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Burgers equation is reduced into a first-order ordinary differential equation by using travelling wave transformation

and it has typical bifurcation characteristics. We can obtain many exact solutions of the Burgers equation, discuss its

transcritical bifurcation and control dynamical behaviours by extending the stable region. The transcritical bifurcation

exists in the (2 + 1)-dimensional Burgers equation.
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1. Introduction

Burgers equation is a well-know nonlinear equa-
tion which has been studied extensively as a model of
fluid turbulence, acoustic and shock waves, galaxy for-
mation, and other physical phenomena separately.[1,2]

Burgers equation on semiline with flux boundary con-
dition and general initial condition has been solved
exactly.[3,4] A general method of solving the Burg-
ers equation with a moving boundary has been
introduced.[5] A generalized Burgers equation has
been obtained for a far field of weakly nonlinear waves
and numerical results of strongly nonlinear waves were
achieved.[6] The result from the self-similar reduc-
tion of a generalized Burgers equation with nonlinear
damping was obtained.[7]

Burgers equation is a simple, but important
physical equation.[8−13] Bifurcations of this equa-
tion and its derivative equation were less studied.
Jordan[8] analysed the exact traveling wave solution
for Kuznetsov’s equation and determined a bifurca-
tion value of the Mach number. The dimensionless
transport speed was used as the bifurcation parame-
ter and the bifurcation diagram of the Kelvin–Voigt
versus Burgers system with internal damping was pre-
sented in Ref. [9]. Dang-Vu and Delcare[10] applied the
numerical method to the solution of the Burgers equa-
tion and discussed the existence of a Hopf bifurcation.
Detailed studies of bifurcations of Burgers equation

are only in the beginning.
With the aid of parameter transformation, Burg-

ers equation can be reduced into a first-order ordinary
differential equation with travelling wave solution.[11]

For that case, Burgers equation becomes a one-
dimensional system with the transcritical bifurcation.
On the basis of the concept some partial differential
equations can also become one-dimensional systems
with typical bifurcation characteristics.[14−16] Some
outstanding results of the bifurcation analysis were
published in Refs. [17]–[22].

The transcritical bifurcation mentioned above is a
common type of bifurcation existing in nonlinear sys-
tems. In this paper, we discuss exact solutions and
their transcritical bifurcation of the Burgers equation,
and the (2 + 1)-dimensional Burgers equation.

2. Burgers equation

2.1.Travelling wave transformation

The Burgers equation with a physical field u(x, t)
with two variables x and t can be written as

ut + γuux − νuxx = 0. (1)

Applying a travelling wave transformation

u(x, t) = U(ξ),

ξ = −kx + λt (2)
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to Eq. (1) yields

λ
dU

dξ
− γkU

dU

dξ
− νk2 d2U

dξ2
= 0. (3)

After integration, equation (1) becomes

dU

dξ
=

λ

νk2
U − γ

2νk
U2 + c. (4)

When c = 0, equation (4) is reduced into

U ′ = µU − U2, (5)

where

U ′ =
dU

dς
, ς =

γ

2νk
ξ, µ =

2λ

γk
. (6)

2.2. Solution of equation

Equation (5) has exact solutions as follows.
(i) When µ > 0, the exact solution can be ex-

pressed as

U =
Cµ eµς

C eµς − 1
. (7)

The solution of Eq. (1) is given as

u(x, t) =
C(2λ/γk) exp[(λ/νk2)(−kx + λt)]

C exp[(λ/νk2)(−kx + λt)]− 1
, (8)

and the evolution of solution (8) is shown in Fig. 1.

Fig. 1. Structure of solution for u(x, t) expressed by

Eq. (8).

(ii) When µ < 0, the exact solution can be written
as

U =
µ

1− C e−µς
. (9)

The solution of Eq. (1) is given as

u(x, t) =
2λ/γk

1− C exp[−(λ/νk2)(−kx + λt)]
, (10)

and the evolution of solution (10) is shown in Fig. 2.

Fig. 2. Structure of solution for u(x, t) expressed by

Eq. (10).

(iii) When µ = 0, the exact solution is in the form

U =
1

ς + C
. (11)

The solution of Eq. (1) is given as

u(x, t) =
1

(γ/2νk)(−kx + λt) + C
, (12)

and the evolution of solution (12) is shown in Fig. 3.

Fig. 3. Structure of solution for u(x, t) expressed by

Eq. (12).

3. The (2 + 1)-dimensional Burg-

ers equation

The (2+1)-dimensional Burgers equation is writ-
ten as

ut = uuy + avux + buyy + abuxx,

vy = ux. (13)

Applying the travelling wave transformation

u(x, y, t) = U(ξ), v(x, y, t) = V (ξ),

ξ = kx + ly + λt (14)

to Eq. (13) yields

λ
dU

dξ
= lU

dU

dξ
+ akV

dU

dξ
+ (bl2 + abk2)

d2U

dξ2
,

l
dV

dξ
= k

dU

dξ
, (15)
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after integration, equation (15) becomes

dU

dξ
=

λ

bl2 + abk2
U − l2 + ak2

2l(bl2 + abk2)
U2 + C. (16)

When C = 0, equation (15) is reduced into

U ′ = µU − U2,

which is the same as Eq. (5), where

U ′ =
dU

dς
, ς =

l2 + ak2

2l(bl2 + abk2)
ξ, µ =

2λl

l2 + ak2
. (17)

Hence the exact solution of the (2 + 1)-dimensional
Burgers equation can be obtained.

4. Transcritical bifurcation

Equation (5) may be rewritten as

u̇ = f(u;µ) = µu− u2. (18)

The one-dimensional system (18) shows a typ-
ical bifurcation which is called the transcritical
bifurcation.[14] It has two equilibria: u∗1 = 0 and
u∗2 = µ. The Jacobian of the system is

J =
∂f(u;µ)

∂u

∣∣∣∣
u=0

= µ. (19)

For µ < µ0 = 0, the equilibrium u∗1 = 0 is stable, and
for µ > µ0 = 0, it is unstable. Hence, the equilib-
rium point (u∗1, µ0) = (0, 0) is a bifurcation point (see
Fig. 4). In the same way, equilibrium point (u∗2, µ0) is
another bifurcation point.

Fig. 4. Transcritical bifurcation.

The lines u = 0 and u = µ divide the plane µ–u

into four parts A, B, C and D. In the regions A, B
and C, the curves of u are shown in Figs. 5(a), 5(b)
and 5(c) respectively. The solutions of Eq. (18) are
stable in the region B. In the region D, the solutions
of Eq. (18) are unstable.

Fig. 5. Curves of u in regions A (a), B (b) and C (c).

5. Bifurcation control

Finally we discuss the control of the transcriti-
cal bifurcation for Burgers equation. To introduce the
linear controller v(u, u̇) into Eq. (18), we obtain the
controlled system in the form of

u̇ = µu− u2 + v(u, u̇). (20)

The controller is assumed to be in the form of

v = e(µ− u), (21)

where e is the control gain. Equation (20) becomes
the following form:

u̇ = µu− u2 + e(µ− u) = (u + e)(µ− u). (22)

As the control gain changes, the region of stable solu-
tions changes (Fig. 6). The linear controller does not
change the characteristics of the original system but it
can extend the stable region B. Similarly, we can also
control the pitchfork and saddle-node bifurcations.
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Fig. 6. Controlled transcritical bifurcation.

6. Conclusions

A method of analysing the bifurcations of some
partial differential equations is proposed. The tran-
scritical bifurcation of Burgers equation is discussed
first. The transcritical bifurcation of Burgers equation
can be controlled by using a linear controller. The lin-
ear feedback control is employed to move the bifurca-
tion point. Hence the stable region of solutions in the
parameter plane is changed. It is found that the pitch-
fork and saddle-node bifurcations exist in nonlinear
systems represented by partial differential equations.
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