Chin. Phys. B Vol. 20, No. 12 (2011) 124601

Completeness of eigenfunction systems for the
product of two symmetric operator matrices
and its application in elasticity™*
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The completeness theorem of the eigenfunction systems for the product of two 2 X 2 symmetric operator matrices

is proved. The result is applied to 4 X 4 infinite-dimensional Hamiltonian operators. A modified method of separation

of variables is proposed for a separable Hamiltonian system. As an application of the theorem, the general solutions for

the plate bending equation and the free vibration of rectangular thin plates are obtained. Finally, a numerical test is

analysed to show the correctness of the results.
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1. Introduction

The separation of variables is an effective method
of solving some mathematical physics equations,
which can be derived to Sturm—Liouville problems af-
ter separating variables. It works for the complete-
ness of the eigenfunction systems of self-adjoint op-
erators. However, for some non-self-adjoint problems,
the traditional method of separation of variables is not
feasible because of the incompleteness of the eigen-
function systems. Applying the analogous theory of
structural mechanics and optimal control, Zhong!*2
has introduced the theory of Hamiltonian systems into
the study of elasticity and established a new method
of solving the elastic problems based on Hamilto-
nian systems.!®] Recently, it has been developed in
many fields of applied mechanics.[*~1% The symplec-
tic method is a breakthrough of the limitations of the
traditional method of variable separation, in which
the spectral theory of infinite-dimensional Hamilto-
nian operators needs to be investigated. Among the
investigations, the completeness of the corresponding
eigenfunction systems is considered first of all.['1—16]
Many partial differential equations arising from

the study of elasticity can be written as the following
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separable Hamiltonian system:[*71%]
. 0 B

v = H'U, H = , (1)
Co

where H is called the off-diagonal Hamiltonian opera-
tor, B and C are symmetric operators. The Hamilto-
nian form (1) is very useful for obtaining the exact and
numerical solutions of some practical problems.[!8:19]
Set vector-valued function v = [vy, v.]T, then equation

(1) will be equivalent to

Ub = BUC7 Uc = va. (2)

Thus

W, = Mv,, M = BC. (3)

If vy can be solved from Eq. (3), substituting v, into
formula v, = Bv,., we can obtain v., then the general
solution of Eq. (1) can be given. This is the essential
ideal of the modified method of separation of vari-
ables (MMSV) for the separable Hamiltonian system
(1). The method involves the completeness of eigen-
function systems for the product of two symmetric
operators. For the following two symmetric operator
matrices:
0 Bl Cl CQ

B = s C= ’ (4)
By 0 Cs Cy
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under some assumptions, we will prove that the eigen-
function systems of operator matrix M = BC are
complete in X x X if and only if the first compo-
nents of basic eigenfunction systems are complete in
X. This means that the feasibility of the symplec-
tic method for the operator H in X x X x X x X is
attributed to the completeness of the corresponding
eigenfunction systems in X by using MMSV. What is
more, MMSV can more easily deal with some prac-
tical problems than the symplectic method (For ex-
ample, see Example 2). Therefore, the dimension of
the studied problem can be reduced as far as possible
and it can be conveniently applied to the engineering
mechanics field.

2. Preliminaries

Throughout this paper, the symbol X denotes
a Hilbert space. For a linear operator T, 2(T)
and o0,(T) denote the domain of definition and the
point spectrum of T, respectively. For simplicity,
we use the uniform symbol (-,-) to denote the in-
ner product of the corresponding Hilbert space and
(p1,92) = (¢1, Jp2) to represent the symplectic inner

0 I
product, where 1,9 € X X X and J = [ }
—-I0

Definition 1 A linear operator T : 2(T) C X —
X is called the positive-definite operator, if it is sym-
metric and (Tz,z) > 0 for x # 0.

0 B
Definition 2 Let H = [ ] : 9(C)x2(B) C
0

Y XY — Y xY be a densely defined closed linear op-
erator, where B and C' are (symmetric) self-adjoint
operators, Y be a Hilbert space, then H is called the
off-diagonal Hamiltonian operator. The following evo-
lution equation:

ov
E—H'U"’f

is called the separable Hamiltonian system. Here, f
denotes the vector of external force.

Remark 1 For the problem considered in this pa-
per, the space Y in Definition 2 is taken as the product
space X x X.

Definition 3 Let T be a linear operator in X
with the eigenvalue u. If there exists a nonzero ele-

(Wl ,ul) = (ul ul) =0, (W0 ul)=

ms Yn ms Yn ms “n

ment ¢° € P(T) such that Ty = uy®, 0 is called
the basic eigenfunction of T'. If there exists ¢! € 2(T')
such that
Ty = ppt +4°%, Pt #£0,

then 1! is called the first order Jordan eigenfunction
of T. Commonly, if the Jordan eigenfunction 1/*~1 of
order k — 1 of T has been defined, then the Jordan
eigenfunction ¥* of order k is defined by the formula

TYr = pp* + 9t gk £o0.

3. Main result and proof

Lemma 1 Suppose that B has a bounded inverse
and let u be the arbitrary eigenfunction of operator
M = BC such that (B~ 'u,u) # 0, then o,(M) C R.

Proof If A € o¢,(M), there exists a nonzero
Au.
Taking the inner product

vector u, such that BCu = Since B is in-
vertible, Cu = AB lu.
by u on both sides of the above formula, we have
(Cu,u) = A(B~u,u). Noting that B and C are sym-
metric, we obtain A = (Cu,u)/(B~'u,u) € R. Hence
op(M)CR. W

For concise description, the basic eigenfunction
and the Jordan eigenfunction of the operator M as-
sociated with eigenvalue \,, are denoted by u?, =
[£2, g% 1" and ul, = [f},gL]T, respectively. The sym-
bol A is an index set.

With regard to the operators B and C' in formula
(4), we have the following hypothesis:

(i) M = BC has at most countable eigenvalues,
B has bounded inverse and 0 ¢ 0,(C);

(ii) the arbitrary eigenfunction u of operator M =
BC satisfies that (B~ 1u,u) # 0;

(iil) B, Cy is the positive-definite operator, C; *Cs
is a symmetric operator;

(iv) fL = kf9 k is a fixed nonzero constant,
m € A, and

(fO.C7'B7 9 =0, m#n,mmneA

Lemma 2 Under the hypotheses (i)—(iv), the fol-
lowing symplectic orthogonality relationships between
the eigenfunction systems of the operator M are sat-
isfied:

0, m#n,
(0 C’_lB_lfo) for m,n € A.
m> Y4 1 Jm) M=,
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Proof According to Lemma 1, the eigenvalues
of M are real. Combining the definition of the eigen-
function and the Jordan eigenfunction of the operator
M, we have

Mul, = N\l Mub = X\, (5)
Mul, = X\pub, + 4, Mu® = \ul +u. (6)
Expanding Eq. (5) yields
BiC3 f, + BiCagp, = Am S
ByCh [y, + BaCagy, = Amgon.- (7)

As B1Cy is a positive-definite operator, it follows from
the first expression of Eq. (7) that

= AmCy By, — CUCs 1 (8)
Expanding formula (6), we have
B1C5 [, + B1Cugy, = A S, + fons
ByCi [, + B2Cogny = A + Gpn- (9)

As B1C}y is a positive-definite operator, using the first
expression of Eq. (9), we have

9o = AmCy "By fo, — CMC5 fr, + C B D, (10)

So that
Un = Uiy MmOy By o — O O3 fo] T
uwln =] 71n,7 /\mlczl_lBl_lfvln

—Cy O L+ CO B ]
Using Lemma 1 and hypothesis (iv), we have
<u9n7u91> = (u?n,Jug)
= M fos Cr ' BT R) = (fas CL O3 1)
= Am(Cy By s J) + (CL 5 s )

= (j‘n - )‘m)( 791704713171]02) =
and
(U, uy) = (up,, Juy,)
= (2, O B — (0,04‘105f5>
(2, Co BT O) — A (C By O Y
+(Cy 102 Iy

= k(A = An)(fo: Ci "B )
+ (2 1B11f2):(), m,n € A.

It can be checked that

0, m#n,

(U, u
(f9.co'Brt

m) m=mn,

and
(U up) = (upy, Juy)
= M(fp Ci B ) = (£ CUYC5 )
+E(f5, Ca By ) = Am(CL By s )
+(CT'C5 f £3) — R(CT BT 2 1)
= (A = An)(fr C'BTUSY)
= K = An)(f0, Co "B =0
m,n € A.

This completes the proof. B

Theorem 1

If operator M satisfies conditions (i)—(iv) and
C3f% = kBy'f9 (k is a constant), then its eigen-
function systems, which consist of {ul },ea and
{ul Ymea, are complete in X x X in the sense of
Cauchy principal value if and only if the function sys-
tems {f2 },nea are complete in X in the general sense.

Proof The necessity is clear. For the sufficiency,
[z,y]" €
X x X, there exist constant sequences {c2 },,c4 and
{c} }mea such that

it is sufficient to show that for any F' =

x
= D (cmtp + ). (11)

) meA

By Lamma 2, we can take

0o _ (F, “1>
T, ul)
1 _
= oo By @ B )
— (2, Cy 1 C5 f) + (@, G By ) = (us )]s
m e A,
1 (F, U0>
T, k)
_ 1 1 ~1p/-140
By B )
Thus
‘Pm( )
1
Z(anum +C ul ) _ Z (fm’ B fm) 7
= = 1/Jm( )
(f%:Ci'BrS)
where
pm () = Am(z,Cy B ) — (2,C G5 )

+ (2, Cy B = (v
- [;\m(x,C'ZlBl_lf&) -
- (y7f791)] 71na

m)]fo
(]J, C’4 1C;f7%)
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and

Um(y) = (2, Cy B ) = (2,07 Cy f)
+ (2, Cy By ) — (y fa)l
X (AmCy ' By, — CTICs £
— (2, CT' B )
—( (v, f)]
'Cs

z, Oy 102 fo ) —
X AmCy By iy = Cf
+C7 B )

From hypothesis (iv), it follows that

‘Pm()
2 (7201 BT

meA

=2

meA

,Clefl 0 0.
C4lB lfo)(x 4 1 fm)fm

Moreover, in view of Cj O = kB; ' f0, we obtain

Ym(y)
Z( CrBIR)

meA

=2

'mEA

(Y, fm)Ca " By -

s Cx 13 )

Since {f2 }mea is complete in X, there exist con-

stant sequences {70 },nea such that z = > 7919
meA

for any x € X described above. In fact, by simple

calculation, we find that

T’H’L - (.13 O 1B nL)/( 'rn?C IB fo)

Note that C;'B;y' is bounded, and then
{C’;lBl_lfgl}meA is complete in X. So for any y € X,

there exist constant sequences {7y}, , such that

y=Y_ mCi B £

meA

It is easy to see that

V0 = (v, £9)/(f2,

Thus, formula (11) is valid for any [z,y]T

Cy ' Br fo)-

€ X x X.
The proof is completed. W

4. Application of Theorem 1 in

elasticity

In order to show the correctness of Theorem 1,
we consider the plate bending equation and the free
vibration of rectangular thin plates with two opposite
sides simply supported. Namely, the general solution

of the problem is given by using the completeness of
eigenfunction systems for the product of two symmet-
ric operator matrices.

Example 1 Consider the plate bending equation

52 52 2
D(a2+a2> w=0,0<y<h, —I1<x<I(12)
4 Y

subjected to the boundary conditions for simply sup-
ported edges,

w(z,0) =w(z,h) =0 (13)
0*w(z,y)
TQQ = 0, fOI‘y = 0, h. (14)
Introducing the bending moment function
Pw  PPw
=-D(Z2+2= 1
" (5932 " 81/2) (%)
and setting
Ow Pw Pw
= —_— = D —_ s - —
b oz 1 <8x3+8x8y2)’ t m,
then we have
o |w| (01 q
Iz | ¢ 10( (6
[ 0 —82/0y
A R I R e
dx | ¢ —-9%2/0y®  1/D t

Differentiating the first equation in expression
(16) with respect to z, and then substituting the sec-
ond equation into it, we have

9?2 |w -0?/0y* 1/D
Ox2 - 2/9,2 (17)
T2t 0 —0%/0y t
Let
01
V1 = “ , U2 = 1 3 B = )
t 0 10
- 0 —0?/0y?
-0%/oy* 1/D
then
-0%/0y* 1/D
M= BC = /9y /
0 —0?/0y?

It is obvious that operator B is bounded. According
to boundary conditions (14) and (15), we have

124601-4
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w w(0) =w(h) =t(0) = t(h) = 0and ', ¢t/
(M) = 9(C) = c x x x| “0) =wh) =1(0) =t(h) 7
t are absolutely continuous, w”,t"” € X
|
where the Hilbert space X is taken as L?(0, h). fr =sin %% m,n=12....

Equation (17) can be rewritten as
It is easy to see that

= Muv;. (18)
fl _ DfO
If v1 can be solved from Eq. (18), then vy will be easily e n
given by the first equation in expression (16). (fo Ci ' B / — sin Ty sin Y= 0,
In order to obtain v, the completeness of eigen- i
function systems of operator M is required. By Cyfo = (h) Byfo,

straightforward calculations, the eigenvalues of M are
given by p,, = m?n%/h? (m = 1,2,...). The basic 0
eigenfunction u?, and the first order Jordan eigenfunc- B = { ] is invertible, B1Cy = 1/D is a positive-

tion ul of M corresponding to the eigenvalue ., are 10

definite operator, Cj 103 = —Do?/0y? is symmet-
0 1 . mrw T ric. Therefore, all assumptions of Theorem 1 are sat-
tm = {D Sy O] ' isfied. Noting that {f2 },;-%° are complete orthogonal
- mr 17T systems in Hilbert space X, we have {u?, +°°1 and
Uny = {sin Ty,sin hil/] yoomyn=1,2,.... {ul,};->°| that are complete in X x X by Theorem 1.
Now we give the general solution v(z,y) =
Here [v1,v2]T by using Eq. (18) and combining with the
1 mr completeness. The solution corresponding to the
fom = D sin s eigenfunction uf, = [D~' sin \/finy, 0]T
|
l(c eVHmT 4 cg e VHmT)gin My
v, = (creVFm® 4 ey VT = | D ' ° h
0

The solution corresponding to the eigenfunction ul, = [sin \/fmy, sin /imy] T is
D+x

m
(c1eVHm® 4 coge™ VHmT) gin Tﬂy

Vi = (1 VT 4 cp @™ VEnT) (g, + zuy,) = ( )sin -
cre HmT + Co e HmT Sin 7y
h

Using expansion theorem, the general solution of Eq. (18) is

+oo
= Z (dsnvg)m + dvlnv%m)
m=1
oo |:<Clm —+ (D =+ I)C%m> oVimT | <C2m + (D + :C)C%m> e~ ;LmE:| sin my

Z D D h 7

.omm
m=1 (Clm eVHmT + C%m e Nfrna:) sin Ty

U1

the unknown coefficients cgpm,ct,,, (k = 1,2; m = 1,2,...) can be determined by the other two given edges.
Substituting v; into the first equation in expression (16), vo can be obtained. Hence the full state vector v(x,y)
of Hamiltonian system is given easily as

i cim + (D+z)etm \ e , ((C2m+ (D +2)m \ _ | oo M 1
{( D e + D e sin h Yy
oo (Cim eVF™® 4 ch e VFmT) gin %y
(@, y) = Z mn VEmr 1 =V . T
m=1 T(qme Hm® — 5 €7 VEMT) gin Y
1
mmcim + (h+mn(D + x))clm Vi _ [ MTC2m + (mn(D 4+ x) — h)cam oV | gin my
I Dh Dh n Y]
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To justify Theorem 1, we will directly verify that
the eigenfunction systems of M are complete. In fact,

we have
<u9mug> = <u}nau111> =0,
h
0 1y — (f0 o-lg-1g0y_
<umﬂun> ( m7C4 1 fm) 2D
For any F' = 1) € X x X, taking
9(y
CO _ <F7 u717L>
o (ul, ugy)
ZD( h mm
= — f(€)sin ——&d¢
h 0 h
h
- [ at@sin 5 eac).
1 _ <F7u(7)n> _ 2 "
Cm = W0 uly h g(§) sin —£d¢,
we have
+oo
> (g, + cur,)
m=1

2 . .
s =(fy F(§)sin €d€) sin Ty

=t | 20 9(€)sin T edgsin 0y

Clearly, the first component and the second com-
ponent of the above expression are the Fourier series
of f(y) and g(y) expanded by the orthogonal function
systems {sin Ty}j;f:ol in the space L?(0,h), respec-
tively, so that they are convergent. This means that
the eigenfunction systems of operator M are complete
in X x X. Hence the correctness of the theorem is
verified.

Remark 2 The eigenfunction systems of the off-

0 B
diagonal Hamiltonian operator H = { } in Exam-

ple 1 are complete in the space L2(0,h) x L?(0,h) x
L?(0,h) x L?(0,h), Theorem 1 reduces the dimension
of the problem. Next we shall cite an off-diagonal
Hamiltonian operator H, of which eigenfunction sys-
tems corresponding to some eigenvalues are incom-
plete. However, the eigenfunction systems of operator
M = BC(C' are complete in the case. Hence the follow-
ing example specifies the feasibility of our approach.

e X xX

Example 2 Consider the free vibration of rect-
angular thin plates with two opposite edges simply
supported, described by the following equation:

92 92\’ )
D= += - = 1
(8x2+8y2) W — pw*W =0, (19)
0w
W=0, — =0, fory=0and y = 1.
Oy?
Introduce the bending moment functions
o?wW o*wW
M. = _D( Ox? v Oy? >’
*w 0PW
M, =—-D| — —
( o o >

and add the above two formulas, then we will obtain

M, + M, = —-D(1+v) > W.

Setting
My+M, 0w oM
= - 7 = _ = 9 _— =
Dty VW =t =
90 _o*w - W
or  0x2 oy?’
2 2 2
%zﬁM:_aM_FﬂW’
Ox Ox? Oy D

equation (19) can be derived into the following sepa-
rable Hamiltonian system:

0 0 01
0 0 10
o _ o (20)
o pw?/D —8%/0y* 0 0
/e 1 00
where v = [W, M, ¢, 0]T.
Let
w
'U(J?,y) = [’U1T7’Ug]T7 U1 = M , U2 = 9 3
01 2/D —0?/0y?
B= .= p/ /9y ,
10 ey 1,
then
—0%/0y? 1
¥ = Mv,, M = BC = /9 L (21)

pw?/D  —0%/0y?

W(0) = W(1) = M(0) = M(1) = 0and W', M’

M are absolutely continuous, W”, M" € L?(0,1)

124601-6



Chin. Phys. B Vol. 20, No. 12 (2011) 124601

where X is taken as L%(0,1).
We first indicate that the eigenfunction systems
associated with some eigenvalues of the off-diagonal

Hamiltonian operator

0 0 0 1
0 0 1 0
H =
pw?/D —d?/dy? 0 0
—d?/dy? 1 0 0
in Eq. (20) are incomplete. In fact, straightforward

calculations show that the eigenfunctions associated

P
p \““ VD

with the eigenvalues

Am = (sgnm)\/ (mm)2 +
of H are given by

T
1. : . Am .
Y,, = |- sinmmy, sinmny, \,, sinmny, — sinmnwy| ,
a a

(F,Y_p,) a
Cm = =
<Ym,Ym> 2Am
L _(PYn) __a
Y, o) 2\

Substituting them into Eq. (22), we have

+oo
Z CmYm + C_mY_m
m=1
(L(fr + L fo) sinmred€) sinmamy
= (fol(a f1+ fo) sinmméd€) sinmmy
N mzz:l (fol(f + afy)sinmréd€) sinmmry | (24)
(fol(éfz + f4) sinmw€d€) sinmmy

In the particular case of F = [fi, f2, f3, fa]T

[2,0,2,0]T € X x X x X x X, equation (23) leads
to
2 (fiy 2sinmrede) sinmmy
0 400 a(fol 2sinmr€d€) sinmmy
- 25
2 mZ::l (Ji 2sinmrede) sinmmy (25)
0

1
- (fol 2sinmn€d¢€) sinmmy
a

However, the formal series (24) is not convergent to
[2,0,2,0]T. Clearly note that

1
2(/ sinmwfdf) sinmmy = 1,
0

—+oo

>

m=1

m=41,42,....

Here sgnm is the usual sign function.

It is easy to verify that

0, m#n,

<YmaY—n> =
2Am/a, m = n.

(22)

Jis

complete in X x X x X x X, then there exist constant

If eigenfunction system {Y,|m = +1,+2,..

sequences {cp, }52° and {c_,,} 1> such that

—+o0
F= Z (emYm + C—mYom)

m=1

(23)

for any F = [f1, fa, f3, fa] "
the orthogonality relationship (2

€ X x X xX x X. By
2), the constant se-

quences are determined by

1
/ Ounfi+ 2y 24 ) sinmrede,
o a a

! A 1 .
/ Amf1+ = fo— = f3 — fa) sinmm&dE.
0 a a

so {Y,,|m = £1,£2,...} is incomplete in the sense of
Cauchy principal value in X x X x X x X.
Following our method, direct calculations show
that the eigenvalues of the operator M are u,, =
(mm)? + \/pw?/D, the eigenfunction u?, and the first
order Jordan eigenfunction u associated with p,, re-

spectively are

T
uﬂl: [ sinmwy,sinmwy} ,
a
1 T
u}n:[—QSinmﬂJ,O} , m=1,2....
a
Here,
o 1. 11
fo = o sinmmy, fm = — 3 sinmmy,
2
= %7 m:1,27....

As can be easily seen, all assumptions of Theorem 1
are satisfied. According to Theorem 1, the eigenfunc-
tion systems of operator M are complete in X x X
because {f,%}:;ol is complete. On the other hand, it
can be checked that

(ts ) = (U ) = 0,

(s ub) = (£ O BT 0) = 507

124601-7
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Taking *2’0 2(f01 f(&) sinmr&dE) sinmmy
F 1 1 - — 1 . .
& = <<07un;>> _ 2/ o(E)sinmme e, m=1 | 2( [y g(&) sinmm&d§) sinmmy
Uy, W 0
<LF Z(L) ) Clearly, the first component and the second com-
‘33n = - ﬁ ponent of the above formula are the Fourier series of
" ml f(y) and g(y) expanded by the orthogonal function
= —2a2</ f(&) sinmméde system {sinmmy} > in the space L?(0,1), respec-
N 0 tively. Thus they are convergent. This means that
1 ; ; X <
_ - / 9(€) sinmméd 5) ’ juhe eigenfunction systel.nb of.operator M are complete
aJo in X x X. Theorem 1 is valid.
we have In a way similar to that for Example 1, we easily
. obtain the state vector v(x,y) = [W, M, p,0]T of the
f (co W0 4kl ) free vibration of thin plates with two opposite edges
= meme s mem simply supported as

U(l‘7y) = [W(l’,y),M(l’,y),(p(w,y),e(l’,y)]T
i [aclm + (ax — ety

1
acam + (ax — 1)62m —VAma
a? ¢

eAm:c+ >
a

} sin mmy

[(cim + zClp) eV 4+ (Com + zCh) €~ VA" sinmrry

[(c1mVAm + (1 + 2V Am)etm) €V — (camvVAm + (v Am — 1)cd,,) e VA% sinmmy
{a\/)\mclm + (a + (az — 1)\/)\m)c%m oVAme _ avVAmeam + ((ax — 1)V Am — a)cém o= VAmz

a? a?

—+oo
m=1

} sin mmy

where the unknown coefficients cg,,, c}fm (k=1,2;m=1,2,...), can be determined by the boundary conditions

of other two given edges.

5. Numerical test

Consider Example 2 in the rectangular region 2 : 0 < z < [,0 <y < 1. The boundary conditions on the
z-sides are

Wyy =M, =0, =0, Wyy=2, My, =0, z=1.

According to the above boundary conditions, the unknown coefficients of Eq. (25) can be determined by

[IVAm (1 = la) — 2 eV — [Iv/ A (1 + la) — 20 e~V Am

_ Je
“im = 2 — e~ VAm)? ’
VAR =la) + 2] eV — [IVXn (Lt la) + 20 VA e,
Cam = 2V m — o= )2 P m T T T VA VA

Table 1. Vibrations of vector v1(z,y) in Eq. (21) with the
number of expansion terms increasing.

Let I =5 and w = 34/D/p, where p is the mass den-
sity, D is the bending stiffness, then we will have

m w M

a=+/pw?/D =3. m=1 -0.00801705 -0.0251934

Table 1 gives the vibrations of the vector vi(z,y) in m =2 ~0.00801704 ~0.0251933
E 21 t th idpoint — (2505 ‘ ¢ m =3 —0.00801702 —0.0251932
a- (21) at the midpom (@,y) = (2.5,0. ) of rect- m=4 ~0.00801702 -0.0251932
angular region, with the number of expansion terms m=5 —0.00801702 —0.0251932
increasing. It can be seen that the numerical results m =10 ~0.00801702 ~0.0251932
tend to be the same value, with the number of expan- m = 20 -0.00801702 -0.0251932

sion terms increasing.
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6. Conclusion

In the present paper, we proved the complete-
ness of the eigenfunction system for the product of
two 2 X 2 symmetric operator matrices. Based on the
proved theorem, some components of the general so-
lution for a separable Hamiltonian system were de-
rived rationally. By the structural properties of the
4 x 4 off-diagonal Hamiltonian operator, the remain-
ing components were simply obtained. Hence the gen-
eral solution of the separable Hamiltonian system has
been given.

Applying the theorem studied in this paper, the
general solutions of the plate bending equation and
the free vibration of rectangular thin plates were ob-
tained. From the numerical test, we imply that the
convergence rate of the general solution is more rapid.
This indicates that our method is valid.
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