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We report on the theoretical and the experimental investigations of the coherent phonon dynamics in sapphire

crystal using the femtosecond time-resolved coherent anti-Stokes Raman scattering (fs-CARS) technique. The temporal

chirped white-light continuum (WLC) is used for the Stokes pulse, therefore we can perform the selective excitation

of the phonon modes without using a complicated laser system. The expected quantum beat phenomenon is clearly

observed. The theoretical formulas consist very well with the experimental results. The dephasing times of the excited

phonon modes, the wavenumber difference, and the phase shift between the simultaneously excited modes are obtained

and discussed. This work opens up a way to study directly high-frequency coherent phonon dynamics in bulk crystals

on a femtosecond time scale and is especially helpful for understanding the nature of coherent phonons.
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1. Introduction

With the advances in femtosecond laser tech-
nology, one can directly excite and detect coherent
phonons with very fast dephasing times in the time
domain. By employing femtosecond pump-probe re-
flection or transmission measurements, the studies of
the dynamics of coherent phonons have been per-
formed in various materials, such as semimetals,[1−3]

semiconductors,[4−7] superconductors,[8] and semicon-
ductor quantum dots.[9] However, the valuable fem-
tosecond pump-probe technique requires that laser
pulse duration should be sufficiently smaller than
the period of the coherent lattice vibrations, and it
is suited for studying low-frequency phonon modes.
The application is actually limited by several fac-
tors, for example, phonon dynamics appears as de-
caying oscillatory components, the phonon informa-
tion is obtained by the Fourier transform. Therefore,

the sensitivity and frequency-resolution in the pump-
probe technique are low especially for high-frequency
phonons because of the limitation of laser pulse dura-
tion. On the contrary, femtosecond time-resolved co-
herent anti-Stokes Raman scattering (fs-CARS) tech-
nique has proved to be a powerful tool for study-
ing high-frequency vibrational modes. Furthermore,
there are both practical and fundamental considera-
tions in time-frequency two-dimensional spectroscopy
for more detailed dynamical studies. This technique
has been widely used in liquid phase and gas phase
materials.[10−18] However, with the development of
applied technique and basic research, the knowledge
of the dynamics of high-frequency coherent phonons
in crystals is required. For example, it has been re-
ported that the measurements of dephasing times of
coherent phonons can be used to investigate the be-
haviours of the defects in bulk crystal.[19] Therefore,
the systematic theoretical and experimental investi-
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gations of high-frequency coherent phonon dynamics
in bulk crystals by using fs-CARS technique are nec-
essary in order to compensate the deficiency in this
research field.

In this paper, we present the theoretical descrip-
tion of using fs-CARS technique to study coherent
phonon dynamics in crystals, and we also give the ex-
perimental details and experimental results of a sap-
phire sample as examples. In the experimental part,
the temporal chirped white-light continuum (WLC) is
used for the Stokes pulse, therefore the selective exci-
tation of the phonon modes can be performed without
using a complicated laser system (e.g. two dye lasers
or two optical parametric amplifiers (OPA) are usually
required in a similar experimental setup). The phonon
modes are selectively excited, and the quantum co-
herence is obtained in the fs-CARS signal. The theo-
retical formulas are consistent with the experimental
results. The dephasing times of the excited phonon
modes, the wavenumber difference and phase shift
between the simultaneously excited modes are deter-
mined and discussed. This work is especially helpful
for understanding the nature of coherent phonons, and
provides an easier way to implement the study of high-
frequency coherent phonon dynamics in bulk crystals
on a femtosecond time scale.

2. Theoretical description

In the measurement of fs-CARS, the sample is
first subjected to two synchronized laser pulses with
frequencies ωp and ωs and wave vectors kp and ks

used as pump and Stokes pulses, respectively. If the
frequency difference ωp − ωs is equal to the frequency
ω0 of a specific phonon mode, this mode will be res-
onantly excited. The temporal evolution of the co-
herent lattice vibrations is monitored by the third
time-delayed probe pulse with frequency ωpr (usually
ωpr = ωp) and wave vector kpr, giving rise to a CARS
signal with frequency ωc = ωp−ωs+ωpr and wave vec-
tor kc = kp−ks+kpr. The CARS signal was recorded
as a function of the delay time τ between the probe
pulse and the synchronous pump and Stokes pulses.
The dephasing time T2 of the coherent phonons can be
deduced from the temporal evolution of the CARS sig-
nal. It is clear that the fs-CARS technique is perfectly
suited for the selective excitation of phonon modes by
adjusting the frequency difference between the pump
and Stokes pulses.

The propagation of the CARS light field Ec(r, t)
and its interaction with the surrounding medium is
represented by the nonlinear wave equation[20,21]

∇ × ∇ × Ec(r, t) +
n2

c2

∂2

∂t2
Ec(r, t)

= −4π

c2

∂2

∂t2
P NL

c (r, t), (1)

where c is the speed of light and n is the refractive in-
dex. The CARS signal is generated from the nonlinear
polarization P NL

c , which describes the light-matter in-
teraction. For a Raman resonance process, we divide
P NL

c into two parts: a fast nonresonant part P NL
NR due

to the response of the electronic system and a slow res-
onant part P NL

R due to the contribution of the excited
coherent phonons. Thus,

P NL
c = P NL

R + P NL
NR

= NRaQEpr + 3χ̃
(3)
NREpE∗

s Epr, (2)

where Q denotes the coherent amplitude of the phonon
mode, Ra is the Raman susceptibility, N is the num-
ber of primitive cells per unit volume, and χ̃

(3)
NR is the

nonresonant third-order nonlinear electronic suscepti-
bility.

For the phonon mode with frequency ω0, the co-
herent amplitude Q obeys the equation of motion

∂2

∂t2
Q +

2
T2

∂

∂t
Q + ω2

0Q =
1
m

RaEpE∗
s , (3)

where m is the reduced lattice mass and T2 is the de-
phasing time of coherent phonons.

The electric fields of the pump, Stokes, probe, and
CARS pulses can be written as

Ep (r, t) = Ep (t) exp (ikp · r) ,

Es (r, t) = Es (t) exp (iks · r) ,

Epr (r, t) = Epr (t) exp (ikpr · r) ,

Ec (r, t) = Ec (t) exp (ikc · r) , (4)

where

Ep (t) =
1
2
eE0

pfp (t) exp (−iωpt) ,

Es (t) =
1
2
eE0

s fs (t) exp (−iωst) ,

Epr (t) =
1
2
eE0

prfpr (t − τ) exp [−iωp (t − τ)] . (5)

Here e is the unit polarization vector, which is the
same for all the fields in our experiment, E0

p, E0
s , and

E0
pr denote the amplitudes of the laser pulses, and f (t)

is the time-dependent pulse envelope function centred
at t = 0 (for Ep and Es) and at the delay time τ

(for Epr). For all the incident laser pulses, the enve-
lope functions are assumed to be Gaussian with equal
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pulse duration ∆t, i.e. f (t) = exp
(
−2 ln 2 (t/∆t)2

)
,

where ∆t is the full width at half maximum (FWHM)
of the laser pulse.

In a manner similar to that used for light fields,
we write for the coherent amplitude

Q (r, t) = Q (t) exp (ik0 · r) . (6)

For the coherent amplitude Q, equation (3) pre-
dicts the exponential decay with the time constant T2.
The Q (t) can be written with the following time de-
pendence

Q (t) ∝ Q0 exp (−t/T2 − iω0t + iϕ) , (7)

where ϕ is the phase factor of the excited phonon
mode.

Substituting Eqs. (4) and (6) into Eqs. (1) and
(2), and neglecting second order derivatives of the
slowly varying amplitudes yield the expression(

∂

∂r
+

1
vc

∂

∂t

)
Ec

=
2πω2

c

c2kc

(
NRaQEpr + 3χ̃

(3)
NREpE∗

s Epr

)
× exp (i∆k · r) , (8)

where ∆k = kc − (kp − ks + kpr) is the k-mismatch
of the probe process.

The time-integrated CARS signal intensity is
measured as a function of the delay time τ between
the probe and exciting pulses. Integrating Eq. (8), we
obtain

Ic (τ) ∝
∫ +∞

−∞
|Ec (τ, t)|2 dt

= S

(
2πω2

cL

c2kc

)2 ∫ +∞

−∞
dt

∣∣∣Epr (t − τ) [NRaQ (t)

+ 3χ̃
(3)
NREp (t) E∗

s (t)
] ∣∣∣2, (9)

where S = sin2 (∆kL/2) / (∆kL/2)2; L denotes the
effective length of the spatial overlap of the pump,
Stokes, and probe laser pulses within the sample. The
factor S goes to unity as the phase mismatch ∆k goes
to zero. The Q (t) is calculated from Eqs. (3) and (6).

According to Eqs. (7) and (9), if there is only one
phonon mode excited by the time-coincident pump
and Stokes pulses, the fs-CARS signal will show a
single unmodulated exponential decay. When the
neighbouring Raman levels are close enough, because
of the large spectral bandwidth of the femtosecond
laser pulses, two or more phonon modes will be ex-
cited simultaneously, the signal decay becomes more

complex.[22] Quantum beat phenomenon originating
from the interference of different phonon modes can
be observed. The different modes j have the individ-
ual parameters: resonance frequencies ω0j , phase fac-
tors ϕj , coherent amplitudes Qj , and dephasing times
T2j . In Eq. (9), the CARS field is the sum of the light
fields originating from all the excited phonon modes,
i.e.,

Ec (τ, t) =
∑

j

Ecj (τ, t). (10)

We replace Q by the total coherent amplitude
Qtot, which is represented by the coherent superpo-
sition of individual excited phonon modes of number
density Nj , i.e.,

Qtot =
∑

j

NjQj/N, (11)

where N =
∑

j Nj represents the total number density
of all the excited modes.

According to Eqs. (2) and (9), the transient fs-
CARS signal has two components, nonresonant and
resonant. The nonresonant part of the signal gives an
instantaneous electronic response of the sample, i.e. it
follows the product EpE∗

s Epr and decays very rapidly
with the time resolution of the experiment. This part
does not provide any information about the coher-
ent phonons. In contrast, the resonant part, which
shows slow decay, describes the signal scattered from
the excited coherent phonon modes and provides in-
formation about the dynamic properties of the coher-
ent phonon modes. The nonresonant and the reso-
nant components of the fs-CARS signal can be clearly
seen from the time evolution of Ic(τ). The relative
contributions of the two components are determined
by Ep(t)E∗

s (t) and Qtot(t) according to the respective
weighting factors χ̃

(3)
NR and NRa.

3. Experiment

A large-sized sapphire crystal was grown by
SAPMAC (sapphire growth technique with micro-
pulling and shoulder-expanding at cooled centre)
method.[23] The sapphire crystal plate with a size of
φ36 mm×2 mm used in the fs-CARS experiment was
prepared by cutting the as-grown large sapphire crys-
tal in the direction perpendicular to the c axis, and
both its sides were polished.

Based on the space group D6
3d symmetry of corun-

dum, group theory predicts that there are seven Ra-
man active phonon modes 2A1g+5Eg for sapphire.
Figure 1 shows the measured Raman spectrum for
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our sapphire crystal at room temperature. There are
seven phonon modes with peaks located at 379, 418,
431, 450, 577, 645, and 750 cm−1, which are consistent
with the results reported in the literature.[24,25] Ac-
cording to the assignment of phonon modes, 418 cm−1

and 645 cm−1 correspond to A1g phonons; 379, 431,
450, 577, and 750 cm−1 correspond to Eg phonons.
The 379, 418, 431, and 450 cm−1 modes are related to
the bending vibrations of [AlO6] group, and 418 cm−1

mode is due to the O–Al–O symmetric bending vibra-
tion. In contrast, the 577, 645, and 750 cm−1 modes
are related to the stretching vibrations of [AlO6]
group, and 645 cm−1 mode is attributed to the Al–
O symmetric stretching vibration.

Fig. 1. Raman spectrum of our sapphire crystal.

We perform our fs-CARS measurement at room
temperature. A schematic diagram of the experimen-
tal setup is illustrated in Fig. 2(a). The output pulse
of about 110-fs duration centred at 800 nm from the
regenerative amplifier (Spectra-Physics, Spitfire) with
a repetition rate of 1 kHz and a single pulse energy of
500 µJ is split into three parts by two beam splitters
(BS). Two of them are used as the pump and probe
pulses of equal wavelength, and the third one is fo-
cused into a 4-mm thick Al2O3 crystal to produce a
WLC used for the Stokes pulse. Two delay lines are
employed. Figure 2(b) shows the time sequence of the
three laser pulses. The WLC pulse defines an arbi-
trary temporal zero point. One delay line is used to
produce the temporal overlap of the pump and Stokes
pulse by varying the delay time between the pump and
WLC pulses. The second one provides the variable
time delay for the probe pulse. The pump, Stokes,
and probe pulses are focused onto the sample (focal
spot diameter ∼300 µm) using a lens of 300-mm fo-
cal length. The WLC has an ultrabroadband spectral
profile, ranging from 300 nm to 1100 nm. Based on

the temporal chirp characteristics of the WLC, the
frequency difference between the pump and Stokes
pulses can be tuned by changing the delay time be-
tween the pump and WLC pulses. Therefore, the se-
lective excitation of a wide range of phonon modes can
be accomplished.[10]

Fig. 2. Experimental setup of the fs-CARS (a), and time

sequence of three laser pulses (b).

The large bandwidth of the femtosecond laser
pulses and the close vibrational levels provide the op-
portunity to observe the quantum beat phenomenon
on a terahertz scale. Firstly, we focus our attention
on the high-frequency 645-cm−1 A1g phonon and 750-
cm−1 Eg phonon. The temporal overlap between the
pump and Stokes pulses is exactly tuned to accomplish
the simultaneous excitation of two objective phonon
modes. In order to suppress the excitation of other
modes and the generation of the degenerate four-wave
mixing process, the WLC is spectrally filtered to cut
off the components of wavelength less than 830 nm.

In the Raman spectrum, the 379-cm−1 Eg phonon
and 418-cm−1 A1g phonon display the strongest peaks.
However, if the frequency difference between the pump
pulse and the Stokes pulse is adjusted to match these
two modes, a spectral overlap of the pulses is gener-
ated because of the broad bandwidth of femtosecond
laser pulses. This results in a huge degenerate four-
wave mixing (DFWM) signal at the spectral position
of the pump pulse, since this process is several orders
of magnitude more efficient than the CARS process.
Due to the large bandwidth of the laser pulses, the
spectrum of the DFWM signal extends to the region
of the CARS signal, making it difficult to detect the
CARS signal. In spite of this difficulty, we have re-
solved a clearly separated CARS signal.

Figure 3(a) displays the energy level diagram.
The employed spatial beam geometry is the folded
BOXCARS configuration (see Fig. 3(b)), which allows
for background-free detection of the signal. We prop-
erly choose angles between the beams such that the
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phase matching condition is fulfilled. The polariza-
tions of the pump, Stokes, and probe pulses are all
set to be parallel and perpendicular to the c axis of
the sapphire sample. The detection setup for the fs-
CARS signal consists of a spectrometer (Bruker Op-
tics 500 IS/SM) in which the signal is spectrally dis-
persed and a charge-coupled device (CCD) camera
(Andor DU440-BU2) for the simultaneous detection
of all spectral components. Because of the broad-
band laser pulses, the spectrally dispersed transient
fs-CARS signal is recorded two-dimensionally, i.e., as
a function of the probe pulse delay time τ and the
CARS wavelength.

Fig. 3. Energy level diagram of the fs-CARS (a), and

folded BOXCARS configuration (b).

4. Results and discussion

Firstly, we discuss the fs-CARS signal of 645-
cm−1 and 750-cm−1 phonon modes in detail. Figure
4 shows the typical spectrally dispersed fs-CARS sig-
nal. The signal is plotted as a function of the probe
pulse delay time τ and the CARS wavelength. Af-
ter an initial fast rise and fall essentially limited by
the system response function and due to the electronic
nonlinear response of the crystal, the coherent phonon
process appears. However, the electronic response is
so strong that the coherent phonon part is difficult
to observe. In order to eliminate the strong instanta-
neous electronic contribution in studying the coherent
phonons, we further analyse the obtained data start-
ing from the delay time of 300 fs. The contour map
is shown in Fig. 5. The signal extends from about
750 nm to 770 nm and shows the expected quantum
beat phenomenon. The spectrally dispersed CARS
signal is centred at 758 nm, corresponding to an ex-
citation wavenumber of 693 cm−1. This is approxi-
mately the arithmetic mean wavenumber of the 645-

cm−1 and 750-cm−1 modes. In order to obtain the
accurate information about the phonon dynamics, the
temporal evolution of fs-CARS signal at the spectral
position of 758 nm is extracted (see Fig. 6.) The well-
defined quantum beat signal has a period of ∼333 fs,
which is in good agreement with the frequency differ-
ence of the 645-cm−1 and 750-cm−1 modes.

Fig. 4. Spectrally dispersed fs-CARS signal of sapphire

sample.

Fig. 5. Contour map of fs-CARS signal originating from

the contribution of coherent phonons.

Fig. 6. Transient fs-CARS signal of 645-cm−1 and 750-

cm−1 modes (solid circle) and the fitted result (solid line).

The theoretical formulas permit the numerical
analysis of the experimental data. For the case of two
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excited vibrational modes, Qtot (t) in Eq. (11) can be
written as

Qtot (t) = Qa (t) + Qb (t) . (12)

Using formula (7), we obtain

|Qtot (t)|2

∝ |Q0a exp (−t/T2a − iω0at + iϕa)

+ Q0b exp (−t/T2b − iω0bt + iϕb)|2 . (13)

Equation (9) can be recast into the form

Ic (τ) ∝ Q2
0a exp (−2τ/T2a) + Q2

0b exp (−2τ/T2b)

+ 2Q0aQ0b cos (∆ωτ + ∆ϕ)

× exp (−τ (T2a + T2b)/T2aT2b) . (14)

When the incident excitation pulses have passed
through the sapphire crystal, the stimulated excita-
tion process rapidly terminates, the phonon modes
oscillate with their respective resonance frequencies
and relax freely. According to the theoretical model,
we can obtain the information about the frequency
difference ∆ω of the excited modes and their respec-
tive dephasing times from the quantum beating sig-
nal. The frequency difference ∆ω between the two
excited modes we obtained from the fit procedure is
100 cm−1, which coincides with the wavenumber dif-
ference of the 645-cm−1 and 750-cm−1 phonon modes.
The dephasing times T2a and T2b, for the two con-
tributing modes, are determined to be 2600 fs and
1300 fs, respectively. According to the relationship be-
tween phonon dephasing time and phonon linewidth
of the spontaneous Raman scattering,[26] as well as the
ratio of amplitude Q0a to Q0b,[12] we are able to assign
the longer dephasing time T2a to 645-cm−1 mode and
the shorter one T2b to 750-cm−1 mode. The phase re-
laxation process (T2) of coherent phonons consists of
pure dephasing (T ∗

2 ) process which only destroys the
vibrational coherence, and the population relaxation
(T1) process. The transient CARS signal provides the
information about the overall value for the dephas-
ing time 1/T2 = 1/T ∗

2 + 1/T1.[26] Pure dephasing in
the sapphire crystal results from scattering at bound-
ary and lattice imperfections, and population decay is
caused by anharmonic interactions.

The phase factor ϕj of excited phonon mode is re-
lated to the excitation process and determined by two
factors: the pulse duration and the frequency mis-
match (ωp − ωs) − ω0j between the frequency differ-
ence ωp − ωs of the excitation pulses and the reso-
nance frequency ω0j of individual phonon mode.[26]

In our experiment, the ultrabroadband WLC is used
for the Stokes pulse, the frequency difference ωp − ωs

can match well with both 645-cm−1 and 750-cm−1

phonons, i.e., (ωp − ωs) − ω0j = 0, the modes are res-
onantly excited.[18,27] For the case of good frequency
match and very short femtosecond excitation pulses,
the excitation pulses prepare the different coherent
vibrational modes with equal initial phase, but be-
gin to oscillate out of phase with each other after im-
pulsive excitation due to the difference between their
frequencies.[26] From the numerical fit, we obtain the
phase shift ∆ϕ between the simultaneously excited
645-cm−1 and 750-cm−1 phonon modes at the delay
time of the probe pulse τ = 0, which is 0.6π.

For the 379-cm−1 and the 418-cm−1 phonon
modes, because of the relatively low energy of the
phonon modes and the broad bandwidth of femtosec-
ond laser pulses, a spectral overlap of the pulses is
generated. We obtained a very large DFWM signal
making it difficult to detect the CARS signal. In spite
of this difficulty, we are able to obtain the transient
fs-CARS signal (shown in Fig. 7) to study the phonon
dynamics. Using the foregoing theoretical model, we
obtain the fit results. The frequency difference be-
tween the excited modes is 43 cm−1, which accords
well with the wavenumber difference between the 379-
cm−1 mode and the 418-cm−1 mode. The dephasing
times for the two contributing modes are determined
to be 800 fs and 700 fs, respectively. According to
the ratio between the amplitudes,[12] we can assign
the longer dephasing time to 379-cm−1 mode and the
shorter one to 418-cm−1 mode. The phase shift be-
tween the two modes at the delay time τ = 0 is 0.29π.

Fig. 7. Transient fs-CARS signal of 379-cm−1 and 418-

cm−1 modes (open circle) and the fitted result (solid line).
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5. Conclusion

In this paper, we presented fs-CARS measure-
ment to gain the information about coherent phonon
dynamics in crystals. After a theoretical description of
the basic ideas of the technique, we gave experimen-
tal details, and experimental results of our sapphire
sample.

Owing to the chirp structure of ultrabroadband
WLC, no complicated laser system is required for the
wavelength tuning of the Stokes pulse. The angles
between the pump, Stokes, and probe pulses and the
polarization directions of the three pulses are properly
set. We have achieved the selective excitation and
probing of the phonon modes. The expected quan-
tum beat phenomenon, which is ascribed to the in-
terference between the simultaneously excited phonon
modes, is clearly observed. The theoretical formula
accords well with the experimental results. The ob-
tained dephasing times of the excited phonon modes,
the wavenumber difference, and phase shift between
the simultaneously excited modes are discussed. This
work has proved that fs-CARS technique is a pow-
erful tool to investigate coherent phonon dynamics
in bulk crystals. It opens up the way to study di-
rectly high-frequency coherent phonon dynamics in
bulk crystals on a femtosecond time scale and is of
special significance to enhance our understanding of
coherent phonons.
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