∂

∂aµ
X(0)(B)− ∂

∂t
X(0)(Rµ) = 0. (14)

Equation (14) is called the criterion equation of the
second-class Mei symmetry for Birkhoff system. Then,
we have the following criterion.

Criterion 1 For Birkhoff equations (1), if the in-
finitesimal generators ξ0 and ξµ satisfy Eq. (14), then
invariance of Eq. (1) under the infinitesimal transfor-
mations (8) is called the second-class Mei symmetry.

3. Conformal invariance of

second-class Mei symmetry for

Birkhoff systems

Definition 2 In infinitesimal transformations of
infinitesimal generators ξ0(t,a) and ξµ(t,a), if (äµ −
σµ) satisfies the following expression

X(2)(äµ − σµ) = llµ(äµ − σµ), (15)

then the infinitesimal transformations have conformal
invariance of the corresponding Birkhoff system (1),
equation (15) is called determining equation of Eq. (6),
llµ is called the conformal factor.

In order to obtain the general expression of con-
formal factor of conformal invariance, we calculate the
difference

X(2)(äµ − σµ)−X(2)(äµ − σµ)
∣∣
äµ−σµ=0 . (16)

As

ξ̇µ =
∂ξµ

∂t
+

∂ξµ

∂aν
ȧν (µ = 0, 1 . . . , 2n), (17)

·

ξ̈µ =
∂2ξµ

∂t2
+ 2

∂2ξµ

∂aν∂t
ȧν +

∂2ξµ

∂ar∂aν
ȧν ȧr +

∂ξµ

∂aν
äν

(r, ν = 1, . . . , 2n), (18)

therefore
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X(2)(äµ − σµ) = X(1)(äµ − σµ) +
(
ξ̈µ − 2äµξ̇0 − ȧµξ̈0

) ∂

∂äµ
(äµ − σµ)

= X(0)(äµ − σµ) +
(
ξ̇µ − ȧµξ̇0

) ∂

∂ȧµ
(äµ − σµ) +

(
ξ̈µ − 2äµξ̇0 − ȧµξ̈0

) ∂

∂äµ
(äµ − σµ)

= −ξ0
∂σµ

∂t
− ξµ

∂σµ

∂aµ
−

[(
∂ξµ

∂t
+

∂ξµ

∂aν
ȧν

)
− ȧµ

(
∂ξ0

∂t
+

∂ξ0

∂aν
ȧν

)
∂

∂ȧµ

]
σµ

+
∂2ξµ

∂t2
+ 2

∂2ξµ

∂ar∂t
ȧr +

∂2ξµ

∂aν∂ar
ȧν ȧr +

∂ξµ

∂aν
äν − 2äµ

(
∂ξ0

∂t
+

∂ξ0

∂aν
ȧν

)

− ȧµ

(
∂2ξ0

∂t2
+ 2

∂2ξ0

∂ar∂t
ȧr +

∂2ξ0

∂aν∂ar
ȧν ȧr +

∂ξ0

∂aν
ȧν

)

= Ωµν

(
∂ξµ

∂ar
− ȧµ ∂ξ0

∂ar

)
är − 2Ωµν äµ

(
∂ξ0

∂t
+

∂ξ0

∂ar
ȧr

)
+ X(0)(Ωµν)äµ + C(t,a, ȧ), (19)

where C(t, a, ȧ) is the sum of items which do not contain ä.
Treating alike leads to

X(2)(äµ − σµ)
∣∣
äµ−σµ=0 = X(1)(äµ − σµ)

∣∣
äµ−σµ=0 +

(
ξ̈µ − 2äµξ̇0 − ȧµξ̈0

) ∂

∂äµ
(äµ − σµ)

∣∣∣ äµ−σµ=0

= −ξ0
∂σµ

∂t
− ξµ

∂σµ

∂aµ
−

[(
∂ξµ

∂t
+

∂ξµ

∂aν
ȧν

)
− ȧµ

(
∂ξ0

∂t
+

∂ξ0

∂aν
ȧν

)
∂

∂ȧµ

]
σµ

+
∂2ξµ

∂t2
+ 2

∂2ξµ

∂aν∂t
ȧν +

∂2ξµ

∂aν∂ar
ȧν ȧr +

∂ξµ

∂aν
σµ − 2σµ

(
∂ξ0

∂t
+

∂ξ0

∂aν
ȧν

)

− ȧµ

(
∂2ξ0

∂t2
+ 2

∂2ξ0

∂aν∂t
ȧν +

∂2ξ0

∂aν∂ar
ȧν ȧr +

∂ξ0

∂aν
ȧν

)

= Ωµν

(
∂ξµ

∂ar
− ȧµ ∂ξ0

∂ar

)
σr − 2Ωµνσµ

(
∂ξ0

∂t
+

∂ξ0

∂ar
ȧr

)

+X(0)(Ωµν)σµ + C(t,a, ȧ), (20)

we have

X(2)(äµ − σµ)−X(2)(äµ − σµ)
∣∣
äµ−σµ=0

= Ωµν

(
∂ξµ

∂ar
− ȧµ ∂ξ0

∂ar

)
(är − σr)− 2Ωµν (äµ − σµ)

(
∂ξ0

∂t
+

∂ξ0

∂ar
ȧr

)
+ X(0)(Ωµν)(äµ − σµ)

=
[
Ωµν

(
∂ξµ

∂ar
− ȧµ ∂ξ0

∂ar

)
Ωrl − 2δl

µ

(
∂ξ0

∂t
+

∂ξ0

∂ar
ȧr

)
+ X(0)(Ωµν)Ωµl

]
(är − σl) = βl

µ(är − σl), (21)

where

βl
µ = Ωµν

(
∂ξµ

∂ar
− ȧµ ∂ξ0

∂ar

)
Ωrl − 2δl

µ

(
∂ξ0

∂t
+

∂ξ0

∂ar
ȧr

)
+ X(0)(Ωµν)Ωµl (µ, ν, r, l = 1, . . . 2n). (22)

If equation (6) is of the second-class Mei symme-
try by the infinitesimal point transformation of one-
parameter, we must have

X(2)(äµ − σµ)
∣∣
äµ−σµ=0 = 0 . (23)

From Eqs. (21) and (23), we obtain

(llµ − βl
µ)(äµ − σl) = X(2) (äµ − σµ)|äµ−σµ=0 . (24)

So the necessary and sufficient conditions of the con-
formal invariance, which is of simultaneous second-
class Mei symmetry by the action of the infinitesimal

point transformation of one-parameter group, is as fol-
lows:

llµ = βl
µ. (25)

Deduction Suppose the differential equation
(2) can be transformed into the standard form

F = äµ − σµ(t, a, ȧ) (26)

by the action of infinitesimal transformations of one-
parameter group, the necessary and sufficient condi-
tions of conformal invariance, which are simultane-
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ously of second-class Mei symmetry, are as follows:

llµ =
∂ξµ

∂al
− 2ξ̇0 − ȧµ ∂ξ0

∂al
. (27)

In fact, we can easily obtain Eq. (27) from Eq. (22).

4. Conserved quantities of con-

formal invariance for second-

class Mei symmetry

The conformal invariance of Birkhoff systems un-
der the second-class Mei symmetry would also lead
to conserved quantities. Let us study Mei conserved
quantities given by the following proposition.

Proposition For Birkhoff systems, if the gen-
erating functions ξ0 and ξµ of the second-class Mei
symmetry and gauge function GF = GF(t, a) satisfy
the structure equation

X(0)
[
X(0)(Rµ)

]
Ωµν

(
∂B

∂aν
+

∂Rν

∂t

)

−X(0)
[
X(0) (B)

]

−X(0) (B) ξ̇0 + X(0)(Rµ)ξ̇µ + ĠF = 0, (28)

then the second-class Mei symmetry can lead to the
Mei conserved quantity

IF = X(0) (Rµ) ξµ −X(0) (B) ξ0 + GF. (29)

Proof According to the criterion equation (14)
of the second-class Mei symmetry for Birkhoff system,
by using the structure equation (28), we can prove
that the Proposition is true.

5. Illustration example

The Birkhoff’s functions and the Birkhoffian of a
system are respectively

R1 = 0,

R2 = a1 − a4 − (
a2 + a3

)
t

+
(
a2 sin t + a4 cos t

)
cos t,

R3 = a1 − a4 − (a2 + a3)t,

R4 = −(a2 sin t + a4 cos t) sin t,

B = (a2 sin t + a4 cos t)2. (30)

Find the conformal factor and the Mei conserved
quantity of the system under the second-class Mei
symmetry.

From Eq. (30) we have

X(0)(R1) = 0,

X(0)(R2) = ξ1 − ξ4 − (ξ2 + ξ3)t− (a2 + a3)ξ0

+(ξ2 sin t + a2ξ0 cos t

+ ξ4 cos t− a4ξ0 sin t) cos t

− (a2 sin t + a4 cos t)ξ0 sin t,

X(0)(R3) = ξ1 − ξ4 − (ξ2 + ξ3)t− (a2 + a3)ξ0,

X(0)(R4) = −(ξ2 sin t + a2ξ0 cos t

+ ξ4 cos t− a4ξ0 sin t) sin t

− (a2 sin t + a4 cos t)ξ0 cos t,

X(0)(B) = 2
(
a2 sin t + a4 cos t

)
(ξ2 sin t

+ a2ξ0 cos t + ξ4 cos t− a4ξ0 sin t). (31)

Taking infinitesimal transformation generators

ξ0 = ξ2 = ξ4 = 0,

ξ1 = 1 + (a2 + a3)t,

ξ3 = a2 + a3, (32)

we have

X(0)(B) = X(0)(R1) = X(0)(R4) = 0,

X(0)(R2) = X(0)(R3) = 1. (33)

We know that the Birkhoff system is of the second-
class Mei symmetry according to Eq. (14) of Criterion
1.

Using Eq. (27) of Deduction, we can obtain con-
formal factor

llµ =




0 0 0 0

1 0 1 0

1 0 1 0

0 0 0 0




. (34)

From Eq. (28), we have GF = 0. Using the Propo-
sition, from Eq. (29) we obtain the conserved quantity

IF = a2 + a3 = const. (35)

6. Conclusion

In this paper by introducing the concept of the
conformal invariance and conserved quantities for
Birkhoff systems under the second-class Mei symme-
try, we can find the conformal factor and the con-
served quantities as shown in Eqs. (22) or (27) and
(29). For a Birkhoff equation, if it possesses the char-
acteristics of conformal invariance of the second-class
Mei symmetry, then it possesses the second-class Mei
symmetry. The conformal invariance may lead to cor-
responding Mei conserved quantities when the confor-
mal invariance satisfies some conditions. The results
can be applied to other fields, and lay the foundation
for the corresponding study of the holonomic system.
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1997 Conformal Field Theory (New York: Springer-

Verlag)

[2] Cunningham E 1909 Proceedings of the London Mathe-

matical Society 8 77

[3] Bateman H 1909 Proceedings of the London Mathematical

Society 8 223

[4] Galiullin A S, Gafarov G G, Malaishka R P and Khwan A

M 1997 Analytical Dynamics of Helmholtz, Birkhoff and

Nambu Systems (Moscow: UFN) (in Russian)

[5] Robert M L and Matthew P 2001 J. Geom. Phys. 39 276

[6] Cai J L and Mei F X 2008 Acta Phys. Sin. 57 5369 (in

Chinese)

[7] Cai J L 2009 Acta Phys. Pol. A 115 854

[8] Zhang Y 2009 Chin. Phys. B 18 4636

[9] Liu C, Mei F X and Guo Y X 2008 Acta Phys. Sin. 57

6704 (in Chinese)

[10] Chen X W, Li Y M and Zhao Y H 2009 Chin. Phys. B 18

3139

[11] He G and Mei F X 2008 Chin. Phys. B 17 2764

[12] Luo Y P 2010 Chin. J. Phys. 48 17

[13] Guo Y X, Liu C and Mei F X 2009 Chin. Phys. B 18 395

[14] Li Y C, Wang X M and Xia L L 2009 Chin. Phys. B 18

4643

[15] Fang J H, Li Y, Lu K, Zhang K J and Zhang M J 2009

Chin. Phys. B 18 4650

[16] Mei F X 2000 Journal of Beijing Institute of Technology

9 120

[17] Cui J C, Jia L Q, Luo S K and Zhang Y Y 2009 Acta

Phys. Sin. 58 2141 (in Chinese)

[18] Ding N and Fang J H 2009 Commun. Theor. Phys. 52 12

[19] Fang J H 2009 Acta Phys. Sin. 58 3617 (in Chinese)

[20] Jia L Q, Zhang Y Y, Cui J C and Luo S K 2009 Commun.

Theor. Phys. 52 572

[21] Xie G X, Cui J C, Zhang Y Y and Jia L Q 2009 Chin.

Phys. Lett. 26 631

[22] Zhang M J, Fang J H, Lin P, Lu K and Pang T 2009

Commun. Theor. Phys. 52 561

[23] Huang X H, Shi S Y and Zhang X B 2008 Acta Phys. Sin.

57 6056 (in Chinese)

[24] Ge W K 2008 Acta Phys. Sin. 57 6714 (in Chinese)

[25] Hou Q B, Jing H X, Li Y C, Wang J and Xia L L 2007

Chin. Phys. 16 1827

[26] Chen X W, Zhao Y H and Liu C 2009 Acta Phys. Sin. 58

5150 (in Chinese)

[27] Zhang H B, Chen L Q, Liu R W and Gu S L 2005 Acta

Phys. Sin. 54 2489 (in Chinese)

[28] Ge W K and Mei F X 2009 Acta Phys. Sin. 58 699 (in

Chinese)

[29] Zhang Y 2007 Acta Phys. Sin. 56 655 (in Chinese)

[30] Mei F X 2004 Symmetries and Conserved Quantities of

Constrained Mechanical Systems (Beijing: Beijing Insti-

tute of Technology Press) (in Chinese)

021102-5


