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The problem of delay-dependent asymptotic stability for neural networks with interval time-varying delay is

investigated. Based on the idea of delay decomposition method, a new type of Lyapunov—Krasovskii functional is

constructed. Several novel delay-dependent stability criteria are presented in terms of linear matrix inequality by using

the Jensen integral inequality and a new convex combination technique. Numerical examples are given to demonstrate

that the proposed method is effective and less conservative.
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1. Introduction

During the past decades, neural networks (NNs)
have been extensively investigated because of their
successful applications in various fields such as signal
processing, pattern recognition, image processing, as-
sociative memory, and combinatorial optimization.!"!
However, integration and communication delays are
inevitably encountered in the implementation of arti-
ficial NNs, which may lead to instability and oscilla-
tion. Thus, the issue of stability analysis of NNs with
time-delay has been received much attention in recent
years. By employing the Lyapunov—Kraskovskii (LK)
stability theorem, the derived stability criteria for de-
layed neural networks (DNNs) can be classified into
two categories, namely, delay-independent ones!?>—?
and delay-dependent ones.[6—28]

As is well known, since the delay information is
contained in the delay-dependent condition, great ef-
forts have been devoted to the delay-dependent sta-
bility analysis for DNNs.
dependent criteria is to achieve a maximum admis-
sible upper bound (MAUB) of the time delay such
that the DNNs are asymptotically stable for any de-
lay less than the MAUB. The larger the MAUB of the
time delay, the less conservative the delay-dependent

The main aim of delay-

stability criterion will be.[2?!
In Ref. [11], the delay-dependent stability crite-
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ria for DNNs were derived by introducing a new type
of Lyapunov—Krasovskii functional (LKF). Based on
a Newton—Leibniz formula, a new stability condition
was developed in Ref. [12]. In Ref. [13], a novel delay-
dependent stability criterion for DNNs was obtained
by using the free weighting matrix method. The re-
sult in Ref. [13] was further improved in Ref. [14] by
considering some useful terms which were ignored in
Ref. [13] when estimating the upper bound on the
derivative of the LKF. With the construction of a new
LKF and some advanced techniques, a less conserva-
tive delay-dependent stability criterion was obtained
by Shao.['] In order to reduce the conservatism, some
augmented LKF's or new techniques were proposed in
Refs. [16]-[19]. Recently, some new LKFs based on
the delay decomposition method were constructed to
investigate the stability of NNs with delay,[20=24 and
some less conservative delay-dependent stability crite-
ria were derived.

However, in most of the existing results, the range
of time-varying delay for DNNs is always assumed to
be from 0 to an upper bound. Such a restriction is
very conservative. In practice, the time-varying delay
may be an interval delay, which implies that the lower
bound of the delay is not restricted to being 0. In this
case, the stability conditions for neural network with
time-varying delay in Refs. [6]-[24] are not applicable
because they do not take into account the information
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about the lower bound of delay. Therefore, it is of
great importance to investigate the delay-dependent
stability criteria of DNNs containing a nonzero lower
bound of interval time-varying delay.

In Ref. [25

the derivative of a new type of LKF, the relationship

|, when estimating the upper bound of

between the time-varying delay and its lower and up-
per bounds was taken into account, and some delay-
interval-dependent stability criteria for delayed neural
networks were presented. In Ref. [26], a new type of
LKF was introduced, and some new delay-dependent
stability criteria were proposed by using the free-
weighting matrix method. In Ref. [27], by construct-
ing an augmented new type of LKF which contains
some triple-integral terms, several improved delay-
dependent stability conditions were derived. However,
these mentioned results are still conservative to some
extent, which leaves room for further improvement.

In this paper, the delay-dependent asymptotic
stability for NNs with interval time-varying delay is in-
vestigated. In order to reduce the conservatism, based
on the delay decomposition method, a new type of
LKF is proposed. By employing the Jensen integral
inequality and a new convex combination technique,
some less conservative delay-dependent stability cri-
teria are derived in terms of linear matrix inequality
(LMI). Numerical examples are given to demonstrate
the effectiveness of the presented method and to show
that this method is less conservative than some exist-
ing ones.

Throughout this paper, the notion P > 0 (P >
0) means that P is symmetric and positive-definite
(positive semi-definite); the superscript “T” repre-
“I” and “0” denote the iden-
tity and zero matrix with appropriate dimensions;
diag{ly,la,...,1
the symmetric terms in a symmetric matrix are de-

sents the transpose;
n} refers to a block diagonal matrix;

noted by *.

2. Problem formulation

Consider the following NNs with interval time-
varying delay:

Z(t) = —Cz(t) + Af(z(t)) + Bf(2(t —

where z(t) = [z1(¢),22(1),.

ron state vector, f(z(t))

Fn(za(®)]T
C = diag{ci,ca,...,

d(t))), (1)
2,(H)]T is the neu-

[f1(21( ), fa(z2(t)), -,
denotes the neural activation function,
¢n} is a constant positive di-
agonal matrix, A and B are the connection weight

matrix and the delayed connection weight matrix, re-
spectively, d(t) is a time-varying function satisfying

hi <d(t) < hg (2)
and
d(t) < p (3)

with he > hy > 0 and p being a constant. It is as-
sumed that each neuron activation function f;(-) is
bounded and satisfies the following condition:

osf"fi)ski, fi(0) =0,
Vz; #0, i=1,2,...,n, (4)

where k; are positive constants.

Without loss of generality, here we assume DNNs
(1) to have a zero equilibrium point. After the trans-
formation of the equilibrium point, error system (5)
in Ref. [27] is equivalent to the given model (1) in this
paper. Furthermore, the main results in Ref. [27] are
based on system (5). Thus in this paper, we only give
the system (1) and continue to investigate the stability
problem directly. How to make the transformation of
equilibrium point is omitted here, which is very simple
and can be found in Ref. [27] and so on.

In addition, we need the following Jensen inte-
gral inequality which plays an important role in the
derivation of the main results.

Lemma 1% For any positive symmetric con-
stant matrix M > 0, there exist scalars 1 and ro sat-
isfying ro > r1 and a vector function w : [r,r9] — R"
such that the integrations concerned are well defined,
then

—(re — rl)/t h wl(s)Mw(s)ds

—7g

([ o) ([ )

3. Main results

In this section, we continue to study the delay-
dependent stability criteria of NNs described by
Eq. (1) with time-varying delay satisfying inequalities
(2) and (3). First, we introduce a new type of LKF as
follows:

V(t) = Vi(t) + Va(t) + V3(t), (6)

where
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t—hq
Vi(t) = zT(t)Pz(t)—&-/td(t) T(s)Ry2(s)ds + 2\ Z/ Fils ds+/t PRACCLYCO
T
Va(t) = /t o) Q@ || ds
’ t—3h | 2(s — 3hy) * Q3 Z<5_ hl)
T
+/t‘h1 z(s) Qs Qs | | z(s) ds
t—he | z(s— %hm) x Qg z(s — %hm)
T
+/t 2(s) Q7 Qs | | z(s)
t—L1hy | Z(s — %hg) * Qg Z(S—*hg) 7
1 0 t hi/2
Va(t) = 2h1/;h1 /He T(5)Z12(s)dsdd + hl/ /w §)Za2(s)dsdd
—hy t
—|—%h /ha/ 2V (s)Z32(s) dsd@—&—;h /h2 /+0 $)Z42(s)dsdl
1 1 h2/2
+2h /h2/2 /+0 $)Z5z(s)dsdf + 2h2/ /+0 s)Zgz(s)dsdé,

with P>0, Ry >0, Ry >0, Z; >0 (i=1,2,...,6),
Q1 Q: >0, Q1 Qs >0, Q7 Qs >0
* Qs * Qg * Qo

of appropriate dimensions, \; > 0 (i = 1,...,n),

he = (h1 + h2)/2, and h,, = ha — hq.

Remark 1 It is well known that it is difficult
to derive a less conservative result by employing the
identical LKF and the delay decomposition method is
useful for the reduction of conservatism. For the pur-
pose of saving the time consumed and simplifying the
expressions, a new LKF in the form of expression (6) is
constructed, where the intervals [—hy, 0], [-h1, —hs],
and [—hg, 0] are divided into two divisions, respec-
tively. It is obviously that LKF (6) can make sufficient
use of not only the information about the lower and
upper bound of the delay but also some additional de-
layed state information, e.g., z(t—1h1), 2(t—hy), and
z(t — %ha). At the same time, the information about
the lower bound of the delay was used in LKF (6) by
introducing the integral terms ftt__;(;) 2T (s)Ryz(s)ds.
As discussed in Ref. [27], the lower bound of the delay
used effectively is helpful to reduce the conservatism.
Therefore, such an LKF is expected to be effective in
the reduction of conservatism.

In the following, some less conservative delay-
dependent asymptotic stability criteria are obtained
and formulated in the form of LMI.

Theorem 1 For given scalars ho > h; > 0 and
i, system (1) is asymptotically stable for any time-
varying delay satisfying inequalities (2) and (3) if there

exist matrices P > 0, Ry > 0, Ry > 0, Z; > 0

(i=1,2,...,6),
Q Q2 >0, Qs Qs >0, Q7 Qs >0,
* Q3 * Qg * Qg

A = diag{\i,N\,..., A} > 0 and W; =

diag {W1;, Wy, ..., Wy;} > 0 (i = 1,2), with appro-
priate dimensions such that the following LMIs hold:

X, —3I' Zs1T, — I} Z51T, < 0, (7)
X\ — IO Z3II, - 3115 Z311, < 0, (8)
Xy — 311} Z,ITs — I} Z,I1, < 0, (9)
Yo — IIJ ZyII3 — 31T Z4II, < 0,  (10)

where

> =2-1}2,n+ E'UE,
=2 -TI} 27+ E'UE,

T
r'=[ooo00o00710 1],

T
rf=loo0oo0001 -100],
T
of=[o 10001 000],
T
mf=[o 10000 -Io00],
T
mf=[o 1000071 00],
T
mf=o 1000000 —I],
ET:[—COABOOOOO}T,
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1
U= (M2 +1Zs + h3, Zs + by Za + W3 Zs + h3 Zs),

(20 0 25 2 25 0 0 25 0 ]
* 25 0 25y O 0 0 0 0
* * 2335 234 O 0 0 0 0
* * x* 2 0 0 0 0 0
2= * * * (25 S256 O 0 0o |,
* * * * * 266 267 0 0
* * * * * x (27 0 $2
* * * * * * * 28 f2g9
| * * * * * * x  f299 |
\
2, =-PC—-C"P+Q+Q7—Z — Zs, 253 = Qo — Q7 — Z5 — Zg,
13 =KW, + PA-C"A, {2, =PB, 259 = —Qs + Zs, 299 = —Qs — Q9 — Zs,
215 =Q2+ 21, (s =Qs+ Zs, K = diag {ky, ko, ..., kn}.
290 = —(1—p)Ry, 294 = KWy,
233 = —2W; + ATA + AA+ R,, Proof Taking the time derivative of V() in

Q4 = AB, 24— —(1— )Ry — 2W,, Eq. (6) along the trajectories of Eq. (1) yields

255 =Q3 —Q1— 21— Z2, (256 =—-Q2+ Zs, V(t)le(t)+I'/'2(t)+V§(t), (11)
¢ = Ry — Q3+ Q4 — Zo,
67 =Qs5, 27 =-Qs+Qs, 279 =-Qs5, where

Vi(t) < 22T () P2(t) + 2T (t — h))Riz(t — hy) — (1 — p)2" (¢t — d(t)) Ry z(t — d(t))
+2f T (2())A2(t) + [T (z())Raf (2(1) — (1= p) f T (2(t — (1)) Ra f (2(t — d(1))),

(
z(t) | &t =5h) ' Q1 Q| | 2(t—35h)
Z(t*%hl) Z(t*hl) * Q3 Z(t*hl)
N -m)] (@@ [=6-m] [=¢-10] [@@s] [2¢-n
_z(t—ha) * Qg z(t — ha) z(t — ha) * Qg z(t — ha)

z(t) B z(t — $ho) : Q7 Qs | | z(t — 3h2)
2(t— hy) 2(t — hy) £ Qo |2(t—hy) |

z(t) : Q1 Q-
) * Q3

¢ t—h1/2 t—hy
Va(t) = 2T ()U2(t) — %hl/ 2%(5)Z12(s)ds — fhl/ 2% (5)Zy2(s)ds — ihm/ 2% (s)Z32(s)ds
t—3hy t—hy t—hq
1 t—hg t t*ghz
— fhm/ 21(s)Z42(s)ds — 7h2/ 2T(s)Z52(s)ds — th/ 2% (s)Zgz(s)ds
2 t—ho 2 t*%hQ 2 t—ha

Using Lemma 1, the following inequalities hold:

—%hl /tthl/ 2%(s)Z,2(s)ds < —(z(t) - z(t - ;m))TZl (z(t) - z(t - h1>), (12)

1
2
_%hl /tt_hl/2 2T(8)Zo2(s)ds < — (z (t - ;h1> —z(t— hl))TZQ (z (t - ;hl) —z(t— h1)>, (13)

T
—%hg /:M/Q 2T(s)Z12(s)ds < — (Z(t) - z(t — ;h2>>TZ5 (z(t) —z (t - ;h2)>, (14)
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—%hl /::2/2 £T(s)Zs2(s)ds < — <z (t — ;h2) —2(t— hg))TZG (z (t — ;hz) —z(t - h2)>~ (15)

Depending on whether the time-varying delay d(t)
belongs to the interval hy < d(t) < h, or h, < d(t) <
ho, we will prove the result in two cases.

Case 1 hy <d(t) < hg.

Using Lemma 1, one can obtain

1 t—ha
—fhm/ 2V (s)Z42(s)ds
2 t—ho

—(2(t— hg) — 2(t — ho))T
X Zy(z(t — he) — z(t — h2)),

1 t—hq
—fhm/ 2V (s)Z32(s)ds
2 Jiha

IN

(16)

t—h1
= —(ha — hl)/ 2T (s)Z32(s)ds
t—d(t)

t—d(t)
— (ha — hl)/ 21 (s)Z32(s)ds

t—hg
(ha —
< —m(z(t —h1) —

(17)

In the following, in order to estimate the upper
bound of —3hy, ftt__:: 2T(s)Z32(s)ds more tightly,
the idea of the delay partition method®? will be
employed. For simplicity, we divide the interval
[h1, he) into two subintervals, ie., [h1, %(ha + h1)]
and [ 1(hq + h1), he). For the subinterval of h; <
d(t) < (hq + h1), similar to that in Ref. [30], it is
easy to have the following inequality:

he — h1 hg — h1
> 4. 1
a0 —hy e —d) = (18)

According to the above inequality, we can obtain

1 t—hl
—7hm/ 2T (s)Z32(s)ds
2 t—hg

ha — h1

< -(- m)(z(t —h1) = z(t—d(t))"

x Z3(z(t — hy) — z(t — d(t)))

he — h T
_ m(z(t —d(t)) — z(t — ha))

X Z3(z(t —d(t)) = 2(t — ha)). (19)

From inequality (4), the following inequality holds
for any W, = diag {Wy;, Wo;,...,W,;} > 0 (i =
1,2):

227 (t) KW f(=(1)) — 2 (2(t)) Wi f(=(1))

+ 22" (¢ — d(t) KWaf(2(t — d(t)))

= 2fT(2(t — d(1))Waf(z(t - d(1))) 2 0. (20)

Hence, according to expressions (11)—(16), (19), and
(20), we have

V() < €T (1)(Z) — <4 - m>H1TZ3H1
- I ZILE) (21)

where §(t) = [27(t) 2T (t—d(t)) fT(z(t)) fT(z(t-
dt)) 2Tt —1hy) 2T(t—hy) 2Tt —he) 2T(t—
%hz) ZT(t—hg)]T.

Since

ha*hl T ha*hl T
M- (4——— |II{ Z31I, — ——I1, Z31I.
' ( m—d(t)) PO —d() T T

is a convex combination of the matrices IT;" Z3IT; and
I1; Z3 105,

ha_hl T
¥ - (4- 2" Vg TZ.00
' ( m—d(t)) Lo
ha_hl T
_ D m M g z.00
he —d(t) T2 2312 <0

holds if and only if

X\ — 3I} Z3IT, — I Z31IT, < 0, (22)

and

X, — 2IIL Zs 1T, — 21T Z51I1, < 0. (23)

If inequalities (22) and (23) hold, then we have V() <
0 and system (1) is asymptotically stable according to
LK stability theory.

On the other hand, for the subinterval of %(ha +
h1) <d(t) < hg, we have

1 t—hl
—7hm/ 21 (s)Z32(s)ds
t

2" o
he — h1
< —m(z(t —hy) = z(t —d(1))"

x Z3(z(t — hy) — z(t — d(t)))

. H)u(t —d(t) — 2(t — h))"

x Zs(z(t — d(t)) — z(t — ha)). (24)
Thus, V(¢) < 0 holds if inequalities (23) and
X — Y Zs00, — 311 Z311, < 0 (25)
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are satisfied. Clearly, inequality (23) holds if in-
equalities (22) and (25
tice that inequality (22) is equivalent to inequality (7)
and inequality (25) is equivalent to inequality (8). So
V(t) < 0 holds for h; < d(t) < h, when inequalities
(7) and (8) are satisfied.

Case 2 h, < d(t) < ha.

For this case, the treatment process is similar to
that in Case 1. It can be proved that V(t) < 0 holds
if and only if

) are true. In addition, no-

Xy — 31T} Z,IT5 — IT} Z,I1, < 0, (26)
and
Xy — IT} Z, 013 — 31T} Z,I1, < 0. (27)

And also, notice that inequality (26) is equivalent
to inequality (9) and inequality (27) is equivalent to
inequality (10). So, V(t) < 0 holds for h, < d(t) < hg
when equalities (9) and (10) are satisfied.

Thus, the proof is completed.

Remark 2 In Refs. [26] and [27], the inequality

ha — hy ha — hy

TA) )

was actually utilized when h; < d(t) <
h2 However, While estimating the upper bound

—2hm, ft g 2T (s)Z32(s)ds, the delay partition
method and a new inequality

- heg — 1
dt) — hy

ha_hl

_ < _
he —d) =

were used when h; < d(t) < h,. To this point, the
upper bound of V(t) can be estimated more tightly.
Then, combining a new convex combination tech-
nique, several novel stability conditions are presented
in terms of solutions to a set of LMIs. The obtained
conditions are less conservative than existing results,
which will be illustrated through some numerical ex-
amples.

Remark 3 The method proposed in this pa-
per involves neither any free weighting matrices nor
any useful terms that are neglected when estimating
the cross-product terms, so it has much fewer decision
variables, thereby reducing the complexity in compu-
tational demand.

In fact, Theorem 1 provides the criterion for
DNNs with a differentiable function d(¢) satisfying
d(t) < pand hy > hy > 0, where y is a given constant.
If the time-varying delay d(t) is not differentiable or p
is unknown, by choosing R; = 0 and Ry = 0, a rate-
independent criterion can be derived from Theorem
1.

Corollary 1 For given scalars ho > hy > 0, sys-
tem (1) is asymptotically stable for any time-varying
delay satisfying inequality (2) if there exist matrices
P>0,7Z>0(i=12,...,6),

Q: Q2 >0, Qs Qs >0, Q7 Qs >0,
* Q3 * Qg * Qg
A = diag{A,A,..., At > 0, and W; =

diag {W1;, Wy, ..., Wy,;} > 0 (i = 1,2) with appro-
priate dimensions such that the following LMIs (7)-
(10) hold with Ry =0 and Ry = 0.

Remark 4 When h; = 0 and hy > 0, the in-
terval time-varying delay reduces to routine delay, the
corresponding LKF can be chosen as follows:

V() = 2"

(t)P=z(t) —|—/t 2V (s)Ryz(s)ds

—d(t)

—1n
1

+z hg/ / $)Z5%(s)dsdé
2 —1hy Jt+6

—Lh,
+- hz/ /
t+0

Similar to the proof of Theorem 1, we can easily de-
rive the result. Due to the limitation of the space, it
is omitted here.

$)Zs2(s)dsd. (28)

4. Numerical examples

In this section, we will give two examples to
demonstrate that the proposed delay-dependent sta-
bility criteria are effective and less conservative.

Example 1 Consider the DNNs as those in
Refs. [25]-[27] with

C = diag {1.2769,0.6231,0.9230, 0.4480} ,

—0.0373 0.4852 —0.3351 0.2336
—1.6033 0.5988 —0.3224 1.2352
0.3394 —0.0860 —0.3824 —0.5785
—0.1311 0.3253 —0.9634 —0.5015
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0.8674 —1.2405 —0.5325 0.0220
0.0474 —0.9164 0.0360 0.9816
1.8495 2.6117 —0.3788 0.8428
—2.0413 0.5179 1.1734 -0.2775
k1 =0.1137, ko = 0.1279,
ks =0.7994, and k4 = 0.2368.

The objective of this example is to achieve the MAUB
of hg for given lower bound h; and various p values
such that the DNNs are asymptotically stable. The
corresponding upper bounds on hy are listed in Table
1. According to Table 1, it can be shown that the re-
sults obtained in this paper are less conservative than
those in Refs. [25]-]27].

Table 1. MAUB of hy for various values of h; and p for
example 1.

h1 Methods p=05 =09 Unknown p
1 He et al.[25] 2.5802  2.2736 2.2393
Tian et al.26] 27209  2.3811 2.3114
Sun et al.271 26869 = 2.3924 2.3540
Our result 3.0015 2.7111 2.7034
2 He et al.[25] 2.7500  2.6408 2.6299
Tian et al.26]  2.8606  2.7273 2.6950
Sun et al.271 28475  2.7375 2.7190
Our result 3.1843 3.0952 3.0927

Example 2 Consider the DNNs as those in
Refs. [25] and [27] with

10 -1 0.5 -2 0.5
C = 5 A = 5 B =

01 0.5 —-1.5 0.5 -2
]4;1 = 0.4, and ]62 =0.8.

The purpose of this example is to obtain the
MAUB of hy for various values of hy; and u. The com-
parisons between Theorem 1 and Corollary 1 in this
paper and those in Refs. [25] and [27] are listed in Ta-
ble 2. This example shows that the method proposed
in this paper yields results that are less conservative
than those in Refs. [25] and [27].

Table 2. MAUB of hy for various values of h; and u for
example 2.

h1 Methods =08 =09 Unknown u
0.5  He et al.[29] 1.3566  1.1689 1.0263
Sun et al.27 1.3600  1.1786 1.0437
Our result 1.4882 1.2674 1.1083
0.75  He et al.[25] 1.3856  1.2110 1.0803
Sun et al.27  1.3900  1.2241 1.0972
Our result 1.5096 1.3130 1.1976
1 He et al.125]  1.4578  1.2887 1.1641
Sun et al.27 1.4692  1.2948 1.1774
Our result 1.5819  1.4308 1.3309

5. Conclusion

In this paper, we discussed the stability problem
of NNs with interval time-varying delay. By employing
a novel LKF, some less conservative delay-dependent
stability conditions are derived using the Jensen inte-
gral inequality and a new convex combination tech-
Numerical examples show the improvement
over some existing results.

nique.
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