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This paper points out that equations (18a) and (18b) in Ref. [7] [Gao Y J 2008 Chin. Phys. B 17 3574] only

possess the solutions M = ±ργ̃ε. So, there does not exist the so-called soliton solution family for the Einstein–Maxwell

theory with multiple Abelian gauge fields shown in Ref. [7].
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1. Introduction and review

The stationary axisymmetric (SAS) problem of
the gravitational theory has been greatly studied.[1−6]

When there exists the p Maxwell (EM-p) field, the es-
sentially complete set of the SAS EM-p field equations
can be written as[7−9]

d(ρ−1Mγ∗dM) = 0, (1)

where the two-dimensional dual operation “∗” is de-
fined by ∗dx = dy and ∗dy = −dx, the (p+2)×(p+2)
ordinary complex matrix function M = M(x; y) sat-
isfies

M† = M, (2)

MγM = ρ2γ, (3)

γ =




0 0 1

0 i Ip 0

−1 0 0


 (4)

with Ip being the p × p unit matrix. The matrix M

is an ordinary complex matrix function related to an
ordinary complex Ernst potential and the p ordinary
complex electromagnetic potentials.

According to Ref. [7], introducing the matrix
twist potential Q = Q(x, y) with (x, y) = (ρ, z) by
dQ = −ρ−1Mγ∗dM , then one has Q − Q† = −2zγ,
where z is introduced by ∗dρ = dz with d∗dρ = 0.
Defining the so-called extended hyperbolic complex
(EHC) matrix potential as

H = M + εQ (5)

with ε being the so-called extended hyperbolic imag-
inary unit satisfying ε2 = 1 (ε 6= ±1),[7] then one can
obtain the equation for H (see also Eq. (7) in Ref. [7])
as

2(z + ρ∗)dH = (H + H‡)ΩdH, (6)

where Ω = εγ and H‡ = (H†)? with † being the
Hermitian conjugation operation and ? denoting the
so-called EHC conjugation.

Introducing the ordinary complex parameter w,
then equation (6) is rewritten as[8,9]

wdH = A(w)Γ (w), (7)

where

A(w) = w − (H + H‡)Ω , (8)

Γ (w) = wΛ−1(w)dH, (9)

Λ(w) = w − 2(z + ρ∗). (10)

According to Ref. [7], from Eq. (6) and Eqs. (8)–
(10) one can obtain (see Eq. (12) in Ref. [7])

dΓ (w) = Γ (w)Ω ∧ Γ (w), (11)

where “∧” denotes the exterior product of differen-
tial forms. Equation (11) is the complete compatibil-
ity condition of the following EHC linear differential
equation (see Eq. (13) in Ref. [7])

dF (w) = F (w)ΩF (w), (12)
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where F (w) = F (x, y;w; ε) satisfies the following con-
ditions (see Eqs. (15a)–(16b) in Ref. [7])

F (0) = I, (13)

F (1) = HΩ , (14)

λ(w)F (w)+ΩF (w) = wΩ , (15)

F (w)×ΩA(w)F (w) = wΩ , (16)

with + and × being defined by F (w)+ = F (w)†

and F (w)× = F (w)‡ and w denoting the complex
conjugate of w. Equation (12) with F (w) satisfying
Eqs. (13)–(16) may be called the so-called HE-type
EHC linear system for the EM-p theories with param-
eter t being replaced by w−1.[8] The F (w) is assumed
to take the following form (see Eq. (14) in Ref. [7])

F (w) = F (0)(ρ, z, ε) + w−1F (1)(ρ, z, ε) + · · · , (17)

and A(w) is a linear function of w.
Introducing the complex variables η = z + i ρ

and ξ = z − i ρ, then one can rewrite Eq. (6) as (see
Eqs. (18a) and (18b) in Ref. [7])

[2η − (H + H‡)Ω ]∂ηH = 0, (18)

[2ξ − (H + H‡)Ω ]∂ξH = 0. (19)

We find that equations (18) and (19) have only the
two simple solutions and thus there is not the soli-
ton solution family based on the HE-type EHC linear
system shown in Ref. [7].

2. Analysis on the fundamental

equations in Ref. [7]

According to Ref. [7], equation (6) has been
rewritten as Eqs. (18) and (19). Putting Q − Q† =
−2zγ in Eqs. (18) and (19) gives

(i ρ−MΩ)∂ηH = 0, (20)

(i ρ + MΩ)∂ξH = 0. (21)

In the following, let us analyse the solutions of
Eqs. (20) and (21). Assuming that MΩ 6= ± i ρ, then
we can reduce Eqs. (20) and (21) to

∂ηH = 0, (22)

∂ξH = 0. (23)

Equations (22) and (23) require that H must be a
constant matrix. Note that the constant matrix M

(corresponding to a constant matrix H) does not sat-
isfy the condition (3). So, the possible solutions of
Eqs. (20) and (21) are

MΩ = ± i ρ = ±η − ξ

2
. (24)

Putting MΩ = (η − ξ)/2 in Eq. (21) leads to

2 i ρ
(

1
2
εγ + ε∂ξQ

)
= 0, (25)

namely,

∂ξQ = −1
2
γ, (26)

which yields

Q = −1
2
γξ + Q0(η), (27)

where Q0(η) is determined by Q − Q† = −(η + ξ)γ.
Putting MΩ = −(η − ξ)/2 in Eq. (20) gives

2 i ρ
(

1
2
εγ + ε∂ξQ

)
= 0, (28)

which yields

Q = −1
2
γη + Q̃0(ξ), (29)

where Q̃0(ξ) is determined by Q−Q† = −(η + ξ)γ.
The solutions of Eqs. (18) and (19) may be writ-

ten as

M = ∓ i ργε = ±ργ̃ε (30)

with

γ̃ =




0 0 − i

0 Ip 0

i 0 0


 . (31)

The matrix operation † on M shown in Eq. (30) yields

M† = ±ρε†γ̃† = ±ρεγ̃, (32)

where the two relations ε† = ε̄ = ε and

γ̃† = γ̃ (33)

have been used. Note that the orders of ε and γ̃ on
the right-hand sides of Eqs. (30) and (32) are differ-
ent. Assuming that εγ̃ = γ̃ε (or ε i = i ε), then we
have M† = M .
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3. Remarks and conclusions

Whether the relation ε i = i ε holds for the or-
dinary imaginary unit i and the extended hyperbolic
imaginary unit ε is still a question. In Eq. (30) there
are both i and ε. The physical meaning of such a ma-
trix is unclear since M should be an ordinary complex
matrix.

Equation (46) in Ref. [7] shows the N -soliton EHC
H-potentials, HN , with the undetermined ordinary
complex constants ak and ck, the ordinary complex
constant column vector bk and µk. The purpose of
Ref. [7] is to obtain the solutions of Eqs. (18a) and
(18b) which are equivalent to Eq. (7) in Ref. [7].
Whether equaltion (46) in Ref. [7] can provide the

new solution of Eq. (7) in Ref. [7] depends on the val-
ues of ak, ck and µk, as well as the form of bk. In
other words, one should substitute HN into Eq. (7) in
Ref. [7] to check it.

In fact, equations (18a) and (18b) in Ref. [7] have
only the solutions shown in Eq. (30). It is clear that
the procedure generating the soliton solution given in
Ref. [7] does not work since the solutions of Eqs. (18a)
and (18b) in Ref. [7] must take the forms shown in
Eq. (30).

From the above analyses, we conclude that there
does not exist the soliton solution family based on the
HE-type EHC linear system shown in Ref. [7] for the
Einstein–Maxwell theory with multiple Abelian gauge
fields.

References

[1] Ernst F J 1968 Phys. Rev. 168 1415

[2] Tanabe Y 1978 J. Math. Phys. 19 1808

[3] Alekseev G A 1980 Pis. Zh. Eksp. Teor. Fiz. 32 301

[4] Kramer D and Neugebauer G 1981 J. Phys. A: Math. Gen.

14 L333

[5] Kramer D 1982 J. Phys. A: Math. Gen. 15 2201

[6] Neugebauer G and Kramer D 1983 J. Phys. A: Math. Gen.

16 1927

[7] Gao Y J 2008 Chin. Phys. B 17 3574

[8] Gao Y J 2004 Chin. Phys. 13 602

[9] Gao Y J 2006 Chin. Phys. 15 66

[10] Belinsky V A and Zakharov V E 1978 Sov. Phys. JETP

48 985

[11] Belinsky V A and Zakharov V E 1979 Sov. Phys. JETP

50 1

020401-3


