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Solitary excitations in one-dimensional ferromagnetic

spin chains with biquadratic exchange interaction∗
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By using the traveling wave method, the solutions of the elliptic function wave and the solitary wave are ob-

tained in a ferromagnetic spin chain with a biquadratic exchange interaction, a single ion anisotropic interaction and

an anisotropic nearest neighbour interaction. The effects of the biquadratic exchange interaction and the single ion

anisotropic interaction on the properties (width, peak and stability) of the soliton are investigated. It is also found that

the effects vary with the strengths of these interactions.
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1. Introduction

The investigation of one-dimensional (1D) fer-
romagnetic spin chains which goes back to Bethe[1]

has been studied in different aspects: theory, exper-
iment, and numerical simulation. Great improve-
ments have been gained.[2−23] In modern nonlinear
science, the field of 1D ferromagnetic systems is wide-
ranging and developing rapidly. Over the past sev-
eral decades, much effort has been made to study the
origin of the biquadratic exchange interaction.[24−28]

These studies[29−31] have demonstrated that the bi-
quadratic exchange interaction gives essential modifi-
cations to the thermodynamic properties of the fer-
romagnetic chains. However, previous research[32−34]

does not take into account the biquadratic interaction.
In the present paper, we consider the effects of the
biquadratic exchange interaction and the single ion
anisotropic interaction on the properties of the soli-
ton in a discrete ferromagnetic chain by the traveling
wave method.

In Section 2, the Hamiltonian of the system is in-
troduced and the dynamical equation of the Bose op-
erator is derived. The nonlinear Schrödinger equation
for the probability amplitude is established by using
the Glauber coherent state and the continuum limit.
In Section 3, the nonlinear Schrödinger equation is
solved by using the traveling wave method, and solu-

tions of elliptic function wave and solitary wave are
obtained. The effects of the biquadratic exchange in-
teraction and the single ion anisotropic interaction on
the properties (width, peak and stability) of the soli-
ton are discussed in detail. Section 4 is devoted to the
conclusion.

2. Hamiltonian and equation of

model

The model is a discrete spin chain, and the Hamil-
tonian can be described as

H = −J

2

∑
l,ρ

(S+
l S−

l+ρ + S−
l S+

l+ρ)

− J ′
∑
l,ρ

Sz
l Sz

l+ρ − D
∑

l

(Sz
l )2

− K
∑
l,ρ

(Sz
l )2(Sz

l+ρ)
2, (1)

where the sums runs over the lattice sites which are
separated by lattice space a. The index ρ denotes
the nearest neighbour of each lattice. In addition,
Sδ

l (δ = x, y, z) is the δ component of the spin vec-
tor on site l, and S±

l = Sx
l ± iSy

l .
The first two terms in Hamiltonian (1) represent

the nearest neighbour exchange energies. J and J ′ are
exchange integrals and are positive. When J ′ 6= J , the
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ferromagnetic chain is anisotropic; only when J ′ = J ,
D = K = 0, will the ferromagnetic chain be isotropic.
The third term is the single ion anisotropy energy that
appears because of the crystalline field. D is the single
ion anisotropic parameter. The fourth term represents
the biquadratic exchange interaction. The parameter
K is the strength of the biquadratic exchange inter-
action in the classical approximation. The necessity
to include this term goes back to Anderson[24] who
gave its interpretation in terms of a superexchange
mechanism. Alder[35] held a discussion about the bi-
quadratic exchange interaction based on the exten-
sive review of experimental results, which proved the
importance of this term in a variety of compounds.
Kapor and Skrinjar[36] gave another interpretation
of the biquadratic exchange interaction in terms of
three-spin exchange interaction. In the ferromagnetic
ground state, the parameter K must satisfy the fol-
lowing conditions: when S = 1, 0 < K < J/2; and
when S > 1, −J/S(2S − 3) < K < J(S + 1)/S2.[37]

For the spin operators, we use the Holstein–
Primakoff transformation

S+
l = (

√
2S − a†

l al)al ≈
√

2S

(
1 −

a†
l al

4S

)
al,

S−
l = a†

l

(√
2S − a†

l al

)
≈

√
2Sa†

l

(
1 −

a†
l al

4S

)
,

Sz
l = S − a†

l al. (2)

Here, the quantity S represents the modulus of the
atomic spin at each site, and a†

l and al are the Bose
creating operator and the destroying operator on the
l-th site, respectively, satisfying the commutation re-
lations

[al, a
†
l′ ] = δll′ , [al, al′ ] = [a†

l , a
†
l′ ] = 0. (3)

Substituting Eq. (2) into Eq. (1) and keeping
terms to the fourth order in the Bose operators,
Hamiltonian (1) can be rewritten as

H = H0 + D(2S − 1)
∑

l

a†
l al − D

∑
l

a†
l a

†
l alal

+ S
∑
lδ

[J ′(a†
l al + a†

l+δal+δ)

− J(ala
†
l+δ + a†

l al+δ)] − J ′
∑
lδ

a†
l ala

†
l+δal+δ

+
J

4

∑
lδ

(a†
l a

†
l+δal+δal+δ + a†

l+δa
†
l alal

+ a†
l a

†
l alal+δ + a†

l+δa
†
l+δal+δal)

+ K
∑
lδ

[2S3(a†
l+δal+δ + a†

l al)

− S2(a†
l+δal+δa

†
l+δal+δ + 4a†

l ala
†
l+δal+δ

+ a†
l ala

†
l al)], (4)

where N is the number of atoms in the chain, and
H0 = −2J ′NS2 − 2KNS4 − NDS2 is the energy of
ground state.

The dynamical equation of the Bose operator is
then obtained via the Heisenberg equation of motion

i~
∂ al

∂ t
= [al,H]

= [4(J ′ − J)S + (D + 4KS2)(2S − 1)]al

+ 2JS(2al − al+1 − al−1) − 2Da†
l alal

− 2J ′
∑

δ

a†
l+δal+δal

+
J

2

∑
δ

(a†
l+δal+δal+δ + a†

l+δalal + 2a†
l alal+δ)

− 8KS2
∑

δ

a†
l+δal+δal − 8KS2a†

l alal. (5)

The Glauber coherent state |αl〉 is adopted, which sat-
isfies the relation

al|αl〉 = αl|αl〉, (6)

where αl = 〈αl|al|αl〉 is the probability amplitude of
the particle at site l. Further, by using |ψ〉 =

∏
|αl〉

to describe the system state and using the continuum
limit

αl(t) = α(x, t),

αl±1(t) = α(x, t) ± αx(x, t) +
1
2
αxx(x, t) + · · ·

(a = 1), (7)

equation (5) transforms into Eq. (8)

i~
∂α

∂ t
= [4(J ′ − J)S + (D + 4KS2)(2S − 1)]α

− 2JSαxx − 2J ′α|α|2xx

− 4
(

J ′ − J +
D

2
+ 6KS2

)
α|α|2. (8)

Assuming that the ferromagnetic chain forms a
closed ring, therefore αl(x, t) satisfies the periodic con-
dition

αl(x, t) = αl(x + l, t), (9)

where l = Na is the perimeter of the ring.
We search for the solution of Eq. (8) in the form

αl(x, t) = φ(η) exp i(kx − Et/~), where φ(η) is a real
function of η (η = x− ν t) and ν is the velocity of the
travelling wave. Then equation (8) becomes

k =
~ν

4SJ
, (10)
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[2JS + 4J ′φ2]φηη + 4J ′φφ2
η

+ 4(J ′ − J +
D

2
+ 6KS2)φ3

− [4(J ′ − J)S + (D + 4KS2)(2S − 1)

+ 2JSK2 − E]φ = 0. (11)

Defining

γ =
2J ′

SJ
,

µ =
J ′ − J + D/2 + 6KS2

SJ
,

λ =
4(J ′ − J)S + (D + 4KS2)(2S − 1)

2SJ

+
2JSK2 − E

2SJ
, (12)

we obtain the following nonlinear Schrödinger equa-
tion:

(1 + γφ2)φηη + γφφ2
η + 2µφ3 − λφ = 0. (13)

Accordingly, the periodic condition equation (9) turns
into

φ(η) = φ(η + l). (14)

3. Solutions of the equation with

different interaction strengths

Because the solutions of Eq. (13) are related to the
parameters γ, µ, and λ, the equation should be solved
in different cases. The solving process of Eq. (13) in
this paper is in the light of the process in Ref. [38].

3.1.Case of µ > 0, γ > 0, C > 0

By multiplying both sides of Eq. (13) with
2dφ/dη and integrating once, we have

(1 + γφ2)
(

dφ

dη

)2

= µ(φ2
1 − φ2)(φ2 − φ2

2), (15)

where

φ2
1 ≥ φ2 ≥ φ2

2, φ2
1 + φ2

2 =
λ

µ
, φ2

1φ
2
2 =

C

µ
(16)

with C being a constant.
Integrating Eq. (15) once again and through a

lengthy calculation, we can obtain the exact elliptic
function wave

1√
φ2

1(1 + γφ2
2)

dn−1

(√
1/φ2

1 + γ

1/φ2
2 + γ

, q

)

+
1√

φ2
1(1 + γφ2

2)

[(
φ2

1 +
1
γ

)
Π(τ, b, q) − 1

γ
F (τ, q)

]
=

√
µ(η − η0), (17)

where dn(x, q) is the third kind of elliptic function,
F (τ, q) and Π(τ, b, q) are the first and third kind of
elliptic integration, respectively. They are defined as
follows:

F (τ, q) =
∫ τ

0

dθ√
1 − q2 sin2 θ

, (18)

Π(τ, b, q) =
∫ τ

0

dθ

(1 + b sin2 θ)
√

1 − q2 sin2 θ
, (19)

where

q2 =
φ2

1 − φ2
2

φ2
1(1 + γφ2

2)
,

τ = arcsin

√
(1 + γφ2

2)(φ
2
1 − φ2)

(1 + γφ2)(φ2
1 − φ2

2)
,

b = −γ(φ2
1 − φ2

2)
1 + γφ2

2

. (20)

And η0 = x0 − νt0 is another constant in which x0

is the location of the maximum value of the elliptic
function wave at the time t0. The parameter q is the
modulus of the elliptic function and elliptic integra-
tions given above, and 0 < q2 < 1.

When the chain is dilute, the probability am-
plitude of the particle at every site l is very small,
i.e., φ2 ¿ 1, which is required to obtain Hamiltonian
(4). Therefore, the parameter τ can approximately
be viewed as a constant, and then the integrations in
Eqs. (18) and (19) can also be treated as a constant.
So the second term in Eq. (17) can be incorporated
into η0. Finally we derive the approximate elliptic
function wave

φ(η)

=
{(

1
φ2

1

+ γ

)
dn−2

×
[
1
q

√
µ(φ2

1 − φ2
2)(η − η0), q

]
− γ

}−1/2

. (21)

The periodic condition in Eq. (14) leads to

1
q

√
µ(φ2

1 − φ2
2)l = 2K(q), (22)

where 2K(q) is the periodicity of elliptic function
dn(x, q).

From Eqs. (20) and (22), we have

φ2
1,2 =

1
2γ

[−1 ± γBq2 +
√

(1 − γBq2)2 + 4γB ],

(23)
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where

B =
4K2(q)

µl2
. (24)

From Eqs. (12), (16), and (23), we can derive the
excitation energy of elliptic function wave

E = E0 +
1
2
mν2, (25)

where
E0 = Eg − Eb

is the rest energy,

m =
~2

4SJ
(26)

is the effective mass,

Eg = (D + 4KS2)(2S − 1) + 4S(J ′ − J) (27)

is the energy gap, and

Eb =
SJ

J ′ (J ′ − J +
D

2
+ 6KS2)

×
[ √

(1 − γBq2)2 + 4γB − 1
]

(28)

is the binding energy that can be considered as a kind
of energy lowered by the nonlinear interactions.

From the expressions of Eb and Eg, it is obvious
that the biquadratic exchange interaction and the sin-
gle ion anisotropic interaction control the changes of
Eb and Eg together.

3.1.1. Case of D > 0, K > 0

On this condition, both the biquadratic exchange
interaction and the single ion anisotropic interaction
make Eb, Eg increase, thus Eg(D > 0,K > 0) >

Eg(D = K = 0), and Eb(D > 0,K > 0) > Eb(D =
K = 0). It means that these interactions are against
the generation of the excitation in the easy-axial fer-
romagnetic chain, but benefit the stability of the ex-
citation that has existed.

3.1.2. Case of D > 0, K < 0, D/2 > |6KS2|

On this condition, the biquadratic exchange in-
teraction and the single ion anisotropic interaction
are competing. But the single ion anisotropy en-
ergy is higher than the biquadratic exchange energy,
thus Eg(D > 0,K < 0) > Eg(D = K = 0), and
Eb(D > 0,K < 0) > Eb(D = K = 0). On the one
hand, the single ion anisotropic interaction makes Eb

and Eg increase, on the other hand, the biquadratic
exchange interaction makes Eb and Eg decrease. They
restrict the changes of Eb and Eg mutually.

3.1.3. Case of D > 0, K < 0, D/2 < |6KS2|

In this case, the biquadratic exchange interac-
tion and the single ion anisotropic interaction are also
competing. However the single ion anisotropy en-
ergy is lower than the biquadratic exchange energy,
thus Eg(D > 0,K < 0) > Eg(D = K = 0), and
Eb(D > 0,K < 0) < Eb(D = K = 0). It means
that these interactions are against the generation of
the excitation and weaken the stability of the excita-
tion that has existed in the easy-axial ferromagnetic
chain.

3.1.4. Case of D < 0, K < 0

In this case, both the biquadratic exchange in-
teraction and the single ion anisotropic interaction
make Eb and Eg decrease, thus Eg(D < 0,K < 0) <

Eg(D = K = 0), and Eb(D < 0,K < 0) < Eb(D =
K = 0). It shows that these interactions benefit the
generation of the excitation, but at the same time
weaken the stability of the excitation that has existed
in the easy-plane ferromagnetic chain.

For the solution in Eq. (21), there are two limiting
cases.

(i) When q → 0, it is the linear limit. The nor-
malization condition for Eq. (21) yields φ(η) =

√
1/l.

It represents the spin-like wave excitation.
The excitation energy is

Esw = E′
g +

1
2
mswν2, (29)

where msw is the effective mass of spin-like wave ex-
citation, and msw = m, which is defined by Eq. (26).
Now the energy gap is

E′
g = Eg −

4
l

(
J ′ − J +

D

2
+ 6KS2

)
.

(ii) When q → 1, then l → ∞,K(q) → ∞. This
is the maximum limit of nonlinearity. Considering the
normalization condition, the solution in Eq. (21) be-
comes a soliton solution

φ(η) =
[
γ csc2

√
µγ

2
cosh2 η − η0

Ls
− γ

]−1/2

, (30)

where

Ls =
1√
λ

=

√
2J ′

J ′ − J + D/2 + 6KS2
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× cot

√
2J ′(J ′ − J + D/2 + 6KS2)

2SJ
(31)

is the width of the soliton.
The elliptic function wave is the intermediary case

between spin-like wave and solitons.
The energy and the peak of the soliton, respec-

tively, are

Es = E0 +
1
2
msν

2,

Ps =

√
λ

µ

=
√

1
γ

tan
√

µγ

2

=

√
SJ

2J ′ tan

√
2J ′ (J ′ − J + D/2 + 6KS2)

2SJ
, (32)

where E0 = Eg − Eb; Eg and ms = m are defined
previously.

The biding energy is

Eb =
SJ

J ′

(
J ′ − J +

D

2
+ 6KS2

)
× tan2

√
2J ′(J ′ − J + D/2 + 6KS2)

2SJ
. (33)

In the following, we study the effects of the bi-
quadratic exchange interaction and the single ion
anisotropic interaction on the properties of the soli-
ton. In all the calculations, we set S = 1, J ′ = 20,
and J = 2. The changes of the soliton’s shapes with
interaction strength can be described by the following
figures which can be gained when different parameters
are adopted in Eq. (30).

As shown in Fig. 1(a), the changes of the soli-
ton’s shape are similar to those in Ref. [34] where
the biquadratic exchange interaction is neglected. We
find that the peak of the soliton increases gradually
with the increase of single ion anisotropic interaction.

Fig. 1. (a) Effects of the single ion anisotropic interaction on the shape of the soliton, with K = 0 and D = −2, 0, 5; (b)

effects of the biquadratic exchange interaction and the single ion anisotropic interaction on the shape of the soliton, with

D = 1 and K = 0, 0.1, 0.5; (c) effects of the biquadratic exchange interaction and the single ion anisotropic interaction on

the shape of the soliton, with D = 1 and K = −0.5, −0.1, 0; and (d) effects of the biquadratic exchange interaction and

the single ion anisotropic interaction on the shape of the soliton, with D = −1 and K = −0.05, −0.02, 0.

The width of the soliton becomes narrower. It implies

that when the value of the single ion anisotropic in-

teraction is positive, it acts in favour of the stability

of the soliton. In contrast, when it is negative, it is

against the stability of the soliton. The effects of the

biquadratic exchange interaction and the single ion
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anisotropic interaction on the shape of the soliton are
shown in Fig. 1(b). The values of D and K are both
positive. The peak of the soliton increases with the
increase of biquadratic exchange interaction. These
results imply that the single ion anisotropic interac-
tion and the biquadratic exchange interaction favour
the stability of the soliton. That is to say, the bi-
quadratic exchange interaction makes the excitation
more stable. In Fig. 1(c), the value of D is positive,
but the value of K is negative. It means that the sin-
gle ion anisotropic interaction favours the stability of
the soliton, while the biquadratic exchange interaction
acts against the stability of the soliton. So the the ef-
fects of the single ion anisotropic interaction on the im-
provement of the peak is lowered or even offset by the
biquadratic exchange interaction. The peak decreases
with the increase of biquadratic exchange interaction.
When K = −0.5, the excitation is not obvious. In
Fig. 1(d), the values of D and K both are negative. It
means that both the single ion anisotropic interaction
and the biquadratic exchange interaction are against
the stability of the soliton. The peak is very small and
decreases with the increase of biquadratic exchange
interaction. The excitation tends to be unstable.

3.2.Case of µ > 0, γ > 0, C < 0

The solving process of Eq. (13) is similar to the
process when µ > 0, γ > 0, C > 0, thus we can obtain
the approximate elliptic function wave

φ(η)

=
{(

1
φ2

1

+ γ

)
× cn−2

[√
µ(φ2

1 − φ2
2)(η − η′

0), q
′
]
γ

}−1/2

, (34)

where

q′2 =
φ2

1(1 + γφ2
2)

φ2
1 − φ2

2

. (35)

The meanings of η′
0 and q′ are the same as those of η0

and q stated before.
The periodic condition in Eq. (14) leads to√

µ(φ2
1 − φ2

2)l =

√
µφ2

1(1 + γφ2
2)

q′
l = 2K(q′). (36)

From Eqs. (35) and (36), φ2
1 and φ2

2 can be ex-
pressed as

φ2
1,2

=
1
2γ

[
−1 ± γB′ +

√
(1 − γB′)2 + 4γB′q′2

]
, (37)

where

B′ =
4K2(q′)

µl2
.

The excitation energy is

E′ = E′
0 +

1
2
mν2, (38)

where E′
0 = Eg −E′

b is the rest energy; m and Eg are
defined previously.

The binding energy is

E′
b =

SJ

J ′

(
J ′ − J +

D

2
+ 6KS2

)
× [

√
(1 − γB′)2 + 4γB′q′2 − 1]. (39)

The solution in Eq. (34) also has two limiting
cases.

(I) When q → 0, φ(η) = 0, it is a trivial solu-
tion and is meaningless. In fact, it can be proved that
when q < 1/2, the binding energy E′

b is negative, and
the excitation of elliptic function wave is unstable.

(II) When q → 1, the elliptic function cn(x, q′) →
sech x. Obviously, the discussion about this case is
similar to that in Subsection 3.1 and the same results
can be obtained.

3.3.Case of µ < 0, γ > 0, C < 0

By multiplying both sides of Eq. (13) with
2dφ/dη and integrating once, we obtain

(1 + γφ2)
(

dφ

dη

)2

= −µ(φ2
1 − φ2)(φ2

2 − φ2), (40)

where

φ2
1 > φ2

2 > φ2, φ2
1 + φ2

2 =
λ

µ
, φ2

1φ
2
2 =

C

µ
, (41)

and C is a negative constant.
By integrating Eq. (40) once again, we can gain

the approximative elliptic function wave

φ(η)

=
{(

1
φ2

2

+ γ

)
× sn−2

[√
−µφ2

1(1 + γφ2
2)(η − η′′

0 ), q′′
]
− γ

}−1/2

,

(42)

where

q′′2 =
φ2

2(1 + γφ2
1)

φ2
1(1 + γφ2

2)
. (43)
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The meanings of η′′
0 and q′′ are the same as those of

η0 and q, respectively as stated before.
By the periodic condition Eq. (14), we have

1
q′′

√
−µφ2

2(1 + γφ2
1)l = 2K(q′′). (44)

From Eqs. (12), (41), and (44), we gain the binding
energy

E′′
b

=
SJ

J ′

(
J ′ − J +

D

2
+ 6KS2

)
× {

√
[1 + γB′′(1 − q′′2)]2 + 4γB′′q′′2 − 1}, (45)

where B′′ = −4K2(q′′)/µl2.
It can be proved that the binding energy is nega-

tive in this case and the excitation is unstable.

4. Conclusion

In this paper, solutions of the elliptic function
wave and the solitary wave are obtained in a ferromag-
netic chain with a biquadratic exchange interaction, a
single ion anisotropic interaction, and an anisotropic
nearest neighbour interaction by the traveling wave
method. The results are improved on the basis of
Ref. [34]. It is found that the dynamical equation of
the Bose operator can be controlled by different kinds
of exchange interactions and the strengths of interac-
tions. The stability of the soliton changes with the
strength of interaction. However, we should point out
that relative problems are solved without considering
the inhomogeneity of the media[39] which may influ-
ence the properties of the soliton. Therefore, models
which are closer to the real materials should be stud-
ied in the future. It is firmly believed that the soliton
can highlight its importance in application, such as
data storage or communication. Henceforth, further
investigation is worthwhile.
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