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There have been many recent studies devoted to the consequences of stochasticity in protein circuitry. Stress

conditions, including DNA damage, hypoxia, heat shock, nutrient deprivation, and oncogene activation, can result in

the activation and accumulation of p53. Several experimental studies show that oscillations can be induced by DNA

damage following nuclear irradiation. To explore the underlying dynamical features and the role of stochasticity, we

discuss the oscillatory dynamics in the well-studied regulatory network motif. The fluctuations around the fixed point

of a delayed system are Gaussian in the limit of sufficiently weak delayed feedback, and remain Gaussian along a limit

cycle when viewed tangential to the trajectory. The experimental results are recapitulated in this study. We illustrate

several features of the p53 activities, which are robust when the parameters change. Furthermore, the distribution in

protein abundance can be characterized by its non-Gaussian nature.
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1. Introduction

There are numerous new methods capable of
counting individual mRNAs and proteins at the single-
cell level.[1−4] p53 acts mainly as a transcriptional reg-
ulator and promotes the synthesis of its main antago-
nist, the ubiquitin ligase Mdm2, which degrades p53.
The negative feedback circuit between p53 and Mdm2
can maintain p53 at a low level under normal condi-
tions. However, when cells are exposed to stresses,
this homeostasis is destroyed, and the level of p53
increases, which results in growth arrest, DNA re-
pair or synthesis of pro-apoptotic proteins. The chal-
lenge we are facing now is to understand which dy-
namical mechanism is responsible for the oscillatory
behaviours[5−12] in experimental observations, their
robustness, and the possible distribution of protein
with delayed feedback. In many cases the number of

molecules is small, especially when it involves tran-
scription and translation, so we use the Gillespie algo-
rithm to simulate the system and introduce stochastic
effects into the model.

2. Features and robustness

In order to illustrate the problem, we introduce
the interaction of p53 and Mdm2, whose populations
are denoted by P (t) and M(t),

P
αP M(t)(1−γP S(t))+µP−−−−−−−−−−−−−−−→ ∅ SP−−→ P,

M
µM−−→ ∅ SM+αM Γ (t)−−−−−−−−→ M, (1)

where ∅ denotes a vacant state, and Γ (t) is a Hill func-
tion incorporating time delay τ between the activation
of p53 and the induction of Mdm2. SP , αP , γP , µP ,
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SM , αM , µM , K, N are constant parameters reflect-
ing various mechanisms as described in our previous
papers,[13−15] S(t) denotes the radiation-derived sig-
nal and makes an on-or-off response to irradiation, and
wherein τth is the duration of the oscillatory scheme.

We make a linkage between the single-cell
(stochastic) oscillatory behaviour and averaged be-
haviour (population level). It has been observed that
they behave as sustained oscillations in individual cells
(Figs. 1(a) and 1(b)) and dampened oscillations in
population (Figs. 1(c) and 1(d)). This type of dephas-
ing in collective phenomena[16] is the Green–Kubo re-
lation from standard transport theory.[17,18] Further-
more, modeling macroscopic ODEs that follow mass
action law and averaged master equations explains
that ODE simulation converges to sustained oscilla-
tion, whereas the averaged master equations converge
to a steady-state point through dampened oscillation.

Bifurcation analysis of the deterministic model that
describes the same process has been done in our pre-
vious paper,[19] and a limit cycle exists when the delay
exceeds the critical value. If the equations are nonlin-
ear, in the whole parameter region simulations accord-
ing to the ODE model and averaged master equations
do not co-exist. This phenomenon occurs not only
when the parameter space is very close to the Hopf
bifurcation point, but also elsewhere in the oscilla-
tory region. Numerical calculation has shown that
when the parameters change, the behaviour is robust
as shown in Fig. 1(d). The damping can be ascribed
to the noise in the network motif. It is intriguing to
note that the delay-induced resonant phenomenon is
related to the destabilizing of the nonlinear dynami-
cal system (1), and to the onset of Hopf bifurcation in
the solutions of the corresponding deterministic equa-
tions.

Fig. 1. Nuclear evolution of normalized p53 and Mdm2 populations. (a) Oscillations of p53 populations in 10 isogenic cells

with τth = 1750 min. (b) p53 population in a single cell over 3 × 104 min. (c) and (d) Phase plots of p53 and Mdm2 mean

populations at the cell population level. The parameters for panels (a), (b), and (c) are SP = 0.5 min−1, αP = 1.8 min−1,

γP = 0.996, µP = 2.5 × 10−4 min−1, SM = 2.35 × 10−3 min−1, αM = 0.1 min−1, µM = 0.05 min−1, K = 120, N = 10,

and τ = 100 min. The parameters for panel (d) are SP = 0.5 min−1, αP = 2.5 min−1, γP = 0.968, µP = 2.5×10−4 min−1,

SM = 2.35 × 10−3 min−1, αM = 0.03 min−1, µM = 0.05 min−1, K = 25, N = 20, and τ = 25 min. τth → +∞ for panels

(b), (c), and (d). Abscissa t represents a time in units of minute (min).
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Now we discuss the statistical characteristics of
probabilities of proteins. With respect to a linear de-
lay biochemical motif driven by a Gaussian Langevin
force ξ(t) with 〈ξ(t)〉 = 0 and 〈ξ(t)ξ(t′)〉 = δ(t −
t′),[20,21] the stochastic delay equation for a random
variable P (t), defined on the real line Ω = R, can be
taken as the form

dP (t)
dt

= −AP (t) − BP (t − τ) +
√

Gξ(t), (2)

where t ≥ 0, τ ≥ 0 denotes the delay of the
system, and P (t) = ϕ(t) for t ∈ [−τ, 0]. The
probability density of P (t) is given by Pr(nP , t) =
〈δ(nP − P (t))〉, and similarly, the joint probabil-
ity can be defined as Pr(nP , t;n′

P , t − τ) =
〈δ(nP − P (t))δ(n′

P − P (t − τ))〉. Then the delay
Fokker–Planck equation associated with Eq. (2) reads

∂Pr(nP , t)
∂t

=
∂

∂nP

(
AnP Pr(nP , t)

+ B

∫
n′

P Pr(nP , t;n′
P , t − τ)dn′

P

)
+

G

2
∂2Pr(nP , t)

∂nP
2

. (3)

Since in Eq. (2) the fluctuation force is Gaussian dis-
tributed and the shift force is linear, a Gaussian-like
stationary distribution in the state variable can be
taken as

Prs(nP ) =
1√

2πV (τ)
exp

(
− nP

2

2V (τ)

)
, (4)

in which the variance V (τ) is obtained by derivation
as

V (τ) =



G

2

(
1 + Bω−1 sin(ωτ)

A + B cos(ωτ)

)
, B > A ≥ 0,

G

2

(
1 + Bω−1 sinh(ωτ)

A + B cosh(ωτ)

)
, A > B ≥ 0,

G

4A
(1 + Aτ) , A = B > 0,

(5)
where ω =

√
|A2 − B2|. The variance and maxi-

mum of the probability are tuned by delay. Figure
2(a) shows the stationary distribution in the p53 and
Mdm2 populations without delay, which is defined by

Prs(nP , nM ) = lim
t→∞

Pr(nP , nM , t), (6)

and it is seen that Prs(nP , nM ) is Gaussian. The p53
motif (1) is very nonlinear in contrast to the linear de-
lay one-species system (2), so with delay, figure 2(b)
shows strong non-Gaussian nature. It has been shown

using a careful perturbation scheme that the fluctua-
tions around the fixed point of a delayed system, in the
limit of sufficiently weak delayed feedback, are Gaus-
sian, and along a limit cycle, remain Gaussian when
viewed tangential to the trajectory.[22−25]

Fig. 2. Probabilities of normalized populations: (a) dis-

tribution in the p53 and Mdm2 populations in steady state

with τ = 0 min and (b) evolution of the probability of

p53 population with τ = 100 min, where Pr(nP , t) =
P∞

nM =0 Pr(nP , nM , t). The other parameters are chosen

to be the same as those in Fig. 1(b).
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