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This paper deals with the consensus problem of multi-agent systems with second-order dynamics. The objective

is to design algorithms such that all agents will have same positions and velocities. First, a reference model based

consensus algorithm is proposed. It is proved that the consensus can be achieved if the communication graph has a

spanning tree. Different from most of the consensus algorithms proposed in the literature, the parameters of the control

laws are different among agents. Therefore, each agent can design its control law independently. Secondly, it gives a

consensus algorithm for the case that the velocities of the agents are not available. Thirdly, the effectiveness of the

input delay and the communication delay is considered. It shows that consensus can be achieved if the input delay of

every agent is smaller than a bound related to parameters in its control law. Finally, some numerical examples are given

to illustrate the proposed results.
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1. Introduction

The coordination problem of multi-agent sys-
tems has been a popular subject in systems and
control in recent years. Examples of the coordina-
tion problem include flocking,[1,2] formation control,[3]

synchronization,[4] Rendezvous,[5] consensus,[6,7] and
so on. Significant efforts have been made to study the
consensus problem because it plays an important role
in some other coordination problems. The objective
of the consensus problem is to reach an agreement on
certain quantities of interest in a group of agents, by
negotiating between neighbours.

In many researches on the consensus problems of
multi-agent systems, all agents are governed by first-
order dynamics (continuous or discrete-time).[8−18]

Some preliminary results were reported in Refs. [8]–
[10]. Many followed researches were made from var-
ious aspects such as time-delays,[13] asynchronous
sampling rate,[14] reference states,[15] information
quantization,[16,17] time-varying topologies,[18] and so
on. In the meanwhile, there were more and more re-
searches focused on the second-order multi-agent sys-
tems, where all the agents were governed by second-
order dynamics.[19−22] Recently, a necessary and suf-
ficient condition on the achievement of the consen-

sus has been derived in Ref. [23]. Reference [24] gave
some necessary and sufficient conditions for solving
consensus problems of double-integrator dynamics via
sampled control. The consensus protocols considered
in Refs. [19]–[24] not only depend on the neighbours’
positions but also their velocities. However, in some
cases, the velocities of the agents may not be avail-
able. So it is more desirable to derive some consen-
sus protocols that depend on the neighbors’ informa-
tion variables only. This problem was considered in
Refs. [25] and [26] and some consensus protocols were
given. The H∞ consensus problem of second-order
multi-agent systems was considered in Refs. [20] and
[21].

Summarizing most of the existing results we can
find that, when the communication graph is directed,
the consensus can be achieved for the first-order multi-
agent systems if the communication graph having a
spanning tree. However, the communication graph
has a spanning tree is not a sufficient condition for
the second-order multi-agent systems to achieve con-
sensus, it is also needed that some parameters in the
consensus algorithm satisfy certain conditions, which
relates to the eigenvalues of the Laplacian matrix cor-
responding to the communication graph. In fact, these
eigenvalues are usually not available.
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In this paper, we will consider the consensus prob-
lem of multi-agent systems with second-order dynam-
ics. A reference model based on consensus algorithm
will be given, together with the sufficient condition
on the achievement of the consensus. Sometimes, the
velocities of the agents are not available. To solve
this problem, we will give an observer-based consen-
sus algorithm. The effectiveness of the time-delays
caused by communication network (communication
delay) and the actuator (input delay) will also be con-
sidered.

The contributions of the current paper are four-
fold. First, the proposed consensus algorithm can
solve the consensus problem for any directed net-
work having a spanning tree. The parameters in the
algorithm do not need to satisfy any condition re-
lated to the communication network. This is differ-
ent from the commonly used consensus algorithm on
the second-order consensus problem. Secondly, the
parameters in the algorithm can be different among
agents. Therefore, each agent can design its own con-
trol law, i.e., this algorithm is a purely distributed
algorithm. Thirdly, a consensus algorithm without
velocity measurement is proposed for the directed net-
work. Compared with the results in Refs. [25] and [26],
the communication graph considered in this paper is
more general. Finally, in the existing results on this
problem, the upper bound of allowable input delay is
determined by the communication network.[23] But, in
this paper, the upper bound of allowable input delay
for each agent is determined by its own parameters
in the control law. So each agent can change its pa-
rameters to increase the allowable upper bound of its
controller’s input delay.

The rest of this paper is organized as follows. Sec-
tion 2 formulates the consensus problem of the multi-
agent systems with second-order dynamics. The main
results are presented in Section 3. Some numerical
examples are given in Section 4 to illustrate the pro-
posed results and the paper is concluded in Section
5.

2. Problem formulation

Graph theory notions: Let G = (V ,E ) be a di-
rected graph of order n, where V = {1, . . . , n} is the
node set, E ∈ V × V is the edge set. The edge
(j, i) ∈ E if and only if node i can obtain the informa-
tion of node j. In this case, we say node j is the parent
node and node i is the child node. The neighbouring

set Ni of agent i is defined as Ni = {j : (j, i) ∈ E }.
The adjacency matrix Ad = [aij ] ∈ Rn×n is defined
as aij = 0 when i = j; when i 6= j, aij > 0 if
(j, i) ∈ E , and aij = 0 otherwise. The Laplacian
matrix L = D −Ad, where

D =




∑n
j=1 a1j · · · 0

...
. . .

...

0 . . .
∑n

j=1 anj


 .

A directed path is a sequence of edges in the form of
(vi1 , vi2), (vi2 , vi3), . . . , where vi1 , vi2 ∈ V . A directed
graph is called to have a spanning tree if there exists
a node such that their exists a directed path from all
other nodes to this node.

We use a directed graph to denote the communi-
cation topology among the agents. The dynamics of
the second-order multi-agent systems can be described
by the following equations:

ẋi(t) = vi(t), (1)

v̇i(t) = ui(t), (2)

where xi(t), vi(t) and ui(t) ∈ Rm are the position,
velocity and control input of agent i, respectively.

We say that algorithm ui(t) solves the second-
order consensus problem for the system (1) and (2) if
xi(t) − xj(t) → 0 and vi(t) − vj(t) → 0, as t → ∞,
for any 1 ≤ i < j ≤ n. A commonly used consensus
algorithm is

ui = −α
∑

j∈Ni

aij [xi(t)− xj(t)]

−β
∑

j∈Ni

aij [vi(t)− vj(t)]. (3)

It is shown in Ref. [23] that using Eq. (3), the second-
order consensus for the system described by Eqs. (1)
and (2) if and only if the network contains a directed
spanning tree and

β2

α
> max

2≤i≤n

Im2(µi)

Re(µi)
√

Re2(µi) + Im2(µi)
, (4)

where µi is the nonzero values of the Laplacian ma-
trix L. In addition, when the second-order consensus
is achieved, the final values of position and the veloc-
ity of the agents are (γτ ⊗ Im)x̄(0) + t(γτ ⊗ Im)v̄(0)
and (γτ ⊗ Im)v̄(0), where γ is the left eigenvector of
L corresponding to eigenvalue 0 satisfying γτ1n = 1,
1n ∈ Rn = [ 1, . . . , 1 ]τ . It can be seen that before
choosing α and β in Eq. (3), one should know the
eigenvalues of the Laplacian matrix L. However, be-
cause each agent can communicate with its neighbours
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only, these eigenvalues are not available in practice.
To solve this problem, we propose the following refer-
ence model based on consensus algorithm.

Algorithm 1

˙̄xi(t) = v̄i(t)−
∑

j∈Ni

aij [x̄i(t)− x̄j(t)], (5)

˙̄vi(t) = −
∑

j∈Ni

aij [v̄i(t)− v̄j(t)], (6)

ui(t) = −αi[xi(t)− x̄i(t)]− βi[vi(t)− v̄i(t)], (7)

where x̄i(t) and v̄i(t) are states of the reference model
of agent i, αi, βi > 0 are constant scalars, x̄i(0) and
v̄i(0) can be chosen arbitrarily. Usually we choose
x̄i(0) = xi(0) and v̄i(0) = vi(0). As is shown in Fig. 1,
each agent has a reference model with states x̄i(t) and
v̄i(t). The agents send x̄i(t) and v̄i(t) to there neigh-
bours. The main thought of Algorithm 1 is that con-
sensus can be achieved if the reference models can
reach consensus and each agent can track its refer-
ence model. Because the dynamics of the reference
models are properly chosen, the reference models can
reach consensus easily. So Algorithm 1 can solve the
consensus problem with less restrictive conditions.

Fig. 1. The structure of agent i.

3. Main results

This section gives the main results of this paper.
First, we will show that the second-order consensus
can be achieved under Algorithm 1 with less restrictive
conditions than the algorithm described by Eq. (3).
Then, an algorithm for the consensus problem with-
out velocity measurement will be given. Finally, we
will investigate the effectiveness of input delay and
communication delay on Algorithm 1.

Using Algorithm 1, we can describe the dynamics
of the reference model by the following equations:

˙̄x(t) = v̄(t)− (L⊗ Im)x̄(t), (8)

˙̄v(t) = −(L⊗ Im)v̄(t), (9)

where

x̄(t) = [ x̄τ
1(t), . . . , x̄τ

n(t) ]τ ,

v̄(t) = [ v̄τ
1 (t), . . . , v̄τ

n(t) ]τ .

Equations (8) and (9) can be rewritten in a compact
form as

ξ̇(t) = (Ā⊗ Im)ξ(t), (10)

where ξ(t) = [ x̄τ (t), v̄τ (t) ]τ and Ā =

[
−L In

0 −L

]
.

The solution of Eq. (10) is

ξ(t) = e(Ā⊗Im)tξ(0). (11)

When the communication graph G has a spanning
tree, we know that L has a simple eigenvalue 0 and
all the other eigenvalues have positive real parts.[10]

By some calculations we know that det(λI2n − Ā) =
[det(λIn + L)]2. It is easy to see that Ā has a
zero eigenvalue with algebraic degree 2 and all the
other eigenvalues have negative real parts. By some
algebraic calculations we can obtain that eĀt →[

1nγτ t1nγτ

0 1nγτ

]
, as t → ∞. From Eq. (11) we ob-

tain that ξ(t) will converge to [(p1ν1 +p2ν2 + tp1ν2)⊗
Im]ξ(0), which implies that x̄i(t) and v̄i(t) will con-
verge to (γτ ⊗ Im)x̄(0) + t(γτ ⊗ Im)v̄(0) and (γτ ⊗
Im)v̄(0), respectively. Therefore, the reference models
can reach consensus.

Since the states of the reference models will con-
verge to the same value, the consensus will be achieved
for the system described by Eqs. (1) and (2) if xi(t)−
x̄i(t) and vi(t)− v̄i(t) can converge to zero. It is easy
to see that

ẋi(t)− ˙̄xi(t) = vi(t)− v̄i(t)

−
∑

j∈Ni

aij [x̄i(t)− x̄j(t)], (12)

v̇i(t)− ˙̄vi(t) = −αi[xi(t)− x̄i(t)]− βi[vi(t)− v̄i(t)]

−
∑

j∈Ni

aij [v̄i(t)− v̄j(t)], (13)

Note that
∑

j∈Ni
aij [x̄i(t) − x̄j(t)] and∑

j∈Ni
aij [v̄i(t) − v̄j(t)] will converge to zero. We

only need to ensure that the system described by the
following equations is stable:

ẋi(t)− ˙̄xi(t) = vi(t)− v̄i(t), (14)

v̇i(t)− ˙̄vi(t) = −αi[xi(t)− x̄i(t)]

−βi[vi(t)− v̄i(t)]. (15)

Choose αi and βi such that all roots of [
∏n

i=1(λ
2 +

βiλ + αi)] = 0 have negative real parts, i = 1, . . . , n.
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It is easy to verify that system described by Eqs. (14)
and (15) is stable.

It is worth while mentioning that the final values
of the positions and the velocities of the agents depend
on the initial values of the reference models, but not
xi(0) and vi(0). In fact, if we let x̄i(0) = xi(0) and
v̄i(0) = vi(0), we have xi(t) → (γτ ⊗ Im)x(0) + t(γτ ⊗
Im)v(0), vi(t) → (γτ ⊗ Im)v(0) as t →∞.

From the above analysis we know that conditions
on the parameters in Algorithm 1 under which the
consensus is achieved do not relate to the eigenval-
ues of the Laplacian matrix. So we need not to know
these eigenvalues when we choose the parameters in
Protocol 1. This is the main advantage of Algorithm
1.

In real world multi-agent systems, it is more dif-
ficult to measure the velocities than the positions.
Sometimes, the velocities of the agents cannot be mea-
sured. In this case, we can use the following algorithm.

Algorithm 2

˙̂xi(t) = v̂i(t)− εi[x̂i(t)− xi(t)], (16)
˙̂vi(t) = −δi[x̂i(t)− xi(t)] + ui(t), (17)

˙̄xi(t) = v̄i(t)−
∑

j∈Ni

aij [x̄i(t)− x̄j(t)], (18)

˙̄vi(t) = −
∑

j∈Ni

aij [v̄i(t)− v̄j(t)], (19)

ui(t) = −αi[x̂i(t)− x̄i(t)]− βi[v̂i(t)− v̄i(t)], (20)

where εi, δi, αi, βi are positive constant scalars.
Since the velocities of the agents are not known,

we need to estimate them based on the position mea-
surements. In Algorithm 2, equations (16) and (17)
are used to estimate the velocities of agent i. From
Eqs. (1), (2), (16) and (17) we know that

˙̂xi(t)− ẋi(t) = v̂i(t)− vi(t)− εi[x̂i(t)− xi(t)], (21)
˙̂vi(t)− v̇i(t) = −δi[x̂i(t)− xi(t)]. (22)

Note that x̂i(t)−xi(t) and v̂i(t)−vi(t) will converge to
zero if δi and γi satisfy the condition that all roots of
[
∏n

i=1(λ
2+δiλ+γi)] = 0 have negative real parts. Sub-

stituting x̂i(t) = xi(t) and v̂i(t) = vi(t) into Eq. (20)
we can obtain Eq. (7). Choose αi and βi such that
all roots of [

∏n
i=1(λ

2 + βiλ + αi)] = 0 have negative
real parts. By the above analysis we can see that,
when the directed communication graph has a span-
ning tree, the positions and the velocities of all agents
will converge to (γτ ⊗ Im)x̄(0) + t(γτ ⊗ Im)v̄(0) and
(γτ ⊗ Im)v̄(0), respectively.

Now, we consider the effectiveness of time-delays
on Algorithm 1. Real world multi-agent systems are
often effected by the input delay and the communica-
tion delay. If we take the input delay and the commu-
nication delay into account, Algorithm 1 becomes

Algorithm 3

˙̄xi(t) = v̄i(t)−
∑

j∈Ni

aij [x̄i(t)− x̄j(t− τ c
ij)], (23)

˙̄vi(t) = −
∑

j∈Ni

aij [v̄i(t)− v̄j(t− τ c
ij)], (24)

ui(t) = −αi[xi(t− τu
i )− x̄i(t− τu

i )]

−βi[vi(t− τu
i )− v̄i(t− τu

i )]. (25)

where τu
i ≥ 0 is the input delay caused by the response

time of the actuator in agent i, τ c
ij ≥ 0 is the commu-

nication delay caused by the communication channel
between agents i and j.

Based on the above analysis we know that all
agents will have same positions and velocities, if the
reference models can reach consensus and each agent
can track its reference model.

We consider the reference model Eqs. (23) and
(24) first, which is affected by the communication de-
lay. Equations (23) and (24) can be rewritten in a
compact form as

˙̄x(t) = v̄(t)− (D ⊗ Im)x̄(t)

+
n∑

i=1

∑

j∈Ni

(Ac
ij ⊗ Im)x̄(t− τ c

ij), (26)

˙̄v(t) = −(D ⊗ Im)v̄(t)

+
n∑

i=1

∑

j∈Ni

(Ac
ij ⊗ Im)v̄(t− τ c

ij), (27)

where Ac
ij ∈ Rn×n is a matrix with the j-th element in

the i-th row being aij and all the other elements being
zero. From the above analysis we know that consen-
sus can be achieved between the reference models if
the characteristic equation of Eqs. (23) and (24) has
a zero root of multiplicity two and all the other roots
have negative real parts. When the communication
graph G has a spanning tree, we know that the equa-
tion det[λIn +D−∑n

i=1

∑
j∈Ni

(Ac
ije

−τc
ijλ)] = 0 has a

simple zero root and all the other roots have negative
real parts, where D is defined in Section 2.[13] Notice
that the characteristic equation of Eqs. (23) and (24)
is det[λIn +D−∑n

i=1

∑
j∈Ni

(Ac
ije

−τc
ijλ)]2 = 0, which

has a zero root of multiplicity two and all the other
roots have negative real parts.

From Eqs. (1), (2) and (23)–(25) we know that

ẋi(t)− ˙̄xi(t) = vi(t)− v̄i(t)
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−
∑

j∈Ni

aij [x̄i(t)− x̄j(t− τ c
ij)],(28)

v̇i(t)− ˙̄vi(t) = −αi[xi(t− τu
i )− x̄i(t− τu

i )]

−βi[vi(t− τu
i )− v̄i(t− τu

i )]

−
∑

j∈Ni

aij [v̄i(t)− v̄j(t− τ c
ij)]. (29)

If the reference models can reach consensus, then∑
j∈Ni

aij [x̄i(t) − x̄j(t − τ c
ij)] and

∑
j∈Ni

aij [v̄i(t) −
v̄j(t − τ c

ij)] will converge to zero. So each agent can
track its reference model if the following system is sta-
ble

ẋi(t)− ˙̄xi(t) = vi(t)− v̄i(t), (30)

v̇i(t)− ˙̄vi(t) = −αi[xi(t− τu
i )− x̄i(t− τu

i )]

−βi[vi(t− τu
i )− v̄i(t− τu

i )]. (31)

The characteristic equation of Eqs. (30) and (31) is
λ2 + βie−τc

i λλ + αie−τc
i λ = 0. From Lemmas 3,

4 and 5 in Ref. [23] we know that all the roots of
λ2 + βie−τc

i λλ + αie−τc
i λ = 0 have negative real parts,

if 0 ≤ τ c
i < τ0i, where τ0i = θi/ωi with 0 ≤ θi < 2π

satisfying cos(θi) = αi/ω2
i , sin(θi) = βi/ωi, ωi =√

(β2
i +

√
β4

i + 4α2
i )/2.

It can be seen that the allowable upper bound of
τu
i is determined by αi and βi. Therefore, agent i can

change αi and βi to improve the robustness against
the input delay. On the other hand, if τu

i is bigger
than the allowable bound, the left agents can also
achieve consensus. This is because the reference mod-
els run dependently beside the plants of the agents, so
whether consensus can be achieved among the refer-
ence models is not affected by the plants. And the left
agents can achieve consensus by tracking their refer-
ence models. This will be illustrated in an example in
the next section.

4. Numerical simulations

This section gives simulation results to illustrate
the theoretical results in the last section. Consider a
group of 4 agents. The Laplacian matrix is chosen as

L =




1 −1 0 0

0 1 −1 0

0 0 1 −1

0 0 −1 1




. (32)

For Algorithm 1, let α1 = −1, β1 = −1, α2 =
−1.2, β2 = −1.2, α3 = −1.2, β3 = −1.1, α4 = −1.1,
β4 = −1.2. For Algorithm 3, let τu

i = 0.3, i = 1, . . . , 4.

τuc
ij = 1, i = 1 ≤ i < j ≤ 4. Figures 2 and 3 show the

convergence result of agents 1–4 under Algorithms 1
and 3, respectively.

Fig. 2. Convergence result of agents 1–4 under Algorithm 1.

Fig. 3. Convergence result of agents 1–4 under Algorithm

3 with τu
i = 0.3, i = 1, 2, 3, 4.
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For Algorithm 2, let αi and βi be the same as stated above, and εi = αi, δi = βi, i = 1, . . . , 4. Figure 4
shows the convergence result of agents 1–4 under Algorithm 2. It can be seen that consensus is achieved in each
case.

Fig. 4. Convergence result of agents 1–4 under Algorithm 3.

If τu
i = 0.3, i = 1, 2, 4, τu

3 = 0.8, it can be seen that τu
3 > τ03. Figure 5 shows the convergence result of

agents 1–4 under Algorithm 3, where the dot lines denote the state and velocity of agent 3. It can be seen that
agents 1, 2 and 4 can reach consensus.

Fig. 5. Convergence result of agents 1–4 under Algorithm 3 with τu
1 = τu

2 = τu
4 = 0.3, τu

3 = 0.8.

5. Conclusions

In this paper, the consensus problem of multi-
agent systems with second-order dynamics has been
studied. A reference model based on consensus al-
gorithm is proposed with sufficient conditions under
which consensus can be achieved. A consensus al-
gorithm without velocity measurement is also given.

Different from most of existing results, the parameters

in the protocols are different among agents. We have

shown that consensus can be achieved under these pro-

tocols if the communication graph has a spanning tree.

The effectiveness of the input delay and the commu-

nication delay has also been considered. Numerical

simulations illustrate the proposed results.
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