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Chaos in complex motor networks induced by
Newman—Watts small-world connections*
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We investigate how dynamical behaviours of complex motor networks depend on the Newman—Watts small-world

(NWSW) connections. Network elements are described by the permanent magnet synchronous motor (PMSM) with
the values of parameters at which each individual PMSM is stable. It is found that with the increase of connection

probability p, the motor in networks becomes periodic and falls into chaotic motion as p further increases.

These

phenomena imply that NWSW connections can induce and enhance chaos in motor networks. The possible mechanism
behind the action of NWSW connections is addressed based on stability theory.
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1. Introduction

Permanent  magnet  synchronous  motors
(PMSMs) have superior features such as compact
size, high torque/inertia ratio, high torque/weight ra-
tio, absence of rotor losses, and advantages of higher
efficiency compared with induction motors.!'=3! Over
the past few years, the secure and stable operation
of PMSMs, which is an essential requirement of in-
dustrial automation manufacturing, has received con-
siderable attention. For instance, Hemati et al.l4
investigated the conditions leading to bifurcation and
chaos in the PMSM and found that the systems un-
der investigation possess multiple equilibria which
profoundly affect their global stability and dynamic
characteristics. Li et all®) studied the dynamics of
PMSM-based stability theory of a nonlinear system
and found that when the values of parameters change,
the PMSM experiences complex behaviours such as
limit cycles, chaos oscillation, etc. Reference [6] anal-
ysed the stability of PMSMs in the uncontrolled and
controlled cases inspired by the Lorenz system. Coria
et alll examined the localization problem of com-
pact invariant sets of the system describing dynamics
of the PMSM, and illustrated localization analysis

of chaotic attractors existing for some parameters of
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the PMSM by numerical simulation. Jing et al.[®! in-
vestigated the dynamics in PMSMs with non-smooth
air gap by theoretical analysis and numerical sim-
ulations and found some new results including the
cyclic fold bifurcation, double-scroll chaotic attrac-
tors, ribbon-chaotic attractor, as well as intermittent
chaos. Very recently, we have investigated the effects
of current time-delayed feedback on the stability of
PMSMs where the delay time is both fixed and varied.
It was found that in comparison with the static delay
time feedback, the variable delay time feedback can
obtain stabilization of unstable steady states over a
much larger domain of parameters.[”) On the other
hand, with the development of larger-scale indus-
trial processes, device-level communication networks
brought new possibilities for advanced monitoring,
control, and diagnostics. These networks offered the
opportunity for greatly simplified wiring, eliminating
the bundles of control interwiring, and corresponding
complex interwiring diagrams, while the complexity of
operation in industrial driven systems has increased.
So, it is significant to study the effects of network
topology on the dynamics of driven motors.

Over the past decade, investigation of complex
networks has witnessed dramatic advances owing to
their relevance to a variety of engineering, physical,
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biological, and social phenomena.'%=12 Small-world
(SW) topology is particularly useful in providing in-
sights into the implications of complex connectivity,
which is characterized by a given fraction of so-called
long-range couplings or shortcut links that connect
distant units of the system, while all other units
are coupled in a diffusive-like manner.['3=1% Most
works on SW networks have focused on understand-
ing how the topological connections influence the sys-
tem’s dynamic behaviours. For instance, it is shown
that the introduction of SW connections can induce

and enhance the activity in Hindmarsh—-Rose neural
[16]

(17]

networks,!"® enhance phase synchronization in Chua
networks,
these works show that the existence of the SW con-
nectivity plays a vital role in the system’s dynam-
ics. The main aim of this work is to investigate how
the Newman—Watts small-world (NWSW) connectiv-

ity affects the dynamical behaviours of motor net-

and discrete neural networks, '8 etc. All

works, whose topology is constructed by randomly
adding shortcuts to an originally nearest-neighbour
coupled network.' The network element is described
by the three-dimensional PMSM model with parame-
ters admitting stable operation.*~6 We mainly con-
centrate on how the topological randomness p would
affect the dynamics of system. It is found that with
the increase of the probability p of the network topol-
ogy, motor systems transfer from steady to periodic
motion and fall into chaos as p is further increased.
That is, NWSW connectivity can induce and enhance
chaos in motor networks. The possible mechanism
behind the action of NWSW connectivity is also ad-
dressed based on Lyapunov stability theory.

2. The network structure

The dimensionless mathematical model of the
PMSM is given by[*—¢

dr

ditq =1, — Ijw+yw +V,,

dl,

P —Iq+ Taw+ Vg, (1)
dw

E :U(qu(.U) 7TL,

where, I;, Iq, and w are state variables, which de-
note quadrature (q)-, direct (d)-axis current and an-
gle speed of the motor, respectively; o = bL/JR and ~
are system operating parameters, which are positive;
Vy = K7 L/bR*u, and Vg = K1+ L/bR*ug+ K2 /bR+~
are control signals, where Kp = 0.31 Nm/A, L =
Ly, = Lg = 1425 mH, R = 11.6 Q, ¥ = 0.96,
J =4.7%x10"% K-g-m?, and b = 0.023 N(rad/s). Con-
sidering the case that the system is uncontrolled and

the motor is running freely under no loading condi-
tions, namely, V, =0, Vg = 0, and T = 0,461 the
system (1) becomes:

dr.
L= I~ L+,
dr,
de = Iy + Lw, (2)
dw
Introducing SW connectivity, we can write the motor
network as
dzg i qid, i~y C - i 7j
ar I — It et + Nzaij(lq — 1),
j=1
; N
dr} . o ; .
dtd = I+ Lw' + $ > ay(Ih - 1),
j=1
dw’ Qi i
= (I —w*),

(3)

1,..., N specify the motors;
N N .
(C/N) 32 aij(Iy — I7) and (C/N) 3 ai;(I; — I) are

where indices i =

the coupling term of the complex motors, where C'
is the coupling strength, and the matrix a;; encodes
the connection topology: if a connection exists be-
tween motors ¢ and j, a;; = a;; = 1; otherwise,
ai; = aj; = 0. Also, a;; = 0 for all 7. In this motor net-
work, the NWSW connection patterns is achieved as
follows.['9) Tt starts from a ring lattice with N = 200
motors and k = 2 nearest neighbours, and then links
are randomly added between non-nearest vertices with
probability p. For p = 0, this reduces to the original
nearest-neighbour coupled network; for p = 1, it be-
comes a globally coupled network. Note that for a
given p there are a lot of network realizations. Figure
1 illustrates an example of NWSW network formation
with 10 nodes.
trarily coupled PMSMs in the networks are shown in
Fig. 2.

The individual dynamics of the PMSM, which de-
pends on the parameters ¢ and v, has been investi-
gated fully in Refs. [4]-[6]. The results of those inves-
tigations showed that with the change of parameters,

The equivalent circuit for two arbi-

the individual PMSM experienced steady states, limit
cycles, period-doubling bifurcation, chaos, etc. In this
paper, in order to study the effect of the NWSW con-
nections on the dynamics of motor networks, we fix
o' = 4 and generate 7' € [4,8] at random, such that
the original state of each individual PMSM is stable
with nonidentical properties.
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The-nearest neighbour network

The SW network

The globally coupled network

Increasing probability p

Fig. 1. An example of the Newman—Watts small-world formation with 10 nodes.

Fig. 2. The equivalent circuit for arbitrary two coupled PMSMs in the motor networks.

3. Numerical results and mecha-

nism analysis

The results discussed hereafter are obtained by
varying p. For each p, 20 network realizations are gen-
erated. In each network realization, the initial values
of 200 PMSM dynamical variables are newly chosen
randomly. We numerically integrate Eq. (3) using the
fourth-order Runge-Kutta method with a time step
of h = 0.01. In the numerical analysis, three conven-
tional indices, namely, the time series, phase diagram,
and power spectrum (PS) are adopted to describe the
NWSW connection-induced responses in the motor
networks, where the phase diagram is the evolution

of a set of trajectories emanating from various ini-

tial conditions in the state space. When the solution
reaches a stable state, the asymptotic behaviour of the
phase trajectories is particularly interesting and the
transient behaviour in the system is neglected. The
PS is utilized to capture the frequency content of a
stochastic process and helps us to distinguish between
stable periodic, quasi-periodic, and chaotic behaviour
for a dynamical system.??! We obtain the following
results.

Figures 3—5 show the dynamical behaviours of any
motor in the network at C = 0.5 with p = 0, p = 0.05,
and p = 0.5, respectively. From Figs. 3(a)-3(c) one
can see clearly that in the absence of NWSW con-
nections the motor is operating in the stable regime.
With the increase of p, the periodic motion of mo-
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tor systems appears (as shown in Figs. 4(a)-4(c)).
From Figs. 5(a)-5(c) we can see that the PS trans-
fers to a noise-like spectrum which shows the NWSW-
induced chaos in motor networks. These phenomena
imply that NWSW connections can induce and en-
hance chaos in motor networks.
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Fig. 3. Stable motion in motor networks when p = 0:
(a) time series, (b) phase diagram, and (c) the log of the
power spectrum.
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Fig. 4. NWSW-induced period motion in motor networks
with p = 0.05: (a) time series, (b) phase diagram, and (c)
the log of the power spectrum.
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Fig. 5. NWSW-induced chaotic motion in motor net-

works with p = 0.5: (a) time series, (b) phase diagram,
and (c) the log of the power spectrum.

The possible mechanism behind the action of
NWSW connections may be analysed as follows based
on the Lyapunov stability theory. We consider a gen-
eral complex dynamical network consisting of such N
linearly coupled identical nodes. The network is spec-
ified byl

X0) = FX(0) — 5 D0 X 0),

i=1,2,....N, (4)
where X(t) = [2%(t),24(t),..., 2L ()T € R, are

n

the state variables of node i, and C is the coupling
strength; coupling matrix A = (a;;)nxn € RNxN
represents the coupling configuration of the network,
where a;; = a;; = 1 if there is a connection between
node ¢ and node j (i # j); otherwise, a;; = a;; = 0

(i # j) and

N N
Qi = — § A5 = — § A
J=11#] J=1,i#]

We assume that each isolated node in the network
(4) is in stable steady state before they are cou-
pled together. Hence, 0 is an eigenvalue of matrix
A and all the other eigenvalues of A (denoted by A;,
i=1,2,...,N) are real and are strictly negative:

0=A1>X>---2>ApN. (5)

The Lyapunov exponents h; (i = 1,2,...,N) of each
node are negative; we let

02> hmax =h1 > hy >--- > hy. (6)
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Rewriting the dynamical network (4) in a vector
form:
X'(t) = f(X(1),C), (7)

whose Lyapunov exponents are
1
n; = tlim " In|Df(t,Xo) -ni|l, i=1,2,...,N. (8)
—00

Where Df(t, Xo) is the Jacobian matrix and X is a
random initial value, and n; (i = 1,2,...,N) are a
set of orthonormal vectors in the tangent space of the
ordinary differential equations. The Lyapunov expo-
nents 7); of the coupled dynamical networks (4) should
satisfy!22:23]

Ui()\K):hi—C/\K, K:1,2,...,N. (9)

Due to relations (5) and (6) and C > 0, we have

mAk) > n2(Ax) > - qn(Ak), K=1,2,...,N, (10)
nz(Al)Snl()\Z)znl()\N)y 121,2,,N (11)

If the coupled network (4) is chaotic, then there is
at least one positive Lyapunov exponent in inequali-
ties (10) and (11), so the maximum of n; is n;(Ax) =
hi — CAN = hmax — CAn > 0, that is, there is a posi-
tive Lyapunov exponent in the dynamical network (4)
when C > |hmax|/An. So we obtain the following suf-
ficient conditions for the emergence of chaos in the
dynamical network (4):

|hmaX|

Av
where hpna.x is an invariable for each node, Ay is the
smallest eigenvalue of the coupling matrix A which
denotes the topology of complex networks. Eventu-
ally, the values of Ay are determined by topology
probability p and system size N. The dependences of

c> (12)
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Fig. 6. The dependences of the smallest eigenvalue Ay
on p and N in PMSM network.
Ay on p and N in a PMSM network are shown in
Fig. 6, from which one can see clearly that with the
optimal combination for p and N, the sufficient con-
ditions for the emergence of chaos is satisfied.

4. Conclusion

To gain new insights into the effects of NWSW
connections on dynamical networks, in this paper we
studied the small-world response in motor networks
where each individual PMSM is stable. The time se-
ries, phase diagram, and power spectrum are employed
to measure the evolution of dynamical response. It is
found that with the increase of connection probability
p, the motor in networks becomes periodic and falls
into chaotic motion as p is further increased. These
phenomena imply that NWSW connections can in-
duce and enhance chaos in motor networks. The pos-
sible mechanism behind the action of NWSW connec-
tions was addressed based on the Lyapunov stability
theory.
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