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The internal energy and the spatiotemporal entropy of excitable systems are investigated with the lattice Boltzmann

method. The numerical results show that the breakup of spiral wave is attributed to the inadequate supply of energy,

i.e., the internal energy of system is smaller than the energy of self-sustained spiral wave. It is observed that the average

internal energy of a regular wave state reduces with its spatiotemporal entropy decreasing. Interestingly, although the

energy difference between two regular wave states is very small, the different states can be distinguished obviously due

to the large difference between their spatiotemporal entropies. In addition, when the unstable spiral wave converts into

the spatiotemporal chaos, the internal energy of system decreases, while the spatiotemporal entropy increases, which

behaves as the thermodynamic entropy in an isolated system.
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1. Introduction

The medical research indicates that the cardiac
If the spi-
ral waves occur in cardiac tissue, it causes ventricular

tissue belongs to an excitable medium.

tachycardia. However, when the spiral wave breaks up
into spatiotemporal chaos through Doppler effects, the
electrocardiogram shows ventricular fibrillation.[!—3!
It is quite attractive to consider the quantitative de-
scription of the spatiotemporal pattern occurring in
cardiac tissue. The information about the cardiac be-
haviour, which can be applied to the prevention and
the cure of heart disease, is thus obtained when rele-
vant variables are measured. Different formulas of en-
tropy have been developed to characterize spatiotem-
poral behaviours.[*5] In the present paper we develop
the measure of spatiotemporal behaviour in an ex-
citable system. We focus our attention on the energy
and the entropy of an excitable system because the dis-
sipative structure needs energy to be maintained and
the order degree of system can be described through
the entropy.

Lattice Boltzmann method (LBM) is a power-
ful approach, which was simplified by Qian et al.l%
and Chen et al.[l for proposing the single-relaxation
collision term at the beginning of the 90’s last cen-
tury. The LBM has been widely used in different
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systems, such as fluid,®? traffic flow,' thermody-

(11 and reaction diffusion system.[u] In

namic system,
this method, the space and the time are discrete while
the state of the system is continuous. The differential
equation which describes the evolution of the com-
plex system can be obtained from the evolution equa-
tion of LBM, so the macroscopical rule of the complex
system can be studied by using the LBM. An impor-
tant advantage of the LBM is that the microcosmic
physical interactions of the particles can be conve-
niently incorporated into the numerical model, thus
it bridges the gap between the microscopic world and
the macroscopic phenomenon, and can conveniently
to determine the entropy and the internal energy of
the system. Using the LBM, we have studied the pro-
duction and the evolution of spiral wave in the ex-
citable Selkov system,[!3] the relation between wave-
length and wave speed,™ and the particle velocity
distribution.*?! In the present paper, we study the in-
ternal energy and the spatiotemporal entropy of the
system. By determining the internal energy and the
spatiotemporal entropy correctly, we find that these
variables can describe the state of the system very
well. The spatiotemporal entropy indicates clearly the
transition from spiral wave to spatiotemporal chaos, as
well as the difference between different types of waves.
The physical mechanism behind the breakup of spiral
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wave is obtained.

The remainder of the present paper is organized
as follows. In Section 2 we introduce the Selkov
reaction—diffusion system and the LBM simply. In
Section 3 the internal energy and the spatiotemporal
entropy of the system are introduced. The numerical
results and their discussion are given. The conclusions

are drawn in Section 4 finally.

2. Selkov model and LBM

2.1. Selkov model

The Selkov reaction—diffusion model was origi-
nally constructed to describe certain aspects of gly-
colysis. The dimensionless dynamics equations take

the form as!*®
op1 2 3 2
= (¢ — xp1 — p1p5 + Kp3) + D1VZp1,  (la)
apg
T (B = p2 + prp3 — Kp3) + D2V o, (1b)

where the variables p; and p, represent the concentra-
tions of the species 1 and 2, respectively; Dy and Do
are the diffusion coefficients; «, 3, x, and k are system
parameters. The Selkov system described by Eq. (1)
is an excitable system with the correct parameters.'”]

2.2.LBM

A particular two-dimensional LBE model con-
sidered in this work is the 5-velocity model (2DQ5
model).[¥] In this model, space is discretized into
square lattices. There are five discrete velocities de-
scribed by ey, where the k represents the direction of
the velocity: k = 0 shows the rest state, k =1, 2, 3, 4
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denote right, up, left, and down directions, respec-
tively. The above discrete velocities correspond to
the particle motion from a lattice node r to one of
the 4 nearest neighbours. The distribution function
fs (ryep,t) = fo describes the probability of the
species s (s = 1,2) with the velocity ex on site r
and at time t. The equilibrium distribution function
is written as f29(r, ey, t). The concentration ps (r,t)
can be evaluated by

4
pe(rt) = falr.ex,t). (2)
k=0

The evolution equation of the fg is

fs(r+ep,ept+1)— fs(r,eg,t)
= = [fo(rent) S (rent)] + R (r,8), (3)

where Ry, (r,t) denotes the change of ps in direction
k due to the reaction and 74 is the relaxation time
of species s. Using the multi-scale method and the
Taylor-expand method, we can obtain Eq. (1) through
Eq. (3),[%] so we can obtain the solution of Eq. (1) by
solving Eq. (3) numerically.

According to the above LBM, the computer
simulation is conducted for Selkov system with
a = 0.77064, § = 0.0208, x = 0.1, and x = 5.0.
The Selkov system is excitable when those parameters
are applied. Throughout the paper, initial concentra-
tions p; = 7.65978 and py = 0.02582, which are the
equilibrium values of p; and ps, are applied. No-flux
boundary conditions are used in all simulations. The
spatial discretization of a 256 x 256 grid is performed.
If the concentrations p; and ps at the lower boundary
of the system are fixed at p; = 6.5 and py = 0.8, the
stable plane wave will be produced (see Fig. 1(a)). A
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Fig. 1. Spatiotemporal patters of the Selkov model: (a) plane wave; (b) spiral wave; (c) target wave; and (d)

spatiotemporal chaos.

spiral wave can be generated by truncating the plane
wave and then removing one of two sections of the
wave train (see Fig. 1(b)). When the concentrations
p1 and p2 inside the disk-like region with radius R = 8
in the centre of the medium are fixed at p; = 6.5
and p; = 0.8, a target wave can be generated (see
Fig. 1(c)). If the value of the parameter « is modified
to be 0.75 while the other parameters keep unchanged,
the spiral wave will be unstable and the spiral wave
will break up into spatiotemporal chaos after some
transient rotations, see Fig. 1(d). In the next section,
we will discuss the internal energy and the spatiotem-
poral entropy of the above state of the system.

3. Internal energy and spatiotem-

poral entropy

3.1. Internal energy

It is well known that the total energy of all the
particles moving randomly is the internal energy of
the system. According to the theory of LBM, 8 the
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internal energy of the system can be defined as
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where ¢ and j represent the grid indices. For the spa-
tial discretization of a 256 x 256 grid, the values of N,
and N, are both 256.

It is generally accepted that the maintenance of
the dissipation-construction such as the spiral wave
needs the sustaining of the internal energy, and the
states of different systems have different internal en-
ergies. As long as the internal energy of a system is
smaller than the energy of sustaining the dissipation-
construction, the spatiotemporal-construction will be
destroyed. Do the different states of a system have
the same energy? How much energy do the differ-
ent dissipation-constructions need? Nobody has dis-
cussed these problems so far. Therefore, we calculate
The
results are shown in Fig. 2. After simple calculation,

the energies of the states as shown in Fig. 1.
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spiral wave.

we can find from Figs. 2(a)-2(c) that the average en-
ergies of plane wave, target wave, and spiral wave are
4.76405, 4.77176 and 4.80410, respectively, which im-
plies that under the same system parameters, the dif-
ference in average energy between different states is
very small. Therefore, we can conclude that the same
systems have the same average internal energy for dif-
ferent states. A comparison among Figs. 2(a)-2(c)
and Fig. 2(d) clearly shows that the systems with dif-
ferent parameters have different internal energies. Es-
pecially, the conclusion drawn from the comparison
between Fig. 2(b) and Fig. 2(d) is that the internal
energy of spatiotemporal chaos state is much smaller
than that of spiral wave, which means that the insta-
bility of the spiral wave is caused by the inadequate
supply of energy.

3.2. Spatiotemporal entropy

The order degree of a system can be measured
by the entropy. The concept of entropy can be ex-

3.00

150 12444 {IIXEIA5414% 104423
,(' AAAAAA444444%
\ a) AAAAAAAAAAALS
ji AL
ﬁAAAL ’lllll
r
140 § A Sy
3o T
=>4 v
5 y e
130 Py
SR
.2
> SR 3
SR 530
S L See .ed
120 e P
S22 TR
e 2000
» yryyryy
13221244
110 23
>>>>
>
>
A
4 11 i1
e ARA Al
100
100 110 120 130 140 150
x

2.5

24

t/10*
Fig. 2. Evolutions of energy E for (a) stable plane wave, (b) stable spiral wave, (c) stable target wave, (d) unstable

pressed in terms of probability of various particle clus-
ters based on Shannon entropy.['%201 We call the en-
tropy the spatiotemporal entropy because it reflects
the complexity of the spatiotemporal pattern.

3.2.1. Particle velocity distribution

Now we focus our attention on the distribution of
particle velocities in the spiral wave breakup process.
The velocity of a particle on site » and at the moment
t is given by the maximal distribution function. For
example, if the maximal distribution function on site
r and at time ¢ is fs (7, es, t), then the velocity of the
corresponding particle is es. If the distribution func-
tion gives the same probability to different velocities,
then we may randomly select one of them as the ve-
locity of the particle. The computer simulation results
are shown in Fig. 3. In order to obtain a clear image,
only the velocity distribution of the particle around
the spiral tip is shown here.
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Fig. 3. Images of velocity field for (a) spiral wave, (b) spatiotemporal chaos, with parameters being the same as

those in Fig. 1(d).
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From Fig. 3, one can observe that the velocity
field of spiral wave state can be divided into some par-
ticle clusters. The particles in a cluster have the same
velocity, and the boundaries of the clusters are clear
and continuous. The boundary lines of the clusters
are spiral. When the system falls into spatiotemporal
chaos, the original boundaries of the clusters are de-
stroyed. The system has more particle clusters, and

so the order degree of the system decreases.

3.2.2. Spatiotemporal entropy

Since the velocity fields of spiral wave and spa-
tiotemporal chaos are different, we can define the
spatiotemporal entropy as follows. Suppose that the
number of particles in a cluster is M;, and then the
probability of the cluster can be defined as p; =
M;/(N, x N,), where N, = N, = 256. According
to the Shannon entropy,'?2% the spatiotemporal en-
tropy can be defined as

S:—Zpilnpi, (5)
i=1

where m is the number of the clusters. According

to Eq. (5), the computer simulations are conducted
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separately for the plane wave, the target wave, and
the spiral wave with the same parameters as those in
Fig. 1. The results are shown in Fig. 4(a). We can find
that the spatiotemporal entropy of target wave is big-
ger than that of plane wave, but the spatiotemporal
entropy of spiral wave is biggest among those of the
three waves. It is generally accepted that the smaller
the spatiotemporal entropy, the more orderly the spa-
tiotemporal pattern is. Comparing Fig. 4(a) with
Figs. 2(a)-2(c), we can conclude that under the same
system parameters, the higher the order degree of sys-
tem, the smaller the average internal energy of the
system is, which means that the state with higher or-
der degree needs smaller average energy. On the other
hand, the computer simulation result of spatiotempo-
ral entropy for the instable spiral wave is shown in
Fig. 4(b). The figure 4(b) shows that the spatiotem-
poral entropy of unstable spiral wave is higher than
that of the initial spiral wave. Combining Fig. 4(b)
with Fig. 2(d) leads to the conclusion that when a
spiral wave state is destabilized, the system always
evolves into the other state which has a higher spa-
tiotemporal entropy and a lower internal energy. The
above results enrich the knowledge about the entropy
and the energy of the extended system.
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Fig. 4. Evolutions of entropy S for (a) different stable states and (b) spiral wave breakup.

4. Conclusions

We studied the internal energy and the spatiotemporal entropy by using the LBM. With abundant simu-

lations of different states, we found that spiral wave loses its stability when the energy of the system is smaller

than that of a stable spiral wave. In addition, the smaller the spatiotemporal entropy of the stable wave state in

the same system, the less average energy the system needs. The spatiotemporal entropy increases when the tran-

sition from the unstable spiral wave to the spatiotemporal chaos occurs, which behaves as the thermodynamic

entropy in an isolated system.
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