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The entanglement dynamics of two-qubit systems in different quantum noises are investigated by means of the

operator-sum representation method. We find that, except for the amplitude damping and phase damping quantum

noise, the sudden death of entanglement is always observed in different two-qubit systems with generalized amplitude

damping and depolarizing quantum noise.
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Entanglement is a pure quantum mechanical fea-
ture, it can be viewed as a consequence of non-local
coherence. If two or more subsystems are entangled,
the whole state vector cannot be expressed by a prod-
uct of the subsystems. And the quantum correlations
of the observable physical properties always exist in
the entangled systems, even though subsystems are
far spatially separated. Any measurements on one
subsystem can not only give information about the
other subsystems, but also provide probabilities of
manipulating it, and it is widely seen as the main
reason for the computational advantage of quantum
over classical algorithms. In recent years, there has
always been growing interest in the complex quan-
tum phenomenon of quantum entanglement[1,2] due
to the extensive applications in quantum informa-
tion processing,[3,4] such as quantum teleportation,[5,6]

quantum secret key distribution,[7,8] quantum dense
coding,[9,10] etc. Quantum entanglement properties,
however, are very fragile: realistic quantum systems
are not closed, due to unavoidable interactions with
the environment, their entanglement and coherence
can be irretrievably lost. Recent studies[11−15] have
shown a novel property of disentanglement, when a
pair of entangled qubits exposed to the noisy envi-
ronments is being considered, quantum entanglement

eventually disappears in the finite time. It is different
from the usual decoherence in asymptotic time. This
phenomenon is called “entanglement sudden death”
(ESD). The entanglement completely disappears so
that the useful quantum information is thoroughly
lost in the finite time, hence the ESD is more harm-
ful than the asymptotical disentanglement for utiliz-
ing the quantum entangled resource in practical quan-
tum computation and quantum information. From
the above discussion, some questions naturally arise
in our mind: in which quantum noise does the ESD
always occur for any initial state? And the converse,
for which kind of initial entangled states does the dis-
entanglement exhibit asymptotical behaviour in any
noisy environments? If these questions can be solved,
then different initial states can be chosen as the en-
tanglement resources for different noisy environments
to avoid the ESD; so that we have adequate time to
finish quantum information processing.

In this paper, we address the effect of the spe-
cific quantum noise for the entanglement, including
the amplitude damping, generalized amplitude damp-
ing, depolarizing and phase damping, and investigate
in which kind of noisy environment and initial state,
the ESD occurs.

To investigate the dynamic evolution of quan-
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tum entanglement, we need a concrete measurement
of the entanglement. For any bipartite system, the
concurrence[16] is more convenient than other measur-
ing methods. The concurrence is given by

C = Max
{

0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4

}
, (1)

where the quantities λi are the eigen-values of the ma-

trix M = ρ
(
σ1

y ⊗ σ2
y

)
ρ∗

(
σ1

y ⊗ σ2
y

)
, and λ1 ≥ λ2 ≥

λ3 ≥ λ4; here ρ∗ is the complex conjugate of the den-
sity matrix ρ and σ1

y(σ2
y) is the second Pauli matrix.

The concurrence varies from C = 0 for the separable
state to C = 1 for the maximally entangled state. If
the initial density matrix has an X structure,[13] the
concurrence has a simple analytic expression

C = Max {0, 2 (
√

ρ23ρ32 −√ρ11ρ44) , 2 (
√

ρ14ρ41 −√ρ22ρ33)} . (2)

In order to describe the dynamics of two qubits interacting independently with individual environment, we use
the quantum operator-sum representation approach,[17] in which quantum operations ε can be represented in
an elegant form. Given an initial state of two qubits ρ (0), the reduced state of the systems, after interaction of
systems-environments, can be rewritten as

ρ(t) = ε (ρ (0)) =
∑

k,v

Ek,vρ (0)E†
k,v, (3)

where the operators Ek,v = Ek ⊗Ev,[17] and E{k} ≡ 〈ek|U |e0〉 is an operator on the one-qubit of the principal
system, with

∑
k,v E†

k,vEk,v = I; |ek〉 is an orthonormal basis for the state space of the environment. The
operator-sum representation will be repeatedly used in the following discussion.

In the remainder of this scenario, we first consider the case of the systems interacting with the generalized
amplitude damping (GAD) and amplitude damping; then the depolarizing noise is discussed; finally, we consider
the dephasing noise.

Generalized amplitude damping The GAD is the description of energy dissipation effects due to loss of
energy from the quantum system to environments at a finite temperature (such as thermal bath at an arbitrary
temperature). It is described by the Kraus operators[17] E0 =

√
q diag(1,

√
1− γ), E1 =

√
qγ(σx + iσy)/2,

E2 =
√

(1− q) diag(
√

1− γ, 1), and E3 =
√

(1− q) γ(σx − iσy)/2, where γ = 1 − e−Γt, with Γ denoting the
decay rate,[17] and q defining the probability distribution of the stationary state when t → ∞, σx (σy) being
the first (the second) Paul matrix. To find which class of entangled states is more robust and to investigate the
effect of the entanglement when the maximally entangled state is mixed with the additional state |00〉 or |11〉
in this noisy channel, we consider the different initial states

ρA1 (0) = (1− αA1) (|10〉+ |01〉) (〈10|+ 〈01|)/2 + αA1 |00〉 〈00| , (0 ≤ αA1 < 1) , (4)

ρA2 (0) = (1− αA2) (|10〉+ |01〉) (〈10|+ 〈01|)/2 + αA2 |11〉 〈11| , (0 ≤ αA2 < 1) (5)

with αAi = 0 (i = 1, 2) meaning the maximally entangled state (|10〉+ |01〉)/√2, for the sake of clarity of
expression, we denote the above states by A1 and A2, and

ρB1 (0) = αB1(|11〉+ |00〉) (〈11|+ 〈00|)/4 + (2− αB1) |00〉 〈00|/2, (0 < αB1 ≤ 2) , (6)

ρB2 (0) = αB2(|11〉+ |00〉) (〈11|+ 〈00|)/4 + (2− αB2) |11〉 〈11|/2, (0 < αB2 ≤ 2) (7)

with αBi = 0 (i = 1, 2) meaning the maximally entangled state (|11〉+ |00〉)/√2, denoting the states by B1 and
B2.

According to Eq. (3), we can straightforwardly calculate the density dynamics of the states Ai and Bi

(i = 1, 2) as Eqs. (A1)–(A4). Using formula (3), we obtain the concurrence of two classes of states, respectively:

CAi = Max
{

0, 2
∣∣ρAi

23

∣∣− 2
√

ρAi
11ρAi

44

}
, CBi = Max

{
0, 2

∣∣ρBi
14

∣∣− 2
√

ρBi
22ρBi

33

}
.
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In Fig. 1, we plotted the time evolution of the
concurrence of two different kinds of states for various
values of the parameter α, taking q = 0.8. We find
that, when αAi = αBi = 0, the two systems are in the
ideal maximally entangled states; the entanglement
of the state (|10〉+ |01〉)/√2 is more robust than the
state (|00〉+ |11〉)/√2 in the noisy channel. However,
when αAi 6= 0, αBi 6= 0, i.e., the maximally entan-
gled states are mixed with the additional state |00〉 or
|11〉, two other interesting features can be observed:
(i) the entanglement is more robust when the states
are mixed with the state |00〉 other than the state
|11〉, irrespective of which kind of maximally entangled
states is ((|10〉+ |01〉)/√2 or (|11〉+ |00〉)/√2); (ii)
although the initial entanglement degrees are equal,
taking αA1 = αA2 = 0.25, αB1 = αB2 = 1.5, the en-
tanglement of states Bi can last more time, thus the
states Ai are more fragile than the states Bi when the
additional state, |00〉 or |11〉, is mixed with them. But
the entanglement always appears the sudden-death for
the two different entangled states in the GAD no mat-
ter whether there is the additional state |00〉 (|11〉) or
not.

Fig. 1. The time evolution of the concurrence of two

classes of states Ai and Bi (i = 1, 2) in the GAD, q = 0.8:

curve a for αA1 = αA2 = 0, curve b for αB1 = αB2 = 2,

curve for c αB1 = 1.5, curve d for αA1 = 0.25, curve e for

αB2 = 1.5, curve f for αA2 = 0.25.

When q = 1, this case corresponds to the usual
amplitude damping with T = 0 K.[17] For example, the
photon state in the interferometer or cavity is subject
to scattering, and attenuation can be well character-
ized by this quantum noise. The time evolution of
entanglement is shown in Fig. 2, the parameter of α is
taken as given above. We find that the entanglement
can survive for an infinite time period for two max-
imally entangled states or the maximally entangled
states mixed with the additional state |00〉. However,
instead of mixing with the |00〉, we mix the state|11〉
with them, thus the entanglement disappears in the fi-
nite time, and the sudden-death entanglement results
from the additional state |11〉 in this noisy channel.

Fig. 2. The time evolution of the concurrence of two

classes of states Ai and Bi (i = 1, 2) in the usual ampli-

tude damping channel: curve a for αA1 = αA2 = 0, curve

b for αB1 = αB2 = 2, curve c for αA1 = 0.25, curve d for

αB1 = 1.5, curve e for αB2 = 1.5, curve f for αA2 = 0.25.

Depolarizing channel The depolarizing chan-
nel represents a type of quantum noise in which the
single qubit is replaced by the completely mixed state
I/2 (I is the identity matrix of a single qubit) with
probability p, the effect of the quantum noise is given
by the Kraus operators:[17] E0 =

√
1− 3γ/4I, E1 =√

γ/4σ1, E2 =
√

γ/4σ2, E3 =
√

γ/4σ3, with γ being
defined above.[17] Assuming the initial states given by
Eqs. (4)–(7), we obtain the density matrix of time t

as the Eqs. (A5)–(A8). From Eq. (2), we calculate the
concurrences as follows:

CA1 = CA2 = Max
{

0, 2
∣∣ρAi

23

∣∣− 2
√

ρAi
11ρAi

44

}
,

CB1 = CB2 = Max
{

0, 2
∣∣ρBi

14

∣∣− 2
√

ρBi
22ρBi

33

}
,

where i takes 1 or 2. In Fig. 3 we plot the concurrences
for the case where both ideal maximally entangled
states are mixed with the states |00〉 or |11〉 (taking
the parameter α as given above). We see that not only
both ideal maximally entangled states appear identi-
cal disentanglement behaviour, but also each of them
has the same disentanglement no matter whether the
additional state is |00〉 or |11〉, that is to say, both

Fig. 3. Time evolution of the concurrence of two classes

of states Ai and Bi (i = 1, 2) in the deplolarizing channel:

curve a for αA1 = αA2 = 0, αB1 = αB2 = 2, curve b for

αB1 = αB2 = 1.5, curve c for αA1 = αA2 = 0.25.

additional states mixed with the ideal maximally en-
tangled states have the same influence on the evolu-
tion of entanglement. On the other hand, the state
(|00〉+ |11〉)/√2 mixed with the state |00〉 or |11〉 can
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last for a longer time than the state (|10〉+ |01〉)/√2
when they have the equal initial entanglement degrees
for the proper parameter α. In addition, the depo-
larizing channel always induces the sudden death of
entanglement for all of values α.

Phase damping The dephasing channel is a
uniquely quantum mechanical noise process, which
describes the loss of quantum coherence without ex-
change of energy,[17] for example, what happens when
a photon scatters randomly as it travels through
a waveguide can be characterized by this quantum
noise. The Kraus operators are given by E0 =
diag

(
1,
√

1− γ
)

and E1 = diag
(
1,
√

γ
)
, where γ =

1 − e−Γt, Γ denoting the decay rate.[17] We can cal-
culate analytically the concurrence of the initial entan-
gled states Ai and Bi (i = 1, 2) in terms of Eqs. (2)
and (3):

CA1 = CA2 = (1− αA1) (1− γ) ,

CB1 = CB2 = αB1 (1− γ)/2.

It is clear from the above expression that all states
have the same disentanglement behaviour if they have
an equal initial entanglement degree. So the effect
of the additional states is identical to both maxi-
mally entangled states. Furthermore, as shown in
Fig. 4, the sudden death of entanglement never hap-
pens for any initial state in this environment, (the
values αA = αB = 0; αA = 0.25, αB = 0.5; αA = 0.5,
αB = 1.0 are taken from Fig. 4).

Fig. 4. Time evolution of the concurrence of two classes

of states Ai and Bi (i = 1, 2) in the phase damping chan-

nel: curve a for αA1 = αA2 = 0; αB1 = αB2 = 2, curve

b for αA1 = αA2 = 0.25; αB1 = αB2 = 1.5, curve c for

αA1 = αA2 = 0.5; αB1 = αB2 = 1.0.

In conclusion, we have investigated the dynamics
of entanglement for the ideal two-qubit maximally en-
tangled state and the mixed states with the additional
states in different quantum noise environments. The
concurrence is used as a measure of entanglement. We
observed that the sudden death always appears in the
GAD and depolarizing channel, moreover, the influ-
ence of the additional state |00〉 and |11〉 to the ideal
entangled state is the same in the depolarizing chan-
nel. However, in the usual amplitude damping,[17]

only when the additional state |11〉 is mixed with, can
the sudden death be observed; otherwise, we always
have asymptotic decay of entanglement. For the case
of two-qubits system in the dephasing channel, the
disentanglement presents the same behaviour if the
initial states have equal entanglement degree no mat-
ter which kind of ideal maximally entangled state is
mixed with the state |00〉 or |11〉, and the entangle-
ment sudden death never happens for any values of
α.

Appendix: Solution of density matrix elements in different quantum

noisy environments

ρA1
11 (t) = (1− γ + qγ)2 ρA1

11 (0) + 2qγ (1− γ + qγ) ρA1
22 (0) ,

ρA1
22 (t) = ρA1

33 (t) = γ (1− q) (1− γ + qγ) ρA1
11 (0) +

[
(1− γ)

(
1− 2q + 2q2

)
+ 2q (1− q)

(
1− γ + γ2

)]
ρA1
22 (0) ,

ρA1
44 (t) = 1− ρA1

11 (t)− 2ρA1
22 (t) , ρA1

23 (t) = ρA1
32 (t) = (1− γ) ρA1

23 (0) ; (A1)

ρA2
11 (t) = 2qγ (1− γ + qγ) ρA2

22 (0) + q2γ2ρA2
44 (0) ,

ρA2
22 (t) = ρA2

33 (t) = γq (1− qγ) ρA2
44 (0) +

[
(1− γ)

(
1− 2q + 2q2

)
+ 2q (1− q)

(
1− γ + γ2

)]
ρA1
22 (0) ,

ρA2
44 (t) = 1− ρA2

11 (t)− 2ρA2
22 (t) , ρA2

23 (t) = ρA2
32 (t) = (1− γ) ρA2

23 (0) ; (A2)

ρB1
11 (t) = (1− γ + qγ)2 ρB1

11 (0) + q2γ2ρB1
14 (0) ,

ρB1
22 (t) = ρB1

33 (t) = γ(1− q) (1− γ + qγ) ρB1
11 (0) + qγ (1− r) ρB1

14 (0) ,

ρB1
44 (t) = 1− ρB1

11 (t)− 2ρB1
22 (t) , ρB1

14 (t) = ρB1
41 (t) = (1− γ) ρB1

14 (0) ; (A3)
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ρB2
11 (t) = (1− γ + qγ)2 ρB2

11 (0) + q2γ2ρB2
44 (0) ,

ρB2
22 (t) = ρB2

33 (t) = γ(1− q) (1− γ + qγ) ρB2
11 (0) + qγ (1− r) ρB2

44 (0) ,

ρB2
44 (t) = 1− ρB2

11 (t)− 2ρB2
22 (t) , ρB2

14 (t) = ρB2
41 (t) = (1− γ) ρB2

14 (0) ; (A4)

ρA1
11 (t) = (1− γ/2)2 ρA1

11 (0) +
(
γ − γ2/2

)
ρA1
22 (0) ,

ρA1
22 (t) = ρA1

33 (t) =
(
γ/2− γ2/2

)
ρA1
11 (0) +

(
1− γ + γ2/2

)
ρA1
22 (0) ,

ρA1
44 (t) = 1− ρA1

11 (t)− 2ρA1
22 (t) , ρA1

23 (t) = ρA1
32 (t) = (1− γ)2 ρA1

23 (0) ; (A5)

ρA2
11 (t) = ρA1

44 (t), ρA2
22 (t) = ρA2

33 (t) = ρA1
22 (t) = ρA1

33 (t),

ρA2
44 (t) = ρA1

11 (t), ρA2
23 (t) = ρA2

32 (t) = ρA1
23 (t) = ρA1

32 (t); (A6)

ρB1
11 (t) = (1− γ/2)2 ρB1

11 (0) + γ2/4ρB1
44 (0) ,

ρB1
22 (t) = ρB1

33 (t) =
(
γ/2− γ2/2

)
ρB1
11 (0) +

(
γ/2− γ2/2

)
ρB1
44 (0) ,

ρB1
44 (t) = 1− ρB1

11 (t)− 2ρB1
22 (t) , ρB1

14 (t) = ρB1
41 (t) = (1− γ)2 ρB1

14 (0) ; (A7)

ρB2
11 (t) = ρB1

44 (t), ρB2
22 (t) = ρB2

33 (t) = ρB1
22 (t) = ρB1

33 (t),

ρB2
44 (t) = ρB1

11 (t), ρB2
14 (t) = ρB2

41 (t) = ρB1
14 (t) = ρB1

41 (t). (A8)
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