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The Wiedemann Franz law in a normal

metal superconductor junction
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In this paper the influence of superconducting correlations on the thermal and charge conductances in a normal

metal–superconductor (NS) junction in the clean limit is studied theoretically. First we solve the quasiclassical Eilen-

berger equations, and using the obtained density of states we can acquire the thermal and electrical conductances for

the NS junction. Then we compare the conductance in a normal region of an NS junction with that in a single layer

of normal metal (N). Moreover, we study the Wiedemann–Franz (WF) law for these two cases (N and NS). From our

calculations we conclude that the behaviour of the NS junction does not conform to the WF law for all temperatures.

The effect of the thickness of normal metal on the thermal conductivity is also theoretically investigated in the paper.
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1. Introduction

Charge and thermal transport in mesoscopic su-
perconducting structures have attracted many re-
searchers in the last decade.[1−19] The transport prop-
erties of normal and superconducting structures have
been studied separately in many textbooks.[20−23]

In addition, the charge and spin transport of nor-
mal metal–superconductor (NS) and superconductor
normal-metal superconductor (SNS) structures are
investigated in many theoretical and experimental
studies.[24−34] It is well known that when a supercon-
ductor and a normal metal come together, supercon-
ductivity penetrates into the normal metal at a dis-
tance of the order of the coherence length ξ. This phe-
nomenon, which is called proximity effect, has been
studied in Refs. [35]–[37]. The effect of the proximity
effect on the transport properties of the NS junction
has been considered in Ref. [36]. Although the main
interest in NS junctions for researchers is charge and
spin transport, the thermal properties of such junc-
tions can be interesting. In this paper we investigate
the charge and thermal conductances of the NS junc-
tion at the same time, and also the Wiedemann–Franz
(WF) law for the NS junction. We compare our results
for charge and thermal transport and WF law for the
NS junction with those for a single normal metal. The
electrical and thermal conductances of a normal metal
at low temperatures depend on the scattering of elec-

trons. So as the carriers of both electrical and thermal
currents are the same (electrons), these two conduc-
tances are related.[38] In Ref. [39] it was concluded
that, although the charge conductance of a normal
metal at low temperatures is constant (Gq = const.),
the thermal conductance has a linear dependence on
the temperature (κ ∝ T ). The relationship between
thermal and charge conductances is given by the WF
law, κ/G = LT , where the constant of proportionality,
L, is called the Lorenz number.[20,21,39] The WF law
for different normal materials has also been studied
experimentally in Refs. [40]–[43].

In addition, charge and thermal conductances in
a superconducting sample are interesting.[44−48] Al-
though the investigation of charge transport in su-
perconductors started immediately after the discov-
ery of superconductivity, the thermal conductivity of
superconductors has attracted attention in the last
decades.[49−52] In particular, it was found that the WF
law is violated by the formation of a coherent ground
state in the superconductor.[53−55] In Ref. [38] the be-
haviour of the thermal transport in a superconductor
was investigated theoretically. In addition, the charge
conductivity of a junction was discussed by Blonder,
Tinkham and Klapwijk (BTK) theoretically.[56] BTK
calculated charge conductance at low temperatures
by adding the Andreev reflection[57] in the charge
transport of a junction into the Bogoliubov de-Gennes
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(BdG) formalism.[36] In Refs. [58] and [59] BTK the-
ory was developed for the case of heat transport in a
junction. The results of BTK have been confirmed by
the experiments in Ref. [60].

In the present paper we consider a system which
consists of a normal metal layer with a finite thickness
connected to a superconductor (Fig. 1). We investi-
gate the behaviour of the charge and thermal conduc-
tances for the NS junction. In particular, we compare
the charge and thermal transport of the NS junction
with those of a single normal metal, and the investiga-
tion of the validity of the WF law for the NS junction
is also an important part of the paper. The rest of
this paper is organized as follows. In Section 2 we in-
troduce our mathematical formalism, which is based
on the quasiclassical Eilenberger approach. Section 3
is devoted to our numerical results, and we end with
some conclusions in Section 4.

Fig. 1. An NS junction consisting of a normal metal (N)

layer with a finite thickness connected to a bulk of su-

perconductors (S). The semiclassical trajectories for the

quasiparticles, with usual reflections at the IN interface

and Andreev reflections at the NS interface, are shown in

this figure. The experimental setup was planned for the

investigation of the proximity effect in the NS junction,

and also for the study of the variation of the order param-

eter inside the film of the normal metal.

2. Theory

In our calculations the physical variation of the
system is only in one dimension (1D), x. Also, the
thickness, dN , is larger than the Fermi wavelength
λf , (dN À λf ), but smaller than the elastic mean-
free path, `, (dN ¿ `), which allows us to use 1D
quasiclassical theory in the clean limit.[61] Then we
use the quasiclassical Eilenberger equations and ob-
tain the density of states (DOS) in the normal part of
the NS junction. Using the obtained DOS, we also
study the electrical and thermal transport and the
WF law for this system. Quasiclassical Eilenberger

equations describing the coherent states of the ballis-
tic structures, including s-wave superconductivity, are
as follows:[61−63]

vF.∇Ĝω(vF, r)+[ωτ̂3+∆̂(vF, r), Ĝω(vF, r)] = 0, (1)

where ∆̂ =

 0 ∆

∆† 0

 and Ĝω(vF, r) =

 gω fω

f†
ω −gω


are the matrix of the order parameter and Green’s
matrix, respectively. Both the matrix of the order pa-
rameter and Green’s matrix depend on the electron
velocity on the Fermi surface vF and the coordinate
r. The Green’s function also depends on the Matsub-
ara frequency ω = (2n+1)πT , with n being an integer
number and T the temperature. τ̂3 is the Pauli ma-
trix. In addition, the Green’s function components
satisfy the normalization conduction

g2
ω + fωf†

ω = 1. (2)

In general, ∆ depends on the electron velocity on
the Fermi surface vF, and is determined by the self-
consistent equation:[61,62]

∆(vF, r) = 2πN(0)T
∑
ω>0

〈V (vF,v′
F)fω(v′

F, r)〉v′
F
, (3)

where N(0), V (vF,v′
F), and 〈· · · 〉 are the density of

states at the Fermi surface in the normal metal, the
interaction potential and the average over the direc-
tion of vector vF, respectively. In this study, for sim-
plicity we consider the spatial variation of the order
parameter as a step function. The order parameter
within the normal region is zero, ∆(0 < x < dN ) = 0,
and is constant inside the superconducting region,
∆(x > dN ) = const. Furthermore, the temperature
dependence of ∆(T ) can be calculated by[64]

∆(T ) = V
∑

k

∆(T )
2Ek

tanh
Ek

2kBT
, (4)

where Ek =
√

E2 + ∆2(T ) is the energy of the quasi-
particle at the superconducting phase and kB is the
Boltzmann constant. An immediate result of this self-
consistent equation is a relation between the critical
temperature and the order parameter at zero temper-
ature, expressed as Tc = ∆0/(1.765kB).

Using Eilenberger equations (1) and boundary
conditions at x = 0 and dN , and Green’s function
for superconducting bulks,

Ĝω(∞) =
ωτ̂3 + ∆̂√
ω2 + ∆2

,
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we obtain the diagonal term of Green’s matrix.[65] So,
for electron trajectories inside the normal metal, we
obtain

gω = tanh
[
ω

l

vF
+ sinh−1

(
ω

∆

)]
, (5)

where l = dN/cos(θ). Also, the density of states is
calculated by the following formula:[65]

N(E) = N(0)
∑
ω>0

Re gω(ω −→ E + i δ). (6)

For the calculation of charge transport we apply
a very small potential difference to both sides of the
normal part of the junction. So, we use the following
method:[66]

Gq = α

∫
N(E)

(
− ∂f0

∂E

)
dE. (7)

Also, by applying a small ∆T to the normal part of the
junction, the thermal conductance can be obtained by
the following equation:[66]

κ = β

∫
E2

T
N(E)

(
− ∂f0

∂E

)
dE. (8)

Where N(E) shows the density of states of normal
metal subject to the proximity of the superconductor.
Also, f0 is the equilibrium Fermi distribution func-
tion f0 = 1/(exp(E/kBT ) + 1). Using the calculated
electrical and thermal conductances, the WF law and
Lorenz number for the NS junction can be compared
with a normal metal. In our numerical calculations
we set kB = α = β = 1, and all length scales are
normalized by superconducting coherence length ξs.

3. Discussion

It is well known that DOS plays a central role
in thermal and charge transport in the junction. So
using the obtained Green’s function, we plotted the
DOS in Fig. 2. We also plotted the Fermi distribu-
tion versus the temperature in Fig. 3. Then we used
the self-consistent equation of gap (Eqs. (3) and (4))
for the calculation of the temperature dependence of
the order parameter in Fig. 3. This self-consistent
equation has been introduced for the first time in the
framework of the Bardeen–Cooper–Schrieffer micro-
scopic theory of superconductivity. Finally, using the
obtained order parameter dependence on the temper-
ature (Eq. (4)), Fermi distribution (Fig. 3) and DOS
(Eq. (6) and Fig. 2), we investigated the temperature

dependence of the transport properties of the men-
tioned SNS system.

Fig. 2. (colour online) Normalized densities of state ver-

sus E/∆ in the normal part of the NS junction for sev-

eral values of normal metal thickness dN . dN = 0 also

describes the bulk superconductor density of states, and

dN À 1 describes the normal metal DOS. In this figure

and the next figures all length scales are normalized by

superconducting coherence length ξs.

Fig. 3. (colour online) Curves for (a) Fermi distribution

f0 versus energy (E) at different temperatures. Energies

are measured from the Fermi energy. (b) Order parameter

dependence on temperature ∆(T ).
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In Fig. 4 we plotted the thermal conductance κ

(using Eq. (8)) of system versus temperature T . We
compared the NS junction results with those of a
single normal metal which was studied in Ref. [39].
In Fig. 4 it is clear that the thermal conductance
of a normal metal N is proportional to temperature,
i.e. κ ∝ T . This linear dependence coefficient is
π2/3 = 3.28 (Fig. 4 and Ref. [20]). The thermal
behaviour of the NS junction is interesting. As in
Fig. 4, the thermal conductance of the NS junction
for low temperatures T ≤ 0.4Tc is less than that of
pure normal metal, but for high values of temperature
T > 0.4Tc it is greater than the normal metal one. In
addition, for the proximity system the temperature
dependence is not linear. Also, at temperatures close
to Tc, the thermal conductance of the NS junction in
terms of temperature is oscillatory. As expected, the
thermal conductances for N and NS tend to the same
value at temperature T = Tc. Also, using Eq. (7),
we investigate the charge conductance dependence
on the temperature. As is clear in Fig. 5, charge
conductance is constant for normal metal, and the
variation of temperature does not affect the charge
conductance considerably. In addition, in Fig. 5 we
see that the charge conductance of the normal layer
in the NS junction is less than that of the same layer
of normal metal. At temperatures close to Tc, the
charge conductance diagram has some oscillations.
Also, the conductances for N and NS will be the same
at temperature T = Tc. Now, using the obtained
thermal and charge conductances, we investigate the
validity of the WF law and calculate the Lorenz ratio.
As seen in Fig. 6, the normal metal WF ratio has
a linear dependence on the temperature, and the L

number is π2/3 = 3.28. As shown in Fig. 6, at low

Fig. 4. (colour online) Thermal conductances versus T/Tc

for a normal metal (N) and NS junction for dN/ξs = 1.

The thermal conductance of a normal metal, N, is pro-

portional to temperature (κ ∝ T ). The coefficient of the

linear relation is π2/3 = 3.28. The thermal conductance

of the NS junction for low temperatures, T/Tc ≤ 0.4, is

less than that of pure normal metal, but for high values

of temperature, T/Tc > 0.4, it is greater than that of nor-

mal metal. This is a non-monotonic effect of proximity on

thermal conductance in the normal region.

Fig. 5. (colour online) Charge conductances versus T/Tc

for a single normal metal (N) and NS junction for dN/ξs =

1. Charge conductance is constant in the single normal

metal, Gq = const. In addition, the charge conductance

of the normal part in the NS junction is less than that of

the single normal metal layer.

Fig. 6. (colour online) (a) WF law and (b) L number

versus T/Tc for single normal metal (N) and NS junction

for dN/ξs = 1. The WF ratio has a linear dependence on

temperature for normal metal and the L number is π2/3.

At low temperatures (≈ 0 − 0.05Tc), the WF law is sat-

isfied by the NS junction. Also, at temperatures close to

Tc, oscillations emerge in the conductance curve.

temperatures (≈ 0−0.05Tc), the WF law is satisfied by
the normal part of the NS junction. At temperatures
close to the Tc, oscillations emerge in the conductance
curve.

Now we study the influence of the thickness of the
normal region dN on conductivity. As seen in Fig. 7,
for any particular thickness dN/ξs, at a temperature
such as TL, the thermal conductivity of the NS junc-
tion is equal to that of the normal metal. The increase
in thickness, dN/ξs, reduces the temperature, TL, and
for large values of dN that are close to that of nor-
mal metal, TL tends to zero. Here, we want to make
a theoretical plan for the experimental setup. As in
Ref. [51], we select copper for the normal part of our
setup, with a 50 nm thickness and L = 500 nm. Also,
our superconductor is Al, with a thickness larger than
the superconducting coherence length and an energy
gap of ∆0 ' 2 K.
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Fig. 7. (colour online) The effects of the thickness of the

normal region dN on the thermal conductance. For some

particular thickness of the normal layer, dN/ξs, at a spec-

ified temperature such as TL, the thermal conductance

of an NS junction is equal to that of the single normal

metal layer. Also, by increasing the thickness of the nor-

mal film, dN/ξs, the specified temperature TL decreases.

Thus for thick layers of normal metal, the thermal con-

ductance tends to the thermal conductance of the single

normal layer and TL tends to zero. This case is under-

standable because thick normal film superconductors do

not play any role.

4. Conclusion

In this paper we investigated the thermal and
charge conductances for the NS junction. We found
that for the NS junction thermal conductance in-
creases by increasing the temperature, and at tem-
peratures close to Tc some oscillations appear. These
oscillations can be the result of the superconducting
proximity effect inside the normal metal. In addition,
the thermal conductance of the NS junction is equal to
that of the normal metal at zero temperature, and at a
finite temperature TL. We also investigated the effect
of the thickness of normal metal dN on the thermal
conductance, and found that temperature TL reduces
to zero by increasing dN . Thus TL −→ 0 for dN À ξs.
In addition charge conductance, which is almost con-
stant for normal metal, for the NS junction increases
by increasing the temperature. It should be mentioned
that the charge conductance of the NS junction is less
than that of the normal metal, and the charge conduc-
tance for high temperatures has oscillations like ther-
mal conductances. Next we found that the WF law
is satisfied for the NS junction at low temperatures
(≈ 0− 0.05Tc), and for high temperature the WF law
is violated. Finally, we discovered that the proximity
effect has an important influence on the thermal and
charge conductances in the normal film. This effect
shows a clear difference between the conductances of
the normal film in the proximity of a superconductor
and a single normal layer.
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