Chin. Phys. B Vol. 20, No. 2 (2011) 020305

Distributed quantum computation with superconducting
qubit via LC circuit using dressed states®
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A scheme is proposed where two superconducting qubits driven by a classical field interacting separately with two

distant LC' circuits connected by another LC' circuit through mutual inductance, are used for implementing quantum

gates. By using dressed states, quantum state transfer and quantum entangling gate can be implemented. With the

help of the time-dependent electromagnetic field, any two dressed qubits can be selectively coupled to the data bus (the

last LC circuit), then quantum state can be transferred from one dressed qubit to another and multi-mode entangled

state can also be formed. As a result, the promising perspectives for quantum information processing of mesoscopic

superconducting qubits are obtained and the distributed and scalable quantum computation can be implemented in this

scheme.
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1. Introduction

In recent years, much attention has been paid to
quantum computers, which are based on the super-
position principle of quantum mechanics. This type
of new machines can solve some problems much more
effectively than classical computers. So much inter-
est and effort have been devoted to the construction
of the two-quantum-bit gates for quantum computers.
Such gates have been demonstrated in cavity quantum
electrodynamics (cavity QED),[” ion trap,l? and nu-
clear magnetic resonance (NMR)P®! experiments, and
its fidelity was essential with the time going on, which
must exist for which the qubits are decoupled from
the modes at a high degree of accuracy.

Recently, the schemes have been proposed for
quantum communication between two atoms trapped
in distant optical cavities connected by an optical fi-
bre. In Ref. [4], Serafini et al. suggested a scheme
for realizing the quantum gates between two two-level
atoms in distant optical cavities coupled by an optical
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fibre. The scheme is based on the Rabi oscillation of
the whole system composed of atoms, cavity modes,
and fibre modes. Yin and Lil%! generalized the idea
to the multi-atom case. Because what are studied
in the above articles can function only in the limit
case where the atom—cavity coupling is much smaller
than the cavity—fibre coupling, so the schemel® be-
yond that limit needs to be investigated. But due
to the de-coherence arising from the “bus” and the
environment, it is substantially difficult to meet the
fault—tolerant requirement. In cavity QED, the main
obstacles are cavity decay, fibre length, and atomic
spontaneous emission. Based on those cases and prac-
tically realizable experiments, superconducting qubits
coupled by a data bus are promising candidates for
distributed quantum computation.

In Ref. [7], the interaction between a single super-
conducting flux qubit and an LC' circuit has been ex-
perimentally realized. The Hamiltonian is mathemat-
ically identical to that of the Jaynes—Cumming model,
in which the LC circuit acts as a quantum harmonic
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oscillator. Meanwhile two theoretical approaches!8:?!
by using the time-dependent electromagnetic field
(TDEF) have been proposed to control the coupling
In Ref. [10
“dressed qubits” proposal,® a coupling (decoupling)

between two qubits. ], according to the
method between a superconducting and an LC' cir-
cuit, in which a controllable TDEF is used, has been
studied. By choosing appropriate parameters for the
TDEF, the dressed qubits formed by qubit plus the
TDEF, can be coupled to the LC circuit and thus the
LC circuit can exchange information with the assis-
tance of the TDEF.

However, we have noted that the above schemes
In Refs. [4]-]10], the authors
restrained their investigations within the short-fibre

have some drawbacks.

regime in order to achieve a strong coupling between
the cavities. This would be a serious obstacle for
the remote transmission of the photon. On the other
hand, it also requires ultrahigh-Q cavities (= 10'!) to
suppress the leakage of photons, which is not easy to
achieve in experiment. What is more, their schemes
for realizing logical gates are based on the control of
the interaction time, and so it is difficult to achieve
precise control. In order to overcome these short-
ages mentioned above, in this paper, according to
the ideas of atom—cavities-fibre[*~% and Refs. [7]-[10],
an alternative scheme is proposed for performing the
distributed quantum computation between two three-
junction flux qubits interacting separately with two
LC circuits connected by another LC circuit through
mutual inductance. As it is implemented by the meso-
scopic materials, it is much easier to achieve the strong
coupling and overcome the limitation of short-fibre.
Meanwhile, using the TDEF to control the coupling,
we can realize the quantum information transfer and
control more accurately.

The remainder of the present paper is organized
as follows. The model and the effective Hamiltonian
are given in Section 2. The implementation of dis-
tributed quantum computation is investigated in Sec-
tion 3. Finally, the conclusions are given in Section
4.

2. Model

First, we consider two distant LC' circuits inter-
acting separately with two three-junction flux qubit
through their mutual inductance (Fig. 1). The two
LC circuits will be henceforth labeled by the letters A

and B, then the LC circuits are connected by another
With the
two qubits working at their optimal points, two time-
dependent magnetic fields (TDMF) @Z(t) (7 =1,2)

with frequencies wJL (4 =1,2) are applied to the two

LC' circuit through mutual inductance.

qubits independently, we note that the nonlinear cou-
pling strength is zero between the qubit, LC' circuit
and TDMF right now. Then the total Hamiltonian of
this system can be written as

2
= Z { w]JJ —|—hwfa a; —i—hxj(ajo +a; Jj)

+el’UJ it )

+

h)\j (e* iwL

+ hw?agag + h&[a;(al + as)
+az(a] + af)] (1)

in the rotating-wave approximation. Here with the
second quantization, the j-th LC circuit Hamilto-
nian has been changed from H; = %ngb? + Q?/QCJ-,
(j=1,2,3) to H; = hwh(ala; +1/2), (j =1,2,3),
where the ladder operators a; and a;f of the j-th LC
circuit are defined as a] VCw/héj+i+\/1/hCwQ;,
(j = 1,2,3) and o} = /Cw/h¢; — i\/1/hCwQ);,
(7=1,2,3), ¢; is the magnetic flux of the j-th LC cir-
cuit and @); is the charge stored on the capacitor C; of
the circuit with the self-inductance L;, the frequency
of the j-th circuit is w; = \/1/L—jCj, (7 = 1,2,3).
The interaction Hamiltonian with two LC circuits has
Mjs¢39;, (j = 1,2) to
H 3 = 5(aja§ + a;r-ag), (7 = 1,2), where the cou-

been changed from H;3); =

pling constants €;3 (j = 1,2) are related with induc-

tances Mjs (j = 1,2), we let €13 = €93 = . The
qubit operators are defined as o = |e){e| — |g)(g],
o) = le)gl, o5 = lg)el, (j = 1,2) with using its

ground state |g); and first exited state |e);, and the

qubit frequencies w? (j = 1,2) can be expressed as

q
hwj = 2\/1]2(@ — 83/2) + T}y, (i = 1,2) with

I;, the pa-

the bias flux &/ and the qubit loop-current
rameter Trr( ;) denotes the tunnel coupling between
the two potential wells of the j-th qubit.

If the two TDMFs are not applied to the qubit,
for the case w} —w; > |xl;, (7 = 1,2) and in the large
detuning condition, the qubit and the LC' circuit can
be considered as two independent subsystems. Now
the two TDMF's are applied to the qubit, two dressed
qubit can be formed by the two applied TDMFs and

the qubit.
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Fig. 1. Two three-junction flux qubits independently coupled to two LC' circuits, which are connected by
another LC' circuit through their mutual inductance M. The DC bias magnetic flux through the i-th qubit is
L. A time-dependent magnetic field 452(0 can be independently applied to the i-th qubit, so the two qubit can
be separately coupled to the two LC circuits.

In the rotating reference frame the Hamiltonian in lcan be diagonalized and rewritten as
Eq. (1) is transformed into the Hamiltonian H, under

a unitary transformation > h
1O =Y o, ()
J=1

U = exp K_iiwgagt) /2]

where the transition frequency

as
H, = U{HU, —inU}(8Uy Jot) = H: + H? (2) %= \/(wé —wy)?+4\2, i = |E);(E|-|G);(G,
with , n;r ; |E);{G|, and n; = |G);(E| in the dressed states,
A . . wit
H! =Y [hwhala; + hx;(ajofe st + afosem V)
= 0; .0,
|E); = cos ZL|e); +sin L |g);, (5a)
—i—hw?’cagag—kha[a;(al + as) —i—ag(aJ{ —i—a;)}, ! 29 ! 20 !
2 G); = —sin L|e); + cos -L|g); (5b)
h ; G); J 913
HZ = Z[h)\j(aj- +oj) + 54503, (3) 2 2
=1 with 6; = arctan(2|)\;|/4;).
and A; = w) —wy, (j = 1,2). Using the method If we assume w} > wy, (j = 1,2), so the Hamil-
similar to that used in Ref. [10], the Hamiltonian H2  tonian H]} can be rewritten as
|
2 4 0; 0; Sin 6\ o
HY = Z {hw}a}aj + Iy {aj (n;r cos? 53 —n; sin® 5] —n; 2])0‘th + H.c} }
j=1
+ hwfcagag + helak(ar + az) + as(al + al)], (6)

in the dressed-state basis of Egs. (5a) and (5b). We let k; = x; cos? §. Now un sin®(6;/2)a e wit 7, (sin@/2)
aj;el wit and their conjugates have been neglected, because there is no way to conserve energies in these terms
and they should be neglected in the use of the rotating-wave approximation. The effective Hamiltonian in
Eq. (2) can be rewritten as
2 . h . -
Heg = Z {hw;a;aj + §an; + hkj(ajnjel Wit 4 He)| + hw?agag + hielak(ar + ag) + as(al +ad)]. (7)
j=1
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We can let 2 = w} —wi, and 2 — § = wfc

2
—w?
and then rewrite the Hamiltonian of Eq. (7) in the

interaction picture as

i Hot —iHpt
Hegy = exp (1 20 )(Heff —Ho)exp< 12 ° )

with

2
h h ;

Hy = i(w?—w%)nﬁ—l—§an;+hw?aga3+; hw}a}aj,

S0

2

Hegy = 0| E)2(E|+ > (kjn) aj + kjn; al)
=1

+elal(ar +az) +az(al +ad)].  (8)
Now with the coherent evolution described by

Eq. (8), the distributed quantum computational pos-
sibilities are discussed in the following.

E, =0,

3. Distributed quantum compu-

tation

First, quantum state transfer (QST)' can be
achieved. In other words, with the initial state be-
ing (a|G)1 + B|E)1) ® |G)2 @ |000) ¢, the goal of
the achieved state transfer is to turn into the state
(a|G)a2 + B|E)2) ® |G)1 ®1000)c. Here, |ninsng) o
denotes the j-th LC' circuit with a;-aj =n; (j =
1,2,3), Let § = 0, and for simplicity, the whole
system is considered to have only one excitation.
Now the time evolution of the system remains in the
subspace spanned by Vi € {|¢1), |p2), |¥3), |@a),
les)t = {IG)1 @ |E)2 ®[000), [E)1 @ |G)2 @ |000),
|G)1 ® |G)2 ®[001), |G)1 ®|G)2 @ (010), [G)1 ® |G)2
®[100)}, the Hamiltonian in this subspace has five

eigenvalues:

Eos = q:\/zk-% + 2k + 4e2 — 2\/k‘11 + k3 + det — 2k3K3,

Bas = jF\/Qk% 23+ de? + 2y K kS Act — 20203,

and the corresponding eigenvectors (with k1 = ko = k) are

€ —€ k
= _ — e , 9
1 1 1 1
- _Z _ - 1
|#2) = 5le1) = Sle2) = 5lea) + Sles), (10)
1 1 1 1
- - z _ - 11
6) = —5l1) + 3le2) — 5lea) + 5l (11)
k k 1 € 1
= - + = - — + = , 12
k k 1 € 1
= + + = + + = . 13
Thus, the initial state | %)) = |p2) can be rewritten as
k k 1 1 k
= — + — — = e — .
The time evolution of the system is governed by the equation
.0
iho W) = H| V). (14)
Then we have
W) = 262 — (k2 4 2¢?) cos(kt) + k2 cos(tvVk? + 2€2) o) + 262 + (k2 + 2¢?) cos(kt) + k2 cos(tVk? + 2€2) o2)
) = 2(k2 + 2¢2) 1 2(k2 + 2¢2) w2
Lz i(k? 4+ 2¢2) sin(kt) + i k? sin(¢tV/k? + 2¢2) )+ ek[cos(tvVk? + 2e2) — 2] 00)
2(k2 + 2¢2) 3 2(k2 + 2¢2) w4
i(k? + 2¢?) sin(kt) + 1 k? sin(tV/k2 + 2¢2)
t 5 92 |¢p5)- (15)
2(k2 + 2¢2)
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If the parameters k and e fulfill the following condi-

tion:
kt=nm, (n=1,23...), (16)
o\ 2
1+2<k) =9m, (m=1,23..). (17)
The initial state |¥()) = |¢2) can evolves into the
state |¥()) = |e1). As a result, with the ini-

tial state (a|G)1 + B|E)1) ® |G)2 ® [000) o and be-
cause equations (16) and (17) are fulfilled, the state
(a|G)2 + B|E)2)®|G)1®]000) ¢ can be easily evolved
into. Therefore, the QST can be implemented. The
results and discussion are similar to those in Ref. [5].

Secondly, quantum entangling gate (QEG)! can
be achieved. In other words, the entangled states
(|E)1 ® |G)a £ |G)1 @ |E)2)/v/2 can be created. By
using the canonical transformation!

1
a = §(c+ + e +V20),
1
ag = §(c+ +c_ —V2c)e'7,
1
az = —= (18)

where c+ are non-resonant modes of frequencies (2 +
V/2¢, ¢ is resonant mode of frequency 2, and the phase
~ depends on the third LC circuit, and letting € > kq,
€ > ko, in the rotating approximation, Hamiltonian
(7) in the interaction picture after canonical transfor-

mation can be expressed as

1
H =62+ —[ki(nyc +nfc
M2 \/5[ 1(771 m c)

—kg(ngc"'e_i"’—i—n;ce”)]. (19)

Through Eq. (19), the interaction of the qubits with
the non-resonant modes is highly suppressed and the
system reduces to two superconducting qubits res-
onantly coupled through a single harmonic oscilla-
tor. Now let § = 0, and v = 0, the time evolution
of the system will remain in the subspace spanned
by Vi € {lp1), [w2), les)} = {IG)1®|E)2 ®|0),
|EY ® |GY2 ®10), |G)1 ® |G)2 ® |1)}, where |0), and
|1). are number states of the normal mode c¢. Us-
ing the above method similar to QST, with the initial
state |E)1 ® |G)2 @ |0), the state of the system at time
t is written

B k3 + k3 cos(t\/ (k3 + k2)/2)

v
k‘lk‘g — k‘lkg COS(t (k‘% + k‘%)/Q)

| hasin(ty/( + 1)/2)

If the parameters kq, ko and ¢ fulfill the following
condition: kit = 7/v/2++v2 and ko/k; = 1+ /2,
the initial state | %)) = |@2) can evolve into the state
| P)) = (|p1) + |2))/V2; if the parameters ky, ko
and ¢ fulfill the following condition: kit = 7//2 — V2
and ko/ki = V2 — 1, the initial state |¥(g)) = |p2)
can evolve into the state |¥() = (lg2) — |¢1))/ V2.
Therefore, the QEG can be implemented. The results

and discussion are similar to those in Ref. [5].

|¢ps)- (20)

Thirdly, in this paper compared with Ref. [4], this
model also allows for the reliable emulation of the
swap gatel'? and the “controlled-phase” gate'3! by
adjusting the appropriate parameters k1, ko, € and §.
And now we come to remark on the difference between
the LC circuit and an optical fibre as a data bus. In
order to let only one resonant mode of the fibre in-
teract with the cavity modes and gain higher fidelity,
the short fibre limit 217/(27w¢) < 1 should be satisfied,
where [ is the length of the fibre and o is the decay
rate of the cavity mode spectra into the continuum
spectra of the fibre modes. But the LC circuit as a
data bus is beyond the length limit, so more interests
in the dissipation of the mutual inductance are worth
investigating.

Finally, in the above discussion we show the ba-
sic mechanism of the quantum information process-
ing between the superconducting qubits via the LC
circuit with using dressed states. Therefore a scal-
able quantum circuit which is required for quantum
computation (quantum information processing), can
be constructed by N dressed qubits and the (N +1)-th
LC circuit acting as a data bus shown in Fig. 2. The
(N +1)-th LC circuit interacts with N dressed qubits
through their mutual inductances. The distance be-
tween any two nearest dressed qubits is assumed to be
so large that their interaction through the mutual in-
ductance is negligibly small. Then, the total effective

Hamiltonian can be written as

N
Hegay = Y (65| E);(E])

Jj=1

N
+> (ki a; + km; al)
j:

+e {b* (ﬁ: aj> + b(é a}ﬂ .21

=1

—
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With the same discussion to that in Ref. [10], if N
TDMFs are not applied to the qubits, for the case
w) — wgc > |xlj, (7 = 1,2,...,N), all N qubits are
decoupled from their LC' circuits, then dressed qubits
cannot be formed, in other words, each qubit can

be independently manipulated by the TDEF, which

seems to act as a switch of the computation-process.
To couple a qubit to the LC' circuit for forming a
dressed qubit, an appropriate TDEF needs to be ap-
plied, then the state of the dressed qubit can be trans-
fer from one dressed qubit to another. Meanwhile the
entangled state of NV modes can be generated.

system 1 ... system m . system IV
|t | | e | L e |
H H ' H H '
i i i . 4 i i
VX oF; Pl I : b I8 A i S o @QN’I :
: : : K ! :
i | | | i | | | i | | !
e Ly : i | Cm Lm : : Cn Ly :
bacccmccccccccmccccmcaad Lecccccmccccmcccmcccamad Lecccccccccccccccccccad

M Mm My
Ly

| ONt1

Fig. 2. N dressed qubits formed by N flux qubit plus their TDEF, which are coupled to the (N + 1)-th LC
circuit through their mutual inductances My, (m =1,2,..., N). The bias magnetic flux through the m-th qubit
is @gm). A TDEF can be applied to any one of the qubits such that the dressed qubit can be coupled to the

(N + 1)-th LC circuit by the switch TDEF.

Next, we change our perspective from theoretical
discussion to physical implementation. As shown in
Fig. 3, the Hamiltonian of multiple superconducting
qubits coupled by a data bus is completely equiva-
lent to that of atomic ensemble coupled to a quan-
tized field, in mathematics. At present, there are
three methods to couple multiple qubits, i.e., cavity
QED, circuit QED and mechanical QED, which are
shown in Fig. 4. In Refs. [4]-[6], the authors have dis-
cussed the distributed quantum computation in cav-
ity QED, while in the present paper, we restrain our
scheme in circuit QED and mechanical QED. We note
that a single mode data bus coupled to two solid-
state qubits could be demonstrated by the Jaynes—
Cummings model. The data bus, which is the (N +1)-
th LC circuit in our paper, can also be realized by
quantum transmission line or nano-mechanical res-
onator. However, as the quantum correlation in solid-
state systems is fragile and finite, for example, we can
use a data bus with energy gap and strong correla-
tion characteristics to couple two solid-state qubits.
If the energy gap is much larger than the transition

frequency of the qubit, then the information transfer
could be realized without destroying the energy of the
qubits system. Yet, for a solid-state system, the exis-
tence of energy gap means that the quantum correla-
tion is finite, in other words, the existence of energy
gap for the data bus and long distance transmission
of information are inconsequent. In this respect, we
need to consider this theoretical question: whether the
quantum correlation and quantum entanglement are
consistent? As mentioned above, there are some ob-
stacles in realizing the long-distance distributed quan-
tum computation by using superconducting qubits in
experiment, and the intrinsical relationship between
quantum correlation and quantum entanglement is a

key issue that needs further investigations.

| qubit qubit |
p— —
| data bus |

Fig. 3. Two qubits coupled by a data bus.
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cantileve

resonant | ¥
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- tip

magnetic

field

| |gradient ‘
oscillating

magnetic

fiel

Fig. 4. Three methods to couple multiple qubits: cavity QED, circuit QED and mechanical QED.

4. Conclusions

A scheme is proposed where two superconducting qubits driven by the classical field interacting separately

with two distant LC circuits connected by another LC circuit through mutual inductance are used for imple-

menting quantum gates. By using dressed states, quantum state transfer, quantum entangling gate, swap gate

and “controlled-phase” gate can all be implemented. With the help of TDEF, any two dressed qubits can be

selectively coupled to the data bus (the last LC circuit), therefore, quantum state can be transferred from one

dressed qubit to another, multi-mode entangled state can also be formed and thus quantum information can

be transferred from one qubit to another. The above conclusion is based on the following assumptions: (i) all

qubits are decoupled from the data bus when their detunings to the data bus are far large than their coupling

constants to the LC circuits; (ii) the qubits can be independently manipulated by the TDEFs resonantly ad-

dressing them,; (iii) flux dissipation is not taken into account between the LC' circuits. The influence of the flux

dissipation will be discussed somewhere.
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