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1. Introduction

In recent years, the development and maturation
of experiments technology allow people to manipu-
late and control two-component Bose-Einstein con-
densates (BECs). In these condensate mixtures, wave-
function ¢ has two components. For example, the
Boulder group produced a mixture of two conden-
sates consisting of two different hyperfine spin states of
87Rb.[12 This experiment involving the interactions
between multi-component BECs was performed with
atoms evapouratively cooled in the |F'=2,m¢ = 2)
and |F =1,m¢ = —1) spin states of 8"Rb, which is
at different hyperfine states of the same species. It
demonstrated the possibility of producing long-lived
multiple condensate systems, and that the condensate
wave function is dramatically affected by the presence
of inter-component interactions. On the other hand,
Modugno et al.®] produced a mixture of two BECs
of different atomic species, 'K and 87Rb.[*=6] At the
same time, the dynamics of two-component conden-
sates in periodic potentials also have been found by
Deconinck!”l and Kostov et all®] With the realiza-
tion of BECs in experiments, the theoretical predica-

tions of multi-component condensates, %10l

e.g. den-
sity profile, discrete vector solitons,'**? dynamics of

interacting BEC,!"3 motion damping'?l and forma-
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tion of vortices, can now be compared with experi-
mental data.l'41% Needless to say that this dramatic
progress on the experimental front has stimulated a
wave of activity on both theoretical and numerical
fronts.[16=20] In this paper, we mainly investigate the
dynamics of two-component BECs in one dimension
(1ID). We consider the inter-component interactions
as external potentials. Exact stationary solutions to
this similar problem have been found by Deconinck

(7l We develop a general method of construct-

et al.
ing nonstationary solutions to our model. Numerical
methods provide the main means of investigating their
dynamical properties and give some useful results.
We will only study condensate mixtures in which
the atoms of the different components have the same
atomic mass. This means that mixtures of conden-
sates of different atomic species are excluded from our
analysis, and accordingly we will confine ourselves to
consideration of the two-component condensates like
those studied by the Boulder group. !l
This paper is organized as follows. In Section
2, we introduce the equations of motion of two-
component BECs. In Section 3, we detailedly anal-
yse the three kinds of exact stationary solutions. In
Section 4, we develop a general method of construct-
ing nonstationary solutions and give the general evolu-

tion and soliton evolution of nonstationary solutions,
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respectively. Finally, we summarize our results in Sec-
tion 5.

2. The model

The BECs in the framework of mean-field theory
can be described by a macro-wave function, which sat-
isfies the nonlinear Gross—Pitaevskii (GP) equation.
The nonlinear equations are derived from the scatter-
ing length of short-range interaction between atoms.
The GP equation is given by

0 B2 0%, = 27h2ya
ih = J J 2,/ .
ihg v S, Ou? +l§:1 R ] *45,
j=1,2, (1)

where ¢; = ¢;(z,t) is the wave-function for the j-
th condensate; m; is the atomic mass of the atomic
species of the j-th condensate; mj; = m;jmy/(m;+my)
is the reduced mass corresponding to atomic species of
the j-th and [-th condensates; finally, v;; = 75 is the
s-wave scattering length between the atomic species j
and [. The sign of this s-wave scattering length deter-
mines the nature of the interaction between the dif-
ferent atomic species: a positive value gives rise to a
repulsive interatomic interaction, whereas a negative
value causes an attractive interaction. In this paper,
we do not consider the exchange of particles between
the two components of BECs.

In order to simplify equations, we make i = 1.
In recent experiments, multi-component BECs are
mainly accomplished by different spin-states of the
same atoms, therefore, all m; were equal, in this case,
the parameter m;; can be removed by a scalar changes.
The equations can be rewritten as

L0 19%y
1§¢1 T2 922
+ (dmyn | ? + dmyiele?) g, (2)
L0 19%
502 T T3 a2

+ (Aryiz|th1 [ + Amyan|ihe P, (3)

The wavefunction of two-component is given as
follows:

¥j(@,t) = gy (x)e” 1", (4)

where p; is the chemical potential. The 9;(z) meets
the following eigenvalue equations

P

pz + Emymlnl® + 8myalal?)ir = 2, (5)

P
0z?

Because the number of condensate atoms is limited,

+ (8my12|tn|* + 8myaz|vha|*)1he = 2uatbe. (6)

so the size of BECs is limited. The periodic boundary
conditions are given by

¥;(0) = 1;(L),
Yi(0) = 5 (L),

where L is the length of BECs. After introducing the
dimensionless quantity 2’ = x/L the periodic bound-

j=1,2 @

ary conditions are given by

¥;(0) = 9;(1), | ®)
j=12.

3. Exact stationary solutions

In this section, we first investigate the exact sta-
tionary solutions of two-component BECs. Although
the external potential is absent, the interaction cannot
be ignored between the two components. So, there is
a nonlinear part in every eigenvalue equation which
is the density function of the other component. We
can think that each component of BECs meets its re-
spective nonlinear Schrodinger equation, the external
potential is offered by the density function of another
component. According to Ref. [7], under the peri-
odic potential V(x) = —Vpsn?(mz, k) the stationary
solutions are in the form of Jacobian elliptic func-
tions where sn(maz, k) denotes the Jacobian elliptic
sine function. In the following parts, we will dis-
cuss three kinds of exact stationary solutions in two-
component BECs whose external potential is offered

by the density function of one component in the BECs.

3.1. The solutions of sn—cn

The solutions of two-component wavefunctions
are Jacobian elliptic sine function and Jacobian el-
liptic cosine function, respectively. They are given by

Y1(x) = Aysn(kz,m), o(x) = Asen(kz,m), (9)

where m is the modulus 0 < m < 1, Ay, A, are the
amplitudes of 91 (x) and 2(x). The 1 (z) is named
component 1 and 1y(z) is named component 2. We
use the density function of component 2 to repre-
sent the external potential of component 1. The form
of density function |i|? is |[¢3] = A3cn?(kx,m) =
A3[1 — sn?(kx,m)] = A3 — |¢3|A3/A2. In the same
way, we use the density function of component 1 to
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represent the external potential of component 2. So
equations (5) and (6) are rewritten as

0% [
- 83021 + | 8mya1 |11 |
L P
+ 87712 (A§ - A§|1/)12>} Y1 = 2191,  (10)
1
P | [ o AT
o2 _87Wl2 (Al - Afgwfﬂ
+87T722¢2|2>}¢2 = 2p2ts. (11)
Simplifying the equations, we obtain the state equa-
tions
8y
- Ox? + 871 11 P91 = 2p9n,
o (12)
2
52 T 875l ha = 2p 1o,
where
V=711 4
=711~ Y1253
1 A2
Vo =22 — Y A
=722 — V12753
2 Ag
and
f = — 4dmy10A2,
My = Y12 ; (13)
py = po — 412 A7.
Substituting Eq. (9) into Eq. (12), we obtain
—[2k?m2sn® — k2(1 4+ m?)sn] A,
+ 87, A3sn® = 2p Asn, (14)

—[—2k%m2cn® — k2(1 — 2m?)cn] Ay
+ 84 A3en® = 2ub Agen.

The coefficients of the same power function (sn or cn)
in both sides of Eq. (14) are equal, so we obtain

—2k*m?2A; + 8my A3 =0,

(15a)
k’g(l + m2)A1 = 2/,6/1141,
and
2k2m2 A +8 ,A3:O,
s T AT (15b)
kQ(]. — 2m2)A2 = 2,[1/2142
Solving Egs. (15a) and (15b), we obtain
9 k2m?
1= /0
4y
16a
. (16a)
2T Ay

and

Wy = k*(1+m?)/2, (16b)
1y = k2(1 — 2m2) /2.

Because the solutions are real, so A3 > 0, 43 > 0
are satisfied. From Egs. (16a) and (16b), we know
that 4 > 0,74 < 0. The interaction in the compo-
nent 1 is repulsive and the component 2 is attractive.
Considering the periodic boundary conditions Eq. (8),
we obtain the amplitudes

[45 K (m)]*m?
Ary
[45 K (m)]*m®
dmyy

2 _
A = ,

(17)
A3 =

The solutions of sn—cn are rewritten as
[45 K (m)]m

VAT
[4iK(m)m ..
mcn[4]K(m)x, m.

Y1(x) = sn[4j K (m)x, m],
(18)

Po() =

Where K(m) is the first class elliptic integral.
From the above solutions, we obtain that the two-
component wave functions depend on the scatter-
ing length and the modulus m.  Where j =
(16K (m)[K (m) — Bm)]} ™%, E(m) = (m,7/2) =

foﬂ/Q \/mdﬁ is the second class elliptic in-

tegration.

3.2. The solutions of sn—dn

When the solutions of two-component wavefunc-
tions are Jacobian elliptic sine function and the third

Jacobian elliptic function, they are given by

Y1(x) = Arsn(kx,m), o(x) = Aadn(kz, m), (19)

where dn(kz,m) is the third Jacobian elliptic func-
tion, its basic period is 2K (m). Substituting Eq. (19)
into Egs. (5) and (6), we obtain

k2 2
A=
/I8
b 20a
,_ K (20a)
2T Amyy

(20b)
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In the same way, because of A3 > 0, A3 > 0,50~ > 0,
4 < 0, the solutions of sn—dn are given by

km

1(x) = ——=snlkx, m],
) = —snlke, "
Po(z) = i dn[kz, m].

VAT(=73)

Using periodic boundary conditions we obtain
k=4jK(m),j=1,2,3,.... From Eq. (21), we obtain
that the amplitude of component 2 is independent of
the modulus m.

3.3. The solutions of cn—dn

The solutions of two-component wave functions
are Jacobian elliptic cosine function and the third Ja-
cobian elliptic function, respectively. They are given
by

Y1(x) = Aren(kz,m), o(x) = Aadn(kz, m). (22)

Substituting Eq. (22) into nonlinear equations, we ob-
tain that

k2 2
A% = _47m/7
T (23a)
A=
2T dmyy
and
"= k2(1 — 2m? 2,
h = K(1 - 2m%) )

iy = K2 (m? — 2) 2.

Because of A2 > 0, A2 > 0, so ] < 0, 75 < 0, the
solutions of cn—dn are given by

r) = ——————=cnlkx, m|,
Po(x) = i dn[kz, m].

Under this situation, the two-component BECs
absorb coupled effect and the interaction between in-
ner atoms becomes attractive.

4. Nonstationary solutions

4.1. The analytical solutions under spe-
cial conditions

In the two-component condensates studied by the
Boulder group, the number of atoms in each con-
densate is nearly constant.'2 We will therefore ne-
glect loss of atoms to the normal phases and switch-
ing of atoms from one condensate to another. The

interaction strengths 711, 712 and 722 are known to
the 1% level for 8"Rb, and are in the proportion
1.02:1:0.97.121] We shall neglect the difference between
the interaction strengths and set y11 = 12 = Y20 = 7.
Let ¢ = (11,12)T. With the simplifications we have
made, the initial equations (2) and (3) are rewritten
as
0 1 0%y

iai/f = T 02 + 47T’Y(1/)T¢)1/1- (25)

This equation is further simplified by introducing the
dimensionless variable v = sgn (7). In the case of sn—
cn solutions, the effective scattering lengths are

, A3 A3
71:711—712P=’Y Az )
1 1
2 2 (26)
7'2722—712*127 - 1)
2 A2 A2

From Section 3, we obtain that v; > 0, v4 < 0.
From Eq. (26), we know that there are the following
two cases needed to to be discussed.

(I) If v > 0, the interaction between two atoms is
repulsive, A3/A? < 1, and ] /v, = —A3/A? > —1, so
we find that |7]] < |74| should be satisfied in order to
meet the condition ] > 0,4 < 0.

(IT) If v < 0, the interaction between two atoms
is attractive, A2/A? > 1, and v} /4 = —A3/A3 < —1,
so we find that |y{| > |v4| should be satisfied in order
to meet the condition 7] > 0,4 < 0.

When we neglect the difference between the inter-
action strengths, the effective scattering length only
satisfies the certain condition (I) or (IT). We obtain
the sn—cn solutions as follows:

iy (z)e” 1Hnt

o () irat

Y =

A k —i(3k%m?)t _
_ 1sn(kz, m)e e ik (1—2m?)t (27)

Ascn(kx, m)

In the case of sn—dn solutions, the effective scat-
tering lengths are

(28)

Because of 7] > 0, 74 < 0, in the same way, there are
the following two cases needed to be discussed.

(i) If v > 0, we obtain A3/A% < 1 and 7} /4 =
—m2A3/A? > —1, so we find that |v;| < |v4| should
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be satisfied in order to meet the condition v > 0,
~5 < 0.

(i) If v < 0, we obtain m2A3/A% > 1, so we find
that |y4| > |74] should be satisfied in order to meet
the condition 7] > 0, 74 < 0.

We obtain the sn—dn solutions as follows:

Aysn(kz, m)e” iGK)t

- e iR (m* =)t (99)
Asdn(kx, m)

In the case of cn—dn solutions, the effective scattering

m?2A3
" =7<1+ AQQ),

]
A7
n=a(1e 2k

Because of 7] < 0,74 < 0, there are the following two

lengths are

(30)

cases needed to be discussed.

I) If v > 0, from the above formulas, we obtain
m2A3/A2 < —1.
there is a contradiction which means that the cn—dn

In fact, m?A%/A? is positive, so

solutions do not exist for this case.

II) If v < 0, we obtain m?A3/A% > —1. In fact,
m*A3 /AT > 0, so y1 /vy = m?A3 /A > 0, 7] and 73
only satisfy the condition ] < 0, 74 < 0. The cn—dn
solutions are as follows:

Ajen(kz,m)e iBF A—m)]t

z/} =
Agdn(kx, m)
x e~ i[kz(m2—2)]t. (31)

4.2. Construction of the nonstationary
solutions

If U is a 2 x 2 unitary matrix,

W = Uy (32)

is also a solution to the equation of motion (25).12?!

This observation will allow us to construct nonsta-
tionary solutions from the stationary solutions of

=
VRS
&
SF
0ol
|
>
N———
I

(e

Egs. (27), (29) and (31). We should notice that the
unitary transformation Eq. (32) is applied under the
condition of 711 = Y12 = Y22. We now apply a unitary
transformation to the above three kinds of solutions.

We set ¢' = U ()1, where
0 in 0
U0) = cos sin . (33)
—sinf  cosf

Formally, we can think of ¢ as the wave function
of a spin 1/2 particle. The U(f) represents a rota-
tion in spin space through an angle 8 = —26 about
the y axis. We may confine our attention to the in-
terval 0 < @ < 7 because of U(m)y = —'.
it is possible to reduce this interval. To see this, let
U(x,t;0) = ¢'(t) and note that ¥(x,t;0 + 7/2) =
U(r/2)¥(z,t;0) = (Pa(x,t;0), — ¥ (z,t;0))T. Now if
1 = (¥1,12)T is a solution of the equation of motion
Eq. (25), then (e~ 1914)1, e~ 1924)5)T is also the solution
of Eq. (25) for arbitrary real constants ¢, ¢o. More-

In fact,

over, these solutions have the same physical meaning.
Apart from a switch in the labels 1 and 2 and an ir-
relevant phase change, therefore, ¥(x,t;0 4+ 7/2) and
U (x,t;0) are identical, and it suffices to consider the
interval 0 < 6 < 7/2. There is a symmetry about
6 = /4 that enables us to further pare down the
range of § we must consider. We begin with the ob-

servation that
U(;T - a) = UG) U(—6)
o)

For types sn—cn, sn—dn and cn—dn, v has the form

(Y1 (z)e™ 1t ahy(z)e #2t)T

obtain

. Employing Eq. (34), we

o(5e)een=(1,)oly “)W 0= (oo )

o[ i
|

) exp —1/~L2<

) : : :|
ILL1 125
) : : :|
p1 — 2

exp<i7rﬂzﬂ—2ul)<(1)(1)> @ )w<xt M2>
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01
:exp(—iw H2 )( )1/)<x,t— T ;9). (35)
M2 — p1 10 H1 — M2

This means that in addition to a switch in the labels 1 and 2 and an irrelevant phase factor, ¥(x,t;7/2—6)

and (x,t —7/(pu1 — p2); 0) are the same. Thus, we need only consider the interval 0 < 6 < /4.
Nonstationary solutions can be constructed for both v = +1 and v = —1. For v = —1, any two atoms
attract each other, regardless of whether or not they belong to the same condensate. Thus, the nonstationary
solutions are likely unstable against collapse for v = —1. We will therefore restrict our attention to the case
v = +1 for the remainder of the paper, this means ;1 = 712 = 22 = 1. After unitary transformation, we
obtain the three kinds of solutions as follows:
i) The sn—cn solutions

Ajcosf - sn(kx,m)e” B mMt L Ay sin 6 - cn(kx, m)

’l/)/ = . —i(3K2m2 (36)
— Ay sin@ - sn(kx, m)e” {GF Mt L Ay cosf - en(kx, m)
For the sn—cn solutions, the density of component 1 is
nt = [)|> = A2cos? 6 - sn?(kx,m) + AZsin® 0 - en?(kx, m)
+ Ay Ao sin 20 - sn(kx, m)en(kx, m) cos(3k*m?t). (37)
While the density of component 2 is given by
nh = [y = AZsin® 0 - sn*(kx, m) + A2 cos® 0 - en?(kx, m)
— Ay Ay sin 20 - sn(kxz, m)en(kx, m) cos(3k*m?t). (38)

ii) The sn—dn solutions

- Aq cos 6 - sn(kx, m)e” IB¥) 4 Ay sin6 - dn(kz, m) (30)
—A;sin6 - sn(kx,m)e” i)t 4 Ay cosf - dn(kxz, m) .
For the sn—dn solutions, the density of component 1 is
nh = [¢}|? = A2cos? 0 - sn?(kx,m) + A2sin? 0 - dn®(kx, m)
+ Ay Ay sin 20 - sn(kxz, m)dn(kx, m) cos(3k?t). (40)
While the density of component 2 is given by
ny = [py|? = A?sin 0 - sn®(kx, m) + A3 cos? 0 - dn®(kx,m) — A; Ay sin 20 - sn(kx, m)dn(kz, m) cos(3k%t). (41)

iii) The cn—dn solutions

- Aj cos 8 - en(ka, m)e™ B A=m It 4 A gin g - dn(ka, m) (42)
—A;sin@ - en(kz, m)e” iBR*(A-m®t 4 A, cosh - dn(kx, m) -
For the cn—dn solutions, the density of component 1 is
n} = [¢}]? = A2cos? 0 - cn?(kxz,m) + AZsin’ 6 - dn® (kx, m)
+ A1 Ay sin 26 - en(kz, m)dn(kz, m) cos {[3k*(1 — m?)]t} . (43)
While the density of component 2 is given by
nh = |[Yh|* = A2sin?0 - cn®(kx,m) + A2 cos? 0 - dn®(ka, m)
— A1 Ay sin 20 - en(kz, m)dn(kz, m) cos {[3k*(1 — m?)]t} . (44)
In the following parts, we will give the evolution images of these density functions. According to the range of

m, we discuss the evolution of nonstationary solutions under two cases, one is the general evolution 0 < m < 1,
the other is soliton evolution m — 1.
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4.3. The general evolution of nonstationary solutions

In this subsection, we give the general evolution images of these nonstationary solutions under the condition
0 < m < 1. In the case of sn—cn nonstationary solutions, the general evolution of density functions |i;|?> and

|p2|? are shown in Fig. 1.
Let 1 =0.5, v, =—-1,0 =7/8, m = 0.5.

0.5 ra \\ 2 Fa
/o FAE P

0.3

Density

0.1

1000

800

600

400

200

Fig. 1. The general evolution of sn—cn nonstationary solutions: (a) the evolution of sn density function; (b) the

evolution of cn density function.

Figure 1 depicts that the sn—cn nonstationary solutions have the dual periods of time and space. The
maximum and minimum of the particle density in time and space appear alternately. When sn achieves
the maxima, cn achieves the minimum, vice versa. However, the total number of particles n’ = n} + n} =
A?sn?(kz,m) + A3cn?(kxz,m) is independent of the time. If A; = A, is satisfied, the particle density is inde-

pendent of the space.

In the case of sn—dn nonstationary solutions, let v{ = 0.5, v4 = —1, 6 = x/8, m = 0.5.
(b)
1.0 A e (2) 0.8 — P
4 / e >y
EE / \ = 06 -~ ™ g
% 0.6 ", £ ,\ £ 04 / “1\‘ f.s"
1 N ;
A . o . . A 0.2 K N T r
0.2 4 .\:\__'-jl . i . i .uj i N 1 .\_”' 1 .\\‘_'/1 . 1
50 100 150 200
_— 1 s "
1000 T— — — 1000 —
800 | om—— e — 800 —
| — i | e— ———
GO0 o~ —— ———— | —— 600 —
- e | e—
b | ———— | ————
1007 — | e— 400
| ——— | —-
| —————— | —
200 q  com— | — 200 —
| —— | —
— | —
—— | — | e —
xr X

Fig. 2. The general evolution of sn—dn nonstationary solutions: (a) the evolution of sn density function; (b)

the evolution of dn density function.
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Figure 2 depicts that the sn—dn solutions also have the dual periods of time and space. The same as sn—cn
solutions, the maximum and minimum of the number of particle density in time and space appear alternately.

When sn achieves the maxima, cn achieves the minimum, vice versa.
In the case of cn—dn nonstationary solution, let ¥4 =4 = =1, 8 = 7/8, m = 0.5.
Figure 3 depicts that the cn—dn solutions also have the dual periods of time and space. Under this situation,
there is a difference between cn—dn solutions and the previous two kinds of solutions (sn—cn and sn—dn). The
difference is that two components reach their own peaks or troughs at the same position. Just the times which

the two components spent in reaching their own peaks or troughs differ by a half period.

15 b
10 AN ®
>
g 06 g
A o

500
400

300

100

x
Fig. 3. The soliton evolution of cn—dn nonstationary solutions: (a) the evolution of c¢n density function; (b) the

evolution of dn density function.

4.4. The soliton evolution of nonstationary solutions

In this section, we give the soliton evolution images of these nonstationary solutions under soliton approx-
imation (m — 1). We make 6 = 7/8, m = 0.99999 and obtain the figures which show the soltion evolution of
three kinds of particle density functions with time and space. In the case of sn—cn nonstationary solutions, the

soliton evolution of density functions [11|? and [1)2]? are shown in Fig. 4.

o 30
>y 4
7 20 \ = 15 (b)
=]
& 10 (a) = ~\
A 5]
A Il i 1 " 1 i l " L a 1 i '] L J
200 400 600 800 200 400 600 800
50 '] 1 1 l
40
30
-~ -2
20
10

T

Fig. 4. The soliton evolution of sn—cn nonstationary solutions with v; = 0.5, ¥4 = —1, m = 0.99999: (a) the
evolution of sn density function; (b) the evolution of c¢n density function.
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Figure 4 depicts that the sn—cn nonstationary solutions have the dual periods of time and space. The soliton
evolution of sn—cn has the similar properties to that of the general evolution. The maximum and minimum of

the number of particle density in time and space appear alternately.
The following figures depict the soliton evolution of sn—dn nonstationary solutions.

% 30 \ . 20 5 .
2 20 g ]
g (a) g 10 _\'\ /‘ 1"- "JAL"m
10 g AN~ SN SN
1 1 1 I 0 L 1 L I 1
200 400 600 800 200 400 600 800
50 ] 1 1 ] 50
40 404
30 30
- -
20 20
10 104
z z
Fig. 5. The soliton evolution of sn—dn nonstationary solutions with {1 = 0.5, 45 = —1, m = 0.99999: (a) the
evolution of sn density function; (b) the evolution of dn density function.
In the case of cn—dn nonstationary solutions, let v; =~5 = —1, 8 = 7/8, m = 0.99999.
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Fig. 6. The soliton evolution of cn—dn nonstationary solutions with ~]
evolution of cn density function; (b) the evolution of dn density function.

Under this situation, the peaks of Figs. 6(a) and 6(b) differ by a half period and the maximum of c¢n density

function are larger than that of dn density function.
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5. Conclusions

In this paper, we studied a model of two-
component BECs in one dimension. At the beginning
of this paper, we investigated the existence of three
types of exact stationary solutions. They are sn—cn
solutions, sn—dn solutions and cn—dn solutions. After
that, we constructed nonstationary solutions to the
mean-field equations of motion by performing a uni-
tary transformation on previously-known stationary
solutions. We obtained some useful and unique con-
clusions. The general evolution images of these non-

stationary solutions show that nonstationary solutions

have the dual periods of time and space. For the sn—
cn solutions and sn—dn solutions, the maximum and
minimum of the particle density in time and space
appear alternately. When sn achieves the maxima,
cn (dn) achieves the minimum, and vice versa. How-
ever, there is a difference between cn—dn solutions and
the previous two kinds of solutions (sn—cn and sn—dn).
The difference is that two components reach their own
peaks or troughs at the same position, only the time
which the two component spent in reaching their own
peaks or troughs differ by a half period. The soliton
evolution of nonstationary solutions has the similar
properties to that of the general evolution.
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