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interacting unitary Fermi gas∗

Liu Ke(刘 可)† and Chen Ji-Sheng(陈继胜)

Department of Physics, Central China Normal University, Wuhan 430079, China

(Received 1 April 2010; revised manuscript received 3 September 2010)

Due to the scale invariance, the thermodynamic laws of strongly interacting limit unitary Fermi gas can be similar

to those of non-interacting ideal gas. For example, the virial theorem between pressure and energy density of the ideal

gas P = 2E/3V is still satisfied by the unitary Fermi gas. This paper analyses the sound velocity of unitary Fermi gases

with the quasi-linear approximation. For comparison, the sound velocities for the ideal Boltzmann, Bose and Fermi gas

are also given. Quite interestingly, the sound velocity formula for the ideal non-interacting gas is found to be satisfied

by the unitary Fermi gas in different temperature regions.
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1. Introduction

In recent years, strongly interacting fermion
physics has attracted much attention in the quantum
many-body field.[1] Through Feshbach resonance,[2]

one can control the scattering length a or interac-
tion strength of atomic fermions by tuning the ex-
ternal magnetic field. At the resonance point, the
scattering length a can be ±∞ and the scatter-
ing between atomic fermions can have a zero-energy
bound state. The infinite scattering length sys-
tem can exhibit the Bardeen–Cooper–Schrieffer (BCS)
regime to Bose–Einstein condensation (BEC) (BCS-
BEC crossover).[3,4] The scattering cross section will
be saturated as σ ∼ 4π/k2 (where k is the rela-
tive momentum between atomic fermions) at the reso-
nance due to the fundamental unitary property limit.
The relevant thermodynamics of infinite scattering
length fermions system is also called the unitary Fermi
gas physics, which attracts much attention in the
literature.[5,6]

For the dilute Fermi gas system, the thermody-
namical properties are determined by the two-body
scattering length a, the particle number n, and tem-
perature T . In the unitary limit with a = ±∞,
the divergent scattering length should drop out in
the thermodynamical quantities; i.e., the thermody-
namical quantities of the unitary Fermi system are
universal.[7−9]

For example at T = 0, the ground state en-
ergy per particle of unitary Fermi gas can be propor-
tional to the Fermi kinetic energy through E/N =
ξ3/5εf (where εf = k2

f /(2m) with m being the bare
fermion mass and kf being the Fermi momentum).
The fundamental universal coefficient ξ has excited
many theoretical and experimental efforts in recent
years.[1,10−16] The finite temperature thermodynam-
ics of unitary Fermi gas is as intriguing as the
ground state energy. Several Monte Carlo calcula-
tions have been done on unitary Fermi gas of finite
temperature.[17−19]

Furthermore, it is pointed out that the Virial the-
orem for the ideal gas (i.e., P = 2

3E/V ) is still satisfied
by the strongly interacting limit system.[8,10] This can
be attributed to the scale invariance. One can nat-
urally worry about whether if other thermodynamic
formulae of ideal gas are satisfied by the unitary Fermi
gas.

In exploring the thermodynamic properties of di-
lute atomic system, the sound velocity is an important
characteristic quantity. It can be experimentally mea-
sured and is closely related to the equation of state
(EOS) or pressure. In this work, we will analyse the
sound velocity formula of the strongly interacting limit
unitary Fermi gas. Within EOS obtained in the quasi-
linear approximation method, a very simple formula
of the sound velocity is given for the unitary Fermi
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gas. Especially, we find that the sound velocity for-
mula is similar to those of the ideal non-interacting
gases.

This article is formed as follows. In Section 2, we
discuss the derivation method of the velocity formu-
lae in terms of of Jacobian variable. In this section,
the sound velocity expressions for the classical ideal
Boltzmann gas, the ideal quantum Bose and Fermi
gases are given, respectively. In Section 3, the sound
velocity for the unitary Fermi gas is calculated from
the EOS given by the quasi-linear approximation for-
malism. The numerical results are given in Section 4.
Section 5 is presented for the conclusion remarks.

2. Sound velocity formulae for

the ideal gases

According to statistical mechanics, the sound ve-
locity propagating in the medium is determined by
the equilibrium EOS. As analysed first by Laplace,

the propagation of sound wave should be considered
as an adiabatic process, i.e., the sound velocity a is
given by[20,21]

a2 =
(

∂P

∂ρ

)

S

=
1
m

(
∂P

∂n

)

S

, (1)

where P is pressure, ρ is mass density ρ = mn of
the medium and n is the particle number density
n = N/V . From Eq. (1), one can see that the cen-
tral task for determining the sound velocity is to give
the derivative of pressure P according to the particle
number density n for fixed total entropy S. It is not
a trivial task for performing the relevant derivation
for the sound velocity. The pressure P and the parti-
cle density n are intensive properties. Oppositely, the
total entropy S is an extensive quantity.

The properties of Jacobian formulae for the mul-
tiple variables can be very useful for performing the
derivation conveniently. For example, the partial
derivative in the above equation can be rewritten as

(
∂P

∂n

)

S

=
(

∂P

∂n

)

T

−
(

∂P

∂T

)

n

(
∂(s/n)

∂n

)

T

/(
∂(s/n)

∂T

)

n

. (2)

Through the above equation, we have changed the
calculation with the extensive quantity S into that
with intensive one s = S/V and n = N/V . Therefore
with the intensive quantities, the alternative formal-
ism Eq. (2) contributes to give the sound velocity. The
following discussion is based on this formalism.

The natural units kB = ~ = 1 are used through-
out this paper.

2.1. Sound velocity of classical ideal

Boltzmann gas

For completeness, let us rederive the sound veloc-
ity of classical ideal Boltzmann gas in terms of statis-
tical viewpoint.

For the Boltzmann gas, the pressure and entropy
density are, respectively

P = nT, (3)

s =
S

V
= n

{
ln

[
1
n

(
mT

2π

)3/2
]

+
5
2

}
. (4)

With
(

∂P

∂n

)

T

= T, (5)

(
∂P

∂T

)

n

= n, (6)
(

∂(s/n)
∂n

)

T

= −n−1, (7)
(

∂(s/n)
∂T

)

n

=
3
2
T−1, (8)

and from Eq. (2), we can obtain

a =
√

5T/3m =

√
5
3

P

mn
. (9)

The result equation (9) is consistent with that of
thermodynamics.[21]

2.2. Ideal Bose gas occasion

In this subsection, we will discuss the sound ve-
locity of ideal quantum Bose gas.

It is well known that the ideal Bose gas will ex-
hibit (BEC) phenomenon below the transition tem-

perature
(

TC =
2π

m

(
n

ζ[ 32 ]

)2/3 )
. The sound velocity

of ideal Bose gas should be discussed for two cases,
i.e., the regions for T < TC and T > TC should be
analysed separately.

020501-2



Chin. Phys. B Vol. 20, No. 2 (2011) 020501

For T > TC occasion, the pressure, entropy den-
sity and particle density are given by[21]

P =
T

λ3
g5/2(z),

s = n

[
5
2

g5/2(z)
g3/2(z)

− ln z

]
,

n =
1
λ3

g3/2(z). (10)

In the above equations, λ =
√

2π/mT is the thermal
de Broglie wavelength. The Bose integral functions
gν(z) are defined by

gν(z) =
1

Γ(ν)

∫ ∞

0

xν−1dx

z−1ex − 1
.

Here, Γ(ν) is the gamma function, and z = eµ/T is the
fugacity. From the properties z∂/∂z[gν(z)] = gν−1(z)
of the the Bose integral functions, we can verify

(
∂P

∂n

)

T

=
nT

z

(
∂z

∂n

)

T

, (11)
(
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∂T

)

n

=
5
2

1
λ3

g5/2(z) +
nT

z

(
∂z
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)

n

, (12)
(
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)

T

=
[
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2n

g5/2(z)
g3/2(z)

+
3
2z

(
∂z

∂n

)

T

]
, (13)

(
∂(s/n)

∂T

)

n

=
3
2

[
5

2T

g5/2(z)
g3/2(z)

+
1
z

(
∂z

∂T

)

n

]
. (14)

Substituting them into Eq. (2), one can have the final
result of sound velocity for T > TC

a =

√
5
3

P

mn
. (15)

Even with the quantum degeneracy effect, the formal-
ism is quite similar to that of classical ideal Boltzmann
gas.

Now let us further analyse the sound velocity for
T < TC. For the low temperature region with the
BEC, the system chemical potential vanishes. The fu-
gacity is z = eµ/T = 1, therefore the pressure and
entropy density are respectively given by

P =
T

λ3
g5/2(1), (16)

s =
S

V
=

5
2

1
λ3

g5/2(1). (17)

With
(

∂P

∂n

)

T

= 0, (18)
(

∂P

∂T

)

n

=
5
2

1
λ3

g5/2(1), (19)

(
∂(s/n)

∂n

)

T

= −5
2

1
n2λ3

g5/2(1), (20)
(

∂(s/n)
∂T

)

n

=
15
4

1
nλ3T

g5/2(1), (21)

one can have the expression for T < TC

a =

√
5
3

T

mnλ3
g5/2(1) =

√
5
3

P

mn
. (22)

Therefore, in the whole temperature region for T < TC

and T > TC, the sound velocity expressions (15) and
(22) according to P and n are consistent with Eq. (9)
of classical ideal Boltzmann gas.

2.3. Sound velocity of ideal Fermi gas

Analogous to the discussion of the ideal Bose gas
for T > TC, we analyse the sound velocity of ideal
Fermi gas. For the ideal Fermi gas, the expressions for
pressure, entropy density and particle number density
can be given in terms of the fugacity z = eµ/T [21]

P =
2T

λ3
f5/2(z), (23)

s =
S

V
= n

[
5
2

f5/2(z)
f3/2(z)

− ln z

]
, (24)

n =
2
λ3

f3/2(z). (25)

In the above equations, the functions

fν(z) =
1

Γ(ν)

∫ ∞

0

xν−1dx

z−1ex + 1

are the Fermi integrals. They have the important
properties z∂/∂z[fν(z)] = fν−1(z).

With the similar derivation procedure for the
ideal Bose gas of T > TC, we can obtain the final
expression for the sound velocity of ideal Fermi gas

a =

√
10T

3m

f5/2(z)
f3/2(z)

=

√
5
3

P

mn
. (26)

From Eqs. (9), (15), (22) and (26), one can see
that the sound velocity has the unique expression ei-
ther for quantum or classical ideal gas.

3. Sound velocity for unitary

Fermi Gas

We now turn to the discussion of the sound ve-
locity for the strongly interacting limit unitary Fermi
gas.

In addressing the unitary fermion thermodynam-
ics, the central task is how to include the nonlinear
quantum fluctuation/correlations contribution, which
is usually considered to be very challenging.
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In our previous works, we have attempted a quasi-
linear approximation method to obtain the thermo-
dynamics of the unitary Fermi gas.[10,22−26] In the
developed analytical approach, the implicit variable
effective chemical potential is introduced to charac-
terize the significant nonlinear fluctuation/correlation
effects. The obtained pressure P and entropy per par-
ticle s/n can be presented as

P =
2T

λ3

(
f5/2(z′)−

f2
3/2(z

′)

2f1/2(z′)

+
f3
3/2(z

′)f−1/2(z′)

2f3
1/2(z

′)

)
, (27)

s

n
=

5
2

f5/2(z′)
f3/2(z′)

− ln z′ +
3f−1/2(z′)f2

3/2(z
′)

4f3
1/2(z

′)

− f3/2(z′)
4f1/2(z′)

, (28)

where the function

fν(z′) =
1

Γ(ν)

∫ ∞

0

xν−1dx

z′−1ex + 1
,

z′ = eµ∗/T is the effective fugacity, with which the
particle number density is expressed as

n =
2
λ3

f3/2(z′), (29)

which is quite similar to that of ideal Fermi gas. In
doing the numerical calculation, the effective chemical
potential is determined by the particle number density
n according to Eq. (29).

In order to simplify the partial derivative calcu-
lation in deriving the sound velocity, let us further
introduce an intermediate variable P ∗ according to

P ∗ = f5/2(z′)−
f2
3/2(z

′)

2f1/2(z′)
+

f3
3/2(z

′)f−1/2(z′)

2f3
1/2(z

′)
, (30)

with which the pressure or EOS can be reexpressed as

P =
2T

λ3
P ∗. (31)

Therefore, we can obtain
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)
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5
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n

, (32)
(
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(
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. (35)

Substituting them into Eq. (2), one can have
(

∂P

∂n

)

S

= − 5
λ3

P ∗
(

∂z′

∂n

)

T

(
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)

n

. (36)

Furthermore, it is easy to verify
(

∂z′

∂n

)

T

(
∂T

∂z′

)

n

(
∂n

∂T

)

z′
= −1, (37)

from which the sound velocity of unitary Fermi gas is
calculated to be

a =

√(
∂P

∂n

)

S

=

√
10
3

T

nλ3
P ∗ =

√
5
3

P

mn
. (38)

It is very interesting that the expression of sound
velocity for the unitary Fermi gas according to pres-
sure P and particle density n is similar to that of ideal
gas. For the strongly interacting Fermi gas the dynam-
ical and quantum fluctuation/correlation information
is implicitly included in the pressure Eq. (27).

4. Numerical results and discus-

sion

With the analytical expressions for the classical,
quantum ideal gases and unitary Fermi gas, we will
give the numerical results.

For comparison, all the numerical results are
rescaled and shown in a single figure. The tempera-
tures are all rescaled by the Fermi characteristic tem-
perature or the phase transition temperature TC. The
sound velocities are all rescaled with the Fermi ve-
locity vf = (3π2n)1/3/m, which is determined by the
particle number density n and particle mass m.

Fig. 1. The rescaled velocity versus temperature. The

solid curve denotes the case for the classical Boltzmann

gas. The long-dashed curve represents the unitary Fermi

gas while the short-dashed curve above the solid one de-

notes that for the ideal Fermi gas. The short-dashed one

below the solid denotes that for the ideal Bose gas.
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As we can see in Fig. 1, the sound velocities of
quantum gases increase with the rescaled tempera-
ture. In the weak degenerate Boltzmann region, they
all approach that of classical Boltzmann gas as ex-
pected. In the low temperature region, the sound
velocities of unitary Fermi gas and ideal Fermi gas
will not vanish at zero temperature due to the Pauli
exclusion principle. For ideal Bose gas, there exists
the BEC in the low temperature region. It is BEC
that makes the sound velocity curve of Bose gas versus
temperature is quite different from the sound velocity
curves of other occasions.

5. Conclusion

Summarizing, we have discussed the sound veloc-
ity for the unitary Fermi gas. With EOS obtained in

the framework of quasi-linear approximation, we have
given the explicit expression for the sound velocity.
For comparison, we have also investigated the sound
velocity expressions for the ideal quantum gases and
classical Boltzmann gas.

It is found that the sound velocity formula (38)
for the unitary Fermi gas is similar to that of ideal

gas a =
√

5
3P/mn in different temperature regions.

This interesting characteristic can be rooted in the
scale invariance. It can contribute to the further un-
derstanding for the relevant universal thermodynamic
properties of unitary Fermi gas.

Note added: a recent updated work based on the
thermodynamic arguments also found similar charac-
teristics for the sound velocity of unitary Fermi gas.[27]
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