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Exact calculation of the minimal thickness of the large
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This paper gives the relation between spatial ray and its projection on paper plane based on the vector form of

reflective law. Using the method of prism expansion, it obtains the exact expression of the exit height. The exit height

can ensure that the incident rays, at arbitrary direction and arbitrary angle, after several transmission and reflection

in the two right-angle reflectors, finally pass through the exit surface. Furthermore, it analyses the effects of different

parameters on the exit height through computer simulation, and some important conclusions are obtained. The physical

meaning of the sign of exit height is described, and the exact expression of the minimal thickness of the large optical

path difference wind imaging interferometer is gained. This work is of great scientific significance to the static, real-

time simultaneous detection of atmospheric wind field, and it will provide a theoretical and practical guidance for the

miniaturization design and engineering realization of wind imaging interferometer.
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1. Introduction

The passive detection principle of the upper at-
mospheric wind field (80 km~300 km) is mainly based
on the interference imaging spectroscopy coupled with
the Doppler effect of electromagnetic wave.['=% We
can obtain the velocity and temperature of the up-
per atmosphere wind field through analysing the in-
terferogram of airglow (aurora) of atomic oxygen
emission.[6~11 Tt was widely used in many fields such
as military, national security, aerospace, environmen-
tal protection, astronomy physics, earth science etc.!®!

At present, the wind field detection instruments
mostly based on Michelson interferometer are called
the temporarily modulated imaging interferometers. !¢
These
scanning mechanisms, and the temporal resolution

instruments required high-quality mirror-

is limited by the maximum mechanical scanning
rate.['2] Therefore they are not suitable for measure-
ment of the fast changed spectrum and for real-time
applications.[*2]

In the late 1980s, another kind of interferome-
ter without moving mirror was presented. They are
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divided into two kinds according to the splitter typ-
ically. One is based on birefringent crystal as split-
ter components;!'*~2% the other is based on Sagnac
interferometer as a prototype.21:22] The optical path
difference (OPD) of the wind imaging interferometer
based on Sagnac interferometer as a prototype is very
little. However, a large OPD (more than 4.2 cm) is
required during the wind field detection.[”) In order
to overcome this problem, Zhang et al. proposed an
LOPD wind imaging interferometer (LOPDWII), and
the exact calculation of the OPD of LOPDWII was
presented in papers by Ruan et al.!'® However, there
is no study regarding the thickness of LOPDWII.

In this paper, we will deduce the exact expression
of the minimum thickness of the two right-angle re-
flectors based on the vector form of refractive law and
prism expansion method under the condition that the
ray always transmits in the two right-angle reflectors
when it incidents arbitrarily. This work is very im-
portant to the miniaturization design and engineering
realization of wind imaging interferometer, and it has
wide application prospect for the static, real-time si-
multaneous detection of atmospheric wind field.
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2. Theoretical analysis

2.1. The relation between the spatial ray
and its projection

2.1.1. The vector form of refractive and reflec-
tive law

The interface of some media is very complex in
the spatial distribution, one can apply the calculation
of vector form to express the propagation direction
of the arbitrary ray after reflection and refraction to
solve the problem. It is very convenient to describe
the prism-reflection. In this paper, based on the vec-
tor form of refractive and reflective law the relation
between the spatial ray and its projection is given.

The vector form of refractive law is expressed

as[??)}
AY = (nA° + ’'N°)/n’, (1)
I' = n’cosi’ —ncosi
= V/n2 —n2 + n2cos? i — ncosi, (2)

where A%, A% N© are the unit vectors of the incident
ray, refractive ray and normal, respectively; n and n’
are the refractive indexes of the incident and refractive
space respectively.

Provided that vector is positive from left to right,
otherwise negative. The normal direction is positive
along the direction of ray, otherwise negative. If equa-
tions (1) and (2) take a negative value and n = —n’
meanwhile, they correspond to the law of reflection.
The vector forms of refractive and reflective law are

shown in Figs. 1(a) and 1(b), respectively.
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Fig. 1. Illustration of the vector form of refractive and
reflective law: (a) the vector form of refractive law; (b)
the vector form of reflective law.

We assume that the vectors of the incident ray,
the reflective ray and the normal, respectively, are A°,
A% and N°, and they are expressed as2?l

Ay :z%erjJrz];:,
o=ai+yj+2'k, (3)
No = 0471z + ﬁn.} + ’Yn]%-

Based on Egs. (1)-(3), we can obtain(?*]

T 1-— 204721 —2a, By, —2vp0n T
_2anﬁn 1- 25721 _2571’}% y|> (4)
=290 —28pn 1 — 2’77%

/ —

y =

where x, y, z are the components of incident ray’s di-
rection along oz, of, 0z axes, respectively. Similarly,
the direction components of reflective ray and normal
are respectively (', v/, 2') and (o, Bny Yn)-

2.1.2. Relation between the spatial ray and its
projection

As shown in Fig. 2, the split component of the
wind imaging interferometer consists of two right-
angled trapezoid reflectors, denoted by I and I1, re-
spectively. The acute angle of I and I is 45°. We
assume that a and b are transverse lengths for the
two right-angle reflectors, h; and ho are side lengths
of them respectively, c is the dislocation between the
reflectors, and ¢,y is the minimal thickness of I and
II.

An incident ray reaches an incoming surface de-
noted by MM’ with an arbitrary direction, and the
intersection is S. The incident angle is denoted as 7,
and its range is from 0 to /2. On the boundary sur-
face of two right-angled trapezoid reflectors, the ray
SS1 can be split up into two beams whose intensities
are equal because the surface is coated with semiper-
meable membrane. After several transmissions and
reflections in the two right-angled trapezoid reflectors,
the rays have passed through the exit surface denoted
by RR’ finally. The propagation of the beams is shown
in Fig. 2 evidently.

¥

Fig. 2. Structure and optical principle of LOPDWII.
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The direction vectors of the rays SA, AB, BC
and CD, are denoted as A}, A, A} and AY, respec-
tively; the normal direction vectors at the points .S,
A, B and C, are N?, N9, NY and N}, respectively.
The reference frame is defined as that oz lies along
the surface of the plate, oy is the inner surface normal
and oz completes the left-handed system. Thereby,
the direction vectors of the refractive ray is given as

A = zi+yj+ 2k
= V2(cosi' —sini’ cosh)/2i
—V2(cos i’ + sini’ cos0)/2] + sini’ sin Ok, (5)

where ¢’ is the refractive angle, 6 is the angle between
the incident plane and xoy plane.

The expressions of the normalized direction vec-
tors are respectively NY = g(i -5, NY = 7],
N = —i, Ny =1.

According to Egs. (3) and (4), we can obtain

AY = —xi —yj + zk, (7)
Al = txi —yj + zk. (8)

Based on Egs. (5)—(8), the angle ¢ between the ray
and its projection on the paper plane can be calcu-
lated from

sin ¢ = z = sini’ sin §. 9)

2.2.Specific calculation of the exit

heights of out beams

According to the principle of prism expansion,
the reflector I of wind imaging interferometer can be
expanded along the various refractive plane, and the
aperture whose radius is r will usually be located in
the boundary surface of I and 1, as shown in Fig. 3.

We assume that the corresponding projections of
the points A, B, C, D, E, F, G, H and S; on the
paper plane, respectively, are Ay, By, C1, D1, F1, F1,

SCy = (z + 2b)/sin(r/4 — ),

G1, H1 and Ss. The exit heights of the two out beams
are denoted by ¢; and t,.
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Fig. 3. Expansion graph of the right reflector.

According to Fig. 3, we can obtain

t1 = DD, = SDitg ¢, (10)
t2 = HH1 = SHltgd), (11)
As shown in Fig. 4, SS’ is perpendicular to NR, the

intersection is S’. We denote the length of S5’ as =.
According to Fig. 4, we can obtain

— =<

Fig. 4. Projection of the reflector II’s expansion graph.

PSy=NSy;— NP = (a+hs—c)—z[l+tg(r/4+a)],

PA1 ZPSth(W/4—(1/),

Based on sine theorem, we can obtain

ClR:PR—Pcl:b+h1—(2b—PA1)tg(7T/4—|-O/). (12)

C1Dy = C1R/V2cosa’ = [b+ hy — (2b— PA;)tg (n/4+ /)] /V2cos
= [(a+b+hy + hy — c— x)—(z + 2b)tg (7/4 4+ /)] /V2cos /. (13)
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By the same method, we can obtain
G1H, = GiR/V2cosa' = [c+ b+ hy — (2a — NE))tg (1/4 + /)] /V/2cos o’
= [(a+b+ hy + hy + ¢ — x)—(z4+2a)tg (7/4 + a')]/V2cos o (14)
According to Egs. (12)—(14), we can get

t1 = (SC1 + C1D1)tg é = |tg d/vV2cosa’|(a+3b + h + ha — ¢), (15)
ts = (SG1 + GlHl)tgqb = |tg¢/\/§COSO/|(3G, +b+h1+ho+ C). (16)

We assume that the two out beams have an iden- ‘Where tgp = sini’sinf//1 —sin?i’sin?0, tga’ =
tical exit height on the exit plane, denoted as ¢. If  tgi’'cosf, sini = nsini’.
t; > to, based on Egs. (15) and (16), we can obtain Based on Egs. (18) and (20), we find that ¢ is a

function of a, b, ¢, hy, hs, i and 6.
(b—a—c)>0. (17)

Correspondingly, the identical exit height is expressed

s 3. Simulation and discussion

t=t; = [tg¢/V2cosa|(a+3b+ hy + hy —c). (18) In this section, we shall make some computer sim-
ulations to verify the former theory. It can be simu-

If t1 < tg, according to Egs. (15) and (16) , we can  lated via the two parts as follows: in the first part,
obtain giving @ = 3.75 ¢cm, b = 4.80 cm, ¢ = 0.91 cm, hy =
5.51 cm and he = 5.05 c¢m; in the second part, giving
a=4.80cm, b =3.75 cm, c =0.91 cm, hy = 5.51 cm
and he = 5.05 cm. The right-angled trapezoid reflec-

(b—a—c) <0, (19)

and the identical exit height is
tors are both made of K9 glass whose refractive index

t =ty = [tg/V2cosa|(3a+ b+ hi +hy+c¢), (20) isn = 1.5148 at the wavelength A = 630 nm.
|

Fig. 5. The exit height ¢ as a function of ¢ and 0: (a) the variation surface of ¢ with ¢ and 6 when (b —a —¢) > 0;
(b) the variation surface of ¢t with ¢ and 6 when (b —a —¢) <0.

The variation of ¢ with ¢ and 0 is depicted as Figs. 5(a) and 5(b). During the simulation process, both i
and 6 are variables and the others remain constant. The useful conclusions obtained from Fig. 5 are as follows:
the variation surfaces of Figs. 5(a) and 5(b) are even symmetric to the axis (i € [0°,4°], # = 0°), that is, ¢
is an even function of the angle 6 and i; the value of ¢ increases with the absolute values of i and 6, thereby,
t will climb up to the peaks when the absolute values of ¢+ and 6 both are the maximums meanwhile, that is,
t is the maximum at points (i = 4°, § = 90°) and (i = 4°, § = —90°), and tyax1 = 0.9062 cm in Fig. 5(a),
tmax2 = 0.9655 c¢m in Fig. 5(b). ¢ is zero while # = 0°. The expression for the value of ty,.x is respectively

tmax = [tgi'/V2|(a +3b—c+hy +hy) (b—a—c>0),

(21)
tmaX:|tgi’/\/§|(3a—|—b+c+h1+h2) (b—a—c<0).
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We must take some considerations on the con-
struction gage of the device during the engineering de-
sign process. According to Egs. (18) and (20), we can
obtain the conclusions: (i) ¢ increases linearly with h4
and ho under any conditions; (ii) ¢ increases linearly
with the increase of a and b without taking consider-
ations on other parameters; (iii) ¢ decreases with the
increase of ¢ when b — a — ¢ > 0, but increases with
¢ when b — a — ¢ < 0; (iv) The variation of ¢t with a,
b and c is more complicate under the two conditions:
b—a—c>0and b —a—c <0, respectively. We
will make a simulation to analyse it, and the simula-
tion results are shown in Figs. 6(a) and 6(b). There is

an intersection line at two planes under the condition
t1 = to. The expression of the line can respectively be
obtained from Egs. (15) and (16),

b—a—c=0. (22)
From Fig. 6(a), we can obtain the conclusions: ¢ first
decreases with the increase of ¢ and then increases, but
increases with the increase of . When a + ¢ < 4.8,
t = t1, otherwise ¢t = to. From Fig. 6(b), we can know
that ¢ increases with the increase of a and b under

any conditions; the expression of intersection line is
b = a+ 0.91; when b is in the range of b > a + 0.91,
t = t1, otherwise t = ts.

(b) 1.4

1.2

1.0

<"I..k 0.8

T :/; 0.6

—7 2 0 0.4
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Fig. 6. The t as a function of a, b and ¢ when ¢ = 4°: (a) the variation surface of ¢ with ¢ and ¢ under the two

conditions; (b) the variation surface of ¢ with a and b under the two conditions.

4. The minimal thickness of

LOPDWII

In fact, the propagation of refractive ray will be
upward or downward when the ray incidents with an
arbitrary direction, so the sign of ¢ will be positive or
negative, and the physical meaning of the sign of ¢ can
be described in Fig. 7.
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Fig. 7. The physical meaning of the sign of exit height.

Based on Fig. 7, the sign of ¢ is identical to z axis.
The expression of ¢ > 0 represents that the refractive
ray propagates upwards, and wvice versa. Therefore,
the thickness of LOPDWII is not less than 2 times of
the maximal exit height, and the minimal thickness is

(23)

bt = 2tmaxa

where tnax can be obtained from Eq. (21) while the
absolute values of ¢ and 6 both are maximal. We as-
sume that the aperture’s radius which locates between
the effective edge rays is denoted as r. And equation
(23) is rewritten as

tmt = 2(7 + tmax)- (24)

The expression of LOPDWII’s OPD is['?

A(i,0) = V2{(b—a — ¢)n/ cosi’
+[(b—a)(1+tana’) + ¢(1 — tana’)]

x sinacosf/ Vsin? o + cos? o cos? 0}.
(25)
Provided that A = 4.2 cm, n = 1.5148, i = 4°,

0 =90°, b=4.80 cm, ¢ = 0.91 cm, hy = 5.51 cm and
he = 5.05 cm, based on Eq. (25), we obtain the value

020701-5



Chin. Phys. B Vol. 20, No. 2 (2011) 020701

of a (a = 1.93 cm). We substitute the various param-
eter values into Eq. (21), according to Eq. (24), the
value of LOPDWII’s minimal thickness is expressed
as

tmt = 2(r + 1.20) cm.

5. Conclusions

The relation between the spatial ray and its pro-
jection on paper plane based on the vector form of
the reflective law is given, and the exact calculation
formula of the minimum thickness of LOPDWII is ob-
tained by using the method of prism expansion. Fur-
thermore, we have simulated the variation of the exit
height ¢t with ¢ and 6, a and ¢, a and b, respectively.
Through analysing and discussion, the following im-
portant conclusions are gained.

(I) The maximal exit height will be obtained at
the points that the absolute values of ¢ and 6 both are

maximal;

(IT) Parameter ¢ increases linearly with hq and ho,
a and b under any conditions;

(ITI) Parameter ¢t decreases with the increase of ¢
when b > a + ¢, but increases with the increase of ¢
when b < a+ ¢ without taking considerations on other
parameters;

(IV) Parameter ¢ satisfies t = t1, t = t5 under the
conditions b > a + ¢ and b < a + ¢ respectively.

Furthermore, the physical meaning of the exit
height corresponding to different signs is carried
out, and we obtain the expression for the value
of LOPDWII’s minimal thickness, and it is t,; =
2(r +1.20) ecm when ¢ = 4°, A = 4.2 cm.

In the present study, a guiding theoretical founda-
tion is established for the optical design, crystal pro-
cessing, installation and debugging of LOPDWII. This
work has wide application prospect for the static, real-
time simultaneous detection of atmospheric wind field.
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