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This paper investigates the entanglement in an XX-type spin chain with Dzyaloshinskii—Moriya interaction under

an external magnetic field. The von Neumann entropy of entanglement between two blocks for the ground state of the

system is evaluated. It analyses and discusses the scaling behaviour of the entanglement entropy.
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1. Introduction

Quantum entanglement (QE), as an important
branch of modern physical researches,[1,2] has at-
tracted much attentions of physicists in last several
decades. A great deal of marvelous achievements for
its applications in quantum information and quantum
computation are obtained.[3−5] A lot of QE concep-
tions have been introduced into other academic fields
such as solid-state physics and material physics.[6,7]

Recently, physicists make efforts to find out the rela-
tionship between measurements of QE and quantum
phase transitions in condensed matter.[8−12]

A method to analyse the entanglement in many-
body systems is to divide it into two blocks and con-
sider the bipartite entanglement of the two blocks.
Spin models provide a paradigm to describe a wide
range of many-body systems. Therefore, many works
have been made to study the block entanglement in
spin models. In the one-dimensional spin chains, the
block entanglement has scaling behaviour. Vidal et
al. have studied numerically Ising and Heisenberg
spin chains and conjectured that the block entangle-
ment entropy would saturate for noncritical chain and
diverge logarithmically.[13,14] Numerical calculations
on the XX and XXZ models were also performed
by Laflorencie.[15] Explicit analytic calculations of the
block entanglements for XX and XY models were
given by Jin and Korepin.[16] Recently, a short review
on entanglement in spin models was given by Latorrre
and Riera.[17]

Dzyaloshinskii–Moriya (DM) interaction is a com-
mon interaction existing in many kinds of condensed
matter,[18−21] it is often introduced to construct
new Hamiltonian in theoretical models.[22,23] However,
current researches paid little attention on scaling of
block entanglement entropy of spin model with DM in-
teraction although there might be undiscovered char-
acteristics of entanglement. Therefore, in this paper,
we aim at analysing the scaling behaviour of block en-
tanglement entropy for XX model with DM interac-
tion, and obtain some interesting results. Particularly,
we discuss the external magnetic field anisotropic phe-
nomenon when considering the DM interaction and
find that there are certain properties which do not
appear in XX model.

2. Model

Here, we consider an XX-type spin chain with
DM interaction under an external magnetic field. For
simplicity, we will only consider the z component of
DM interaction in our work. The Hamiltonian can be
expressed as

H

= −1
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where N represents the number of spins in the spin
chain and l labels the coordinate site of spins in space;
σµ

l (µ = x, y, z) are the Pauli matrices; λ indicates the
strength of magnetic field along the z direction; Dz

represents the z-component of DM interaction.
The Hamiltonian (1) can be rewritten as a sec-

ond quantized form in terms of a system of fermions
via Jordan–Wigner transformation. This transforma-
tion connects the fermionic creation and annihilation
operators with Pauli matrices as follows:[24]

al =

(
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σz
m

)
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l − iσy
l

2
, (2)

a†l =

(
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m=0

σz
m

)
σx

l + iσy
l

2
, (3)

where the creation operator a† indicates the Hermi-
tian conjugate of annihilation operator a, and these
operators satisfy the following canonical commutation
relations:

{a†l , am} = δl,m, (4)

{al, am} = {a†l , a†m} = 0. (5)

The inverse transformations can be written as
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)(
al + a†l

)

=

(
l∏

m=0

σz
m

)(
a†l − al

)
, (6)
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)
. (7)

Substituting Eqs. (6) and (7) into the original Hamil-
tonian (1), we obtain the rewritten Hamiltonian as

H =
N−1∑

l=0

[
(1 + iDz)a

†
l+1al + (1− iDz)a

†
l al+1

]

+ λ
N−1∑

l=0

a†l al, (8)

which corresponds to a model of non-interacting
fermions with λ being the chemical potential.

We can diagonalize the Hamiltonian resorting to
the Fourier transformation as follows:

al =
1√
N

N−1∑

k=0

bk exp
(

i
2π

N
kl

)
, (9)

where k is an integer satisfying 0 ≤ k ≤ N − 1, and
k/N corresponds to the wave vector. Substituting
Eq. (9) into Eq. (8), we obtain the diagonalized Hamil-
tonian,
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2
√
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]
b†kbk
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)
, (11)

Λk = 2
√

1 + Dz
2 cos

(
2πk

N
−Θ

)
+ λ. (12)

Here, we have taken the periodic boundary condition
for the system.

The correlation matrix elements for sites are given
by the Fourier transformation of 〈b†kbk′〉 as follows:

Amn = 〈a†man〉
=

1
N

∑

k,k′
〈b†kbk′〉 exp

(
−i

2π

N
(km− k′n)

)
. (13)

We are interested in determining the entanglement of
a block of L contiguous spins and the other N − L

spins. We introduce that with |GS〉 being the ground
state, ρL = TrN−L(|GS〉〈GS|), is the reduced den-
sity matrix for the L spins block. On the other hand,
the correlation matrix element Amn can also be rep-
resented by the density matrix method as

Amn = Tr (a†manρL). (14)

Since A is a Hermitian matrix, it can be diagonalized
to a diagonal real matrix by a unitary transformation
U ,

G = UA U†, (15)

where G is a diagonalized real matrix, i.e, it can be
written in the form

Gmn = 〈g†mgn〉 =
∑
p,q

umpApqu
∗
qn = νmδmn, (16)

where g†m =
∑

p umpa
†
p with ump being the matrix ele-

ments of U , and νm (m = 1, . . . , L) correspond to the
eigenvalues of the matrix G. In the new representa-
tion, the reduced density matrix ρL becomes

ρ̃L = UρLU†. (17)

Since unitary transformations do not change the eigen-
values of matrix, ρ̃L and ρL have the same eigenvalues.
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Then, the matrix elements Gmn can be represented in
terms of the new reduced density matrix ρ̃L as follows:

Gmn = Tr(g†mgnρ̃L) = νmδmn. (18)

From Eq. (16), we can see that the reduced density
matrix ρ̃L in the new representation is uncorrelated
for different fermionic modes and can be written as

ρ̃L = %1 ⊗ %2 ⊗ · · · ⊗ %L, (19)

where %m represents the density matrix of the m-th
fermionic mode.

In the new representation, the operators gm, g†m
and %m can be written as[17]

gm =


 0 0

1 0


 , g†m =


 0 1

0 0


 , (20)

and

%m =


 αm βm

β∗m 1− αm


 , (21)

where αm and βm are matrix elements which we want
to determine. It is obvious that βm = 0 because

〈gm〉 = Tr(gmρL) = βm = 0. (22)

Thus, equation (18) can be rewritten as

Tr(g†mgmρ̃L) = Tr





 1 0

0 0





 αm 0

0 1− αm







= αm

= νm. (23)

Thus, the density matrix %m has the two eigenvalues
νm and 1− νm.

The von-Neumann entropy for the reduced den-
sity matrix ρL can be written as[25,26]

SL = −Tr (ρL log2 ρL) . (24)

Because ρL and ρ̃L have the same eigenvalues, the en-
tanglement entropy can be rewritten as

SL = −Tr (ρ̃L log2 ρ̃L) . (25)

Considering the additivity of the von Neumann
entropy[17] and Eq. (19), we obtain the following ex-
pression for the entanglement entropy:

SL = −
L∑

m=1

Tr (%m log2 %m) . (26)

Therefore, the entanglement entropy can be written
as

SL =
L∑

m=1

H2(νm), (27)

where H2(x) = −x log2 x−(1−x) log2(1−x) indicates
the binary entropy.

3. Scaling of entanglement en-

tropy

Based on the discussion above, we are able to
analyse the entanglement entropy now. Here, we
would like to discuss the entanglement of two blocks
at zero temperature, i.e. the spin chain is in its ground
state. According to Eqs. (12), (13) and (27), our sys-
tem parameter Λk can be separated into several cases.

When λ > 2
√

1 + D2
z , we have Λk > 0 for any k.

This implies that the ground state of the system is a
state annihilated by all bk operators, i.e.

bk|GS〉 = 0, ∀ k, (28)

where |GS〉 represents the ground state. Thus, we
have 〈b†kbk′〉 = 0 for all k and k′. Substituting it into
Eq. (13), we obtain A = 0. Then, from Eq. (16), we
know that Gmn = 0 from all 1 ≤ m,n ≤ L. This
indicates that νm = 0 for all 1 ≤ m ≤ L. Therefore,
from Eq. (27), we obtain the von Neumann entropy
SL = 0 in this case. This is to say that it is trivial for
the λ > 2

√
1 + D2

z case.
Similarly, for λ < −2

√
1 + D2

z , we have Λk < 0
for any k. This indicates that the ground state here
is a state annihilated by all b†k operators, i.e.,

b†k|GS〉 = 0, ∀ k. (29)

Thus, we have 〈b†kbk′〉 = δkk′ for all k and k′. Substi-
tuting it into Eq. (13), we obtain

Amn = 〈a†man〉
=

1
N

∑

k,k′
δkk′ exp

(
−i

2π

N
(km− k′n)

)

= δmn. (30)

According to Eqs. (15) and (16), we have νm = 1
for 1 ≤ m ≤ L. Substituting these values into
Eq. (27), we obtain SL = 0 for this case. Thus, the
λ < −2

√
1 + D2

z case also is a trivial case.
In contrast with the above cases, in the regime

−2
√

1 + D2
z < λ < 2

√
1 + D2

z , the entanglement en-
tropy SL is nontrivial. From Eq. (12), we know that,
in the regime, Λk > 0 for some k and Λk < 0 for some
other k. That is to say the Λk is not always positive
or negative for any k. Here, we define a parameter kc

as follows:

kc =

[
N

2π

(
arccos

(
− λ

2
√

1 + Dz
2

)
+ Θ

)]

f

, (31)
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where the pair of square brackets [ ]f repre-
sents the floor function. According to Eq. (10),
(N/2π)(arccos(−λ/2

√
1 + Dz

2 )+Θ) is a special point
that makes Λk = 0. Thus, if there exists k < kc or
k > N − kc, Λk > 0, otherwise, Λk < 0. Thus, for the
ground state, we have

bk|GS〉 = 0 for k < kc or k > N − kc,

b†k|GS〉 = 0 for kc < k < N − kc. (32)

Consequently, the correlation matrix element 〈b†kbk′〉
associated with the ground state can be written as

〈b†kbk′〉 =





δkk′ for k, k′ < kc or k, k′ > N − kc,

0 for kc < k, k′ < N − kc.

(33)
Substituting Eq. (33) into Eq. (13) and taking ther-
modynamic limit, i.e., taking the limit N → ∞ and
keeping kc/N invariant, we obtain

Am,n = lim
N→∞

2
N

∫ kc

0

cos
[
2π

N
k
(
m− n

)]
dk

= lim
N→∞

1
π

sin
[
2π

N
kc(m− n)

]

m− n

=
1
π

sin [Kc(m− n)]
m− n

, (34)

where Kc = 2πkc/N . From Eqs. (34), (16) and (27),
we can calculate the entanglement entropy of the sys-
tem for the regime of −2

√
1 + D2

z < λ < 2
√

1 + D2
z .

Based on the aforementioned formulistic formu-
las, we numerically evaluate the entanglement entropy
of two blocks in different parameter paradigms. Then,
we draw the figures to show the numerical results.
Here we illustrate the results for −2

√
1 + D2

z < λ <

2
√

1 + D2
z in all figure, because the rest region of λ is

zero as we discussed before. Figure 1 shows the scal-
ing of the entanglement entropy with different λ for
the Dz = 0 case. Figure 2 shows the scaling of the
entanglement entropy with different λ for the Dz = 1
case. Figures 3 and 4 shows the properties of the en-
tanglement entropy with different λ and Dz for a fixed
L.

Fig. 1. (a) Entanglement entropy surface for Dz = 0. (b) Sectional views of figure (a) with some fixed λ, which reflect

relationship between L and the scaling of the entanglement entropy. λ = 0 curve (solid line) is the top value line of this

surface in this view. (c) Sectional views of panel (a) with some fixed L which represent the relationship between the

entanglement entropy and λ.

Fig. 2. (a) Entanglement entropy surface of the case Dz = 1. (b) Sectional views of Dz = 1 entanglement entropy surface

with some fixed λ reflecting the relationship between L and the scaling behaviour. (c) Sectional views of Dz = 1 entropy

surface with some fixed L, which reflect function of λ and the entanglement entropy.
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Fig. 3. The entanglement entropy as a function of λ for

different value of Dz in the case L = 100. The range of

λ are not identical because they are determined by Dz

according to the equation of Λk.

Fig. 4. The relationship between the entanglement en-

tropy and the strength of DM interaction for different

magnetic fields λ with L = 200.

As shown in Fig. 1(a), there is no DM interac-
tion between particles, so the entanglement entropy
distributes symmetrically about λ. The shape of this
surface looks like an old car’s engine hood. This would
be verified in Figs. 1(b) and 1(c). We can also find
that there is no zero-entanglement field in the region
0 ≤ |λ| < 2

√
1 + D2

z . The scaling behaviour as a
function of L fits the form of logarithm according to
Fig. 1(b)[17]

1
3

log2 L + u, (35)

where u is a constant number.
Comparing Fig. 2(a) with Fig. 1(a), we find that

the DM interaction is an important factor that affects
the symmetry of the entanglement entropy. Specif-
ically, the entanglement entropy is symmetric about
λ when Dz = 0 which indicates the condition of pure
XX model, but it is asymmetric in the case of Dz 6= 0.
This is displayed in Figs. 2(b) and 2(c). Meanwhile,

the entanglement entropy arrives at its peak with the
same value for different Dz at a fixed L, as shown
in Fig. 3. Moreover, the larger DM interaction is,
the higher degree of deviating from symmetry the en-
tanglement curve has. In Fig. 3, we also notice that
the entanglement entropy decreases to near 0 rapidly
when λ reaches a special point λc, such as λc = 2 in
our figure, and keeps its value when λ > λc. In addi-
tion, figure 2(c) also tells us that although the chosen
length of spin chain are unequal, but the points of
transforming their zero-entropy are close surprisingly.

As discussed above, DM interaction makes the en-
tanglement entropy decrease to zero in some region,
i.e., although magnitude of magnetic field is not big
enough, each part of system disentangles in advance.
But this condition does not take place in the case of
pure XX model with no DM interaction. In the nar-
row region around saltation point, a tiny variety of
magnitude of magnetic field will cause a huge change
of entanglement entropy.

According to Fig. 4, not similar with the case
above, based on our model we know that the entan-
glement entropy distributes symmetrically about Dz

forever. No matter which direction the DM interac-
tion orients (+z or − z), the entanglement entropy
is affected by the strength instead of the direction of
DM interaction. This is not strange because Dz al-
ways appears with the form of D2

z . We also find that
the characteristics of the entanglement entropy along
Dz can be separated into three types for different λ:
M type (λ < 0), Λ type (λ > 0) and Gaussian type
(λ = 0).

In general, the XX model with DM interac-
tion has many uncommon entanglement characteris-
tics which pure XX model does not have. When
Dz 6= 0, the distribution of entanglement entropy
is not symmetric about external magnetic field, i.e.,
entanglement entropy is not only determined by the
strength of magnetic field but also affected by its
direction(+z or −z). In the case of pure XX model,
the entanglement entropy is just determined by the
strength of magnetic field.

4. Conclusion

In summary, we have studied the entanglement
entropy of the XX-type spin chain with DM inter-
action. Here we have evaluated the entanglement for
the cases with different magnetic field and DM inter-
action. We have analysed and discussed the properties
of the entanglement entropy of blocks. We have found
several uncommon entanglement characteristics which
do not exist in the pure XX spin chain.
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