Chin. Phys. B Vol. 20, No. 2 (2011) 020307

Stability properties of vector solitons in two-component

Bose—Einstein condensates with tunable interactions™®

Zhang Xiao-Fei(#KIE3E)»P) T, Zhang Pei(fk 15)%,
He Wan-Quan(Ff1J542)®), and Liu Xun-Xu(XI§5)P)

a) College of Science, Honghe University, Mengzi 661100, Yunnan Province, China

b)Beijing National Laboratory for Condensed Matter Physics, Institute of Physics,

Chinese Academy of Sciences, Beijing 100190, China

(Received 26 July 2010; revised manuscript received 29 September 2010)

By using a unified theory of the formation of various types of vector-solitons in two-component Bose—Einstein

condensates with tunable interactions, we obtain a family of exact vector-soliton solutions for the coupled nonlinear

Schrodinger equations. Moreover, the Bogoliubov equation shows that there exists stable dark soliton in specific situa-

tions. Our results open up new ways in considerable experimental interest for the quantum control of multi-component

Bose—Einstein condensates.
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1. Introduction

The experimental realization of Bose—Einstein
condensates (BECs) has stimulated great inter-
est in vector solitons in multi-component BECs

seen in in-
1(5—12]

due to their novel properties not
dividual [1-4]

experimental'34! studies have shown that the prop-

components. Theoretica, and
erties of the nonlinear excitation are determined by
the interaction between atoms, which is typically char-
acterized by the s-wave scattering length (SL). The
main advantage of BEC systems is that the inter-
actions between atoms can be effectively tuned by
magnetic or optical Feshbach resonance. For exam-
ple, by tuning the inter-component interaction via
the Feshbach resonance technique, different types of
vector-solitons can be produced and transformed to
each other.[15-17]

It is interesting because in conventional wisdom,
dark solitons are associated with self-repulsive waves
while bright solitons with self-attractive waves.!18=20]
This picture is only limited to single-component BECs
which possess only one interaction parameter, and
becomes too simplified.?"22] In the case of multi-
component BECs, previous studies showed that it is
possible to realize stable dark soliton, or even sta-
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ble bright soliton in BECs with repulsive interaction.
Motivated by our previous study on two-component
BECs, the aim of this paper is to study the stability
properties of vector solitons in two-component Bose—
Einstein condensates with tunable interactions.

2. Model and vector-soliton solu-

tions

2.1. Model

At the mean-field level, the coupled Gross—
Pitaevskii (GP) equation governs the evolution of
the macroscopic wave functions of two-component
BECs.["%10] In the physically important case of the
cigar-shaped BECs, it is reasonable to reduce the cou-
pled GP equation into a one-dimensional dimension-

less coupled nonlinear Schrodinger equations!??]

) 1 9?
1%: {_28172 + Vi + guln +912|sz2} v, (1)
0 o2
1%: [_ga:ﬂ +‘/v2+921|’¢1|2+922|¢2|2:| V2, (2)

where the coordinate x and time ¢t are measured

in units \/h/(miw11) and 27/wy,. The interac-

tions between atoms are described by self-interactions
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— - in- 1
g = 2a11N1, g22 = 2a22m1 N17y/mz, and the in xexp{i [mer (/;77% B 21};) t}} 3)
teraction between different components gio = ga1 = © 1

2mya12N1/[(1 m|, where a;; are the scatterin . . .

1a12N1/[(1 4 v)m] . i & with v being the speed of the soliton, and 7; the phase
lengths of component 7 and a2 is that between com- .
parameter of the solion.

ponents 1 and 2. The trapping potentials are V; = . o
The dark—bright (DB) solution is found to be

A22/2 and Vo = Mx?/(2u). Finally, v is nor-
malized as [ |¢1]?dz = 1 and [ |[¢|*dz = Ny/Nj.

922 — Hg12
Other parameters are defined as: v = wo) /w1y, P = —912921 — o110 sech(ma — muit + do)
Al = wigp/wil, Ao = wap/wit, and p = mi/ma. Typ- x expli(viz + fit)],
ically, in "Li, N = 5000, ag = —0.21 nm, the time unit v g g
. . U1 21 — Mg11
is 0.224 ms, length unit is 1.42 gm.[2425] Yo = exp[i(fat)] {1\ S EEE——
MV 921912 — 922911

. . g21 — Hg11

2.2. Vector-soliton solutions +m

g21912 — g22911
When the soliton size is small enough compared X tanh(mz — moit + do} (4)
to the harmonic trap, we can find the vector-soliton

solutions for this system.[6:26]

The bright-bright (BB) solution is found to be

2 9 2
922 — gi2jt m — vy g21 — Mgi11 2 V1
=,/ ———2=  pysech(mx —nvit+d fi= —gJi2————— (1] +<> )
& V 921912 — 911922 n (ma = mv, 0) 2 921012 — g2ag11 | L
2 2
xXexpsi vz + h_ % t ¢, 921 — K911 2 (21 ?
2 2 fo=—go—"———— |+ ) |-

with

22
921912 — 922911 u

o —(921 - 911#)
V2 = 921912 — 911922 msech(mz —vit + do) The dark—dark (DD) solution is found to be

. . - v -
v = exp(ifut) [_1 K29 v B9 9 d@} 7
912921 — g11922 T 912921 — g11922

b = explifot) [i L L Y P S N OIT +Ult+do)} (5)
921912 — 922911 UM 921912 — 922911
with
v? V2 — 1
fi=- (; +77%> —912%—921 o1 <2 - 1) ;
m M 921912 — 922911 \ M
2 2
v v — 1
fa=—n (é*‘ﬁ%) —922%—921 o1 (2—1> ;
m N1 921912 — 922911 \ M

where the parameter 7; determines the width of the soliton and can be found by the normalization condition,
and vy gives the velocity of the soliton. Here we would like to point out that the exact vector-soliton solutions
(3), (4), and (5) are obtained under the assumption that the quantities under a radical sign must be a number
greater than zero, thus giving the constrains for the existence of the exact vector-soliton solutions. For example,
when the intracomponent interactions are fixed, we can tuned the intercomponent interaction by means of the
magnetic Feshbach-resonance (FR) technique to a special region to obtain the corresponding vector solitons.

Now we try to solve the stability properties of these solutions with Bogoliubov equation. The process
is quite clear: consider the system governed by the equation of i(9/0t)y = —(1/2)0..% + 911 |"l/)|2”(/}, with
the solution of ¢y = ryexp(—ipt). Then we introduce ¢y = by + ¢, with ¢ a small perturbation, as ¢ =
ufexp(iwit) + v* BT exp(—iwit), where w; is the eigenvalue of the perturbation, which means that if there
exists an imaginary value of wy, then the perturbation will increase with time evolution. And it will finally
lead to unstable phenomena of the system. Whereas, if all the solution of w; is real, the system is dynamically
stable.
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3. Stability properties of vector solitons

3.1. Bogoliubov equation of the bright—bright vector-soliton solution
Introducing ¢y = (r1 4 ¢1) exp(ikt), P2 = (12 + ¢2) exp(ipkt) with ¢y = w1 B+ vi 8%, p2 = ug 3 +v3 47T, the
Bogoliubov equation is written as

1 9?
i—ul = k:ul

o 3520t 911 (2rfus + rivr) + gra(rjus + riryus + riravs),

2

252
2

282

2
—i—wvy = pkvs —

ot 2 9x2

Let uy = uq(x) exp(—iEt) and so on, and define m; = u; — vy, ny = ug + vy, Mo = Ug — Vg, Ny = Uy + Vg,

—i=—v; = kvy — ==——=v1 + 911(27"1111 + rlul) + 912(7"2111 + r17roUs + T1roUs),

ot

0
i—uy = pkuy — = ——us + go1 (r3us + T172u1 + r17901) + goo (2r3us 4 r300),

ot

V2 + go1(r3ve + T17ToU1 + T1ToUL) + ga2(275va + ToU).

then we have
2

kmy — 39,2 + gurimy + giarimy = Eng,
2

kni — 292 T 3guring + giariny + 2g1arirang = Emy,

u 82
pkmao — 5922 T 92173 ms + gaarimy = Eng,

p 2
kung — 5522 T 92171 N2 + 2921717201 + 3g2275n0 = Emy.

Now we can write the Bogliubov matrix for bright—bright vector soliton:
1 n?
29 -
0 g% Ty 0 0
+911r? + g1273
n?
6‘
et gy 2 0 2g12’l“17“2 0
M= +3911T1 + 9127‘2 Mn
6‘
0 0 0 me o 2
+9217"1 + g2273
Iz i
29 il

2g21’l“17‘2 0 2 we + 2 0

+921T% + 39227“%

It is difficult to solve the eigenvalue of this matrix. For the system with N grads, we need to solve the
eigenvalue of 4N x 4N-dimensional matrix. Now the transformation skill is used to simplify the question

2

_laa:x + T4 201173 + G127 g127T172 guir? giarira
A= 2 2 ) , B= ,
9217172 —gam + u% + 290072 + go17? 9217172 g2273
Then the matrix becomes the problem of equation solution of (A + B)(A — B)X = AX. Define X as
2N-dimensional vector: (x,y) = (Z1,%2,. .., TN, Y1,Y2,---s YN ),
x
MX =(A+B)(A-B)X =X . (6)
)

For i < N (the i-th row of matrix M), we have

Lo+ L 4 3102 2\ (Lo, 4
50t g1171 + 91273 5 rz + 5 +9117“1 +9127“2
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1 n? Tip1 + ®io1 — 24 n?
= (—2595:1; to 3g1177 + 9127%) [ 9AL2 Tl T guri + qiars | @i -

For the term of (1/2){[(n?/2) + g117% + g1273];}, we have

2
Oza [(772 + 9117“% + 9127"§) Iz}

2 2 2
= Oga (772 + 9117"% + 9127"5) i + 20, (772 + 9117"% + 9127"%) Oz + <172 + 9117‘f + 9127’5) Oz,

with 71 = 1nv/(g22 — 91211) /(921912 — g11922) sech(nz), r2 = 1\/—(g21 — g111) /(921912 — g11922) sech(nz).

And the term

1 772 2 2 1 772 2 2 ]
— =0z + = + 391171 + g1273 _iarz + o + 91171 + g1272 | T

2 2
1 n? Tip1 + T — 215 n?
= <—23m + > +3g11ri + 9127“3) [— 9AL2 + 5 + g7t + g1273 | @i

2

1 0’ w n
(—28m +uy+ 3g2273 + gmf) (—23195 +ug G273 + gmf) z;
Tit1 + xi—1 — 2x; 2
+l L + (,un + goor3 + gzﬂ“%) xz] :

2

H n 2 2

——Ope +p—=+3 + -

( 5 M2 92272 9217"1) { H A2 2

Now we can solve the Bogoliubov matrix for the bright—bright soliton.

3.2. Bogoliubov equation of the BD and DD vector-soliton solutions

Using a similar process, we can find the Bogoliubov matrix for bright—dark (BD) soliton

1
_787;1' +
0 2 h 0 0
+9117“% + 9127“3
1
_781:1' +
2 fl 0 2g127’17“2 0
M= +3g1177 + 91275 ,
—=0
+9217% + goar3
I
**axm + f2

292171172 0 2 0

+9217’% + 39227’3

with
77% g21 — Hg11
fi= o — 12— f,
g21912 — 922911

921 — Hg11 2

Jo = —g22 1
921912 — g22911

(7)

The matrix for the dark—dark vector soliton is similar, so we can deal with it in the same manner. The
environment here is different from the bright-bright (BB) soliton, because for dark soliton, the boundary is
nonzero and there exists the phase difference m. The space difference method is not accurate enough. So we
introduce the cosine transform to solve the problem. Define F' = dct(f(x)), then f(j) = >, w(k)F (k) cos(m(2j—

1)(k —1)/2N). Notice that the F(k) is already constant here, so

%mo) = %jw(k)wk) cos(m(2j — 1)(k — 1)/2N) — (W) ’
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then

w Y w(k)Ny (k) cos(m(2j — 1)(k — 1)/2N)

k
= > w(k)F(k)cos(m(2j — 1)(K —1)/2N) > w(k)N1(k) cos(m(2j — 1)(k — 1)/2N)
k! i
2
_ % (Zw(k)Nl(k:) cos(m(2 — 1)(k — 1)/2N) — (W} ) . 9)
k
Now we have the numerical matrix
w(1)N1(1) An AN Ni(1)
w(2)N1(2) Ni(2)
Weigenvalue =
w(N)N1(N) ANt -+ ANN Ni(N)

By solving the corresponding Bogoliubov equation, our calculations show that, the excitation frequencies
of the BB and BD vector solitons are all real, while those of the dark—dark (DD) vector soliton contain complex
values. Since the presence of complex excitation frequencies is an indication that the system is dynamically
unstable, we come to the concludsion that for this system, the BB and BD vector solitons are dynamically
stable, while the DD vector-soliton is dynamically unstable. This stability analysis is confirmed by numerical
simulations. For the BD and DD vector solitons, we add a soft harmonic trapping potential. For the initial
condition, we use the exact solution for the bright component, while we multiply the dark soliton by a Thomas—

Fermi profile.l?7]

4. Conclusion

In conclusion, we have found the Bogoliubov matrix for the vector solitons in two-component BECs with
tunable interactions and the stability properties for different cases. It is quite interesting that the two-component
BECs help to stabilize the dark soliton in one component. Besides its fundamental interest in quantum dynamics,
our study may also find applications in the quantum control of multi-component BECs. We hope that these
results can be useful in the study of the novel phenomena in multi-component BECs.
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