Chin. Phys. B Vol. 20, No. 12 (2011) 120508

Modified impulsive synchronization of fractional
order hyperchaotic systems™

Fu Jie(7% )T, Yu Miao(4 #%)», and Ma Tie-Dong( k%))

a) Key Laboratory of Optoelectronic Technology and System, Ministry of Education, College of Optoelectronic Engineering,
Chongqing University, Chongqing 400044, China
b) College of Automation, Chongqing University, Chongqing 400044, China

(Received 3 July 2011; revised manuscript received 27 July 2011)

In this paper, a modified impulsive control scheme is proposed to realize the complete synchronization of fractional
order hyperchaotic systems. By constructing a suitable response system, an integral order synchronization error system
is obtained. Based on the theory of Lyapunov stability and the impulsive differential equations, some effective sufficient
conditions are derived to guarantee the asymptotical stability of the synchronization error system. In particular,
some simpler and more convenient conditions are derived by taking the fixed impulsive distances and control gains.
Compared with the existing results, the main results in this paper are practical and rigorous. Simulation results show

the effectiveness and the feasibility of the proposed impulsive control method.
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1. Introduction

Fractional calculus is a 300-year-old mathemati-
cal topic. Although it has a long history, the applica-
tions of fractional calculus to physics and engineering
are just a recent focus of interest.['?! Nowadays, it
has been found that some fractional order differen-
tial systems can display chaotic behaviour, such as
the Chua circuit,® jerk model,¥! Lorenz system,!®
Chen system,!® Lii system,!”] Rossler system,®! uni-

O ete.

fied system,

Since the pioneering work of Pecora and
Carroll,[*% chaos synchronization has become more
and more interesting to researchers in different fields.
Recently, due to the wide applications in secure
communication and process control, many different
methods have been used theoretically and experi-
mentally to synchronize the fractional order chaotic
systems, such as the active control method,!!12
sliding mode control method,['3=1%! adaptive control

method,[6=18] passive control method,™® impulsive
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(20.21] etc.  Among these methods,

control method,
impulsive control is an efficient method for dealing
with dynamical systems that cannot be controlled
by continuous control methods. It has been applied
to a large number of chaotic-based communication
systems and exhibits good performance for security
purposes.[22-27]

In Refs. [20] and [21], the impulsive synchroniza-
tion schemes for the fractional order hyperchaotic
Chen system and fractional order Newton—Leipnik
system are studied respectively. However, the pro-
posed methods in Refs. [20] and [21] only apply to
integral order chaotic systems and the conditions can-
not hold for the fractional order cases theoretically.
Motivated by the aforementioned discussion, in this
paper we address the modified impulsive synchroniza-
tion scheme for a wider class of fractional order hy-
perchaotic systems. The criteria derived in this pa-
per are more reasonable and rigorous than those in
Refs. [20] and [21]. Furthermore, the obtained results

are helpful for improving existing technologies used
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in chaotic secure communication systems and chaotic
spread spectrum communications.

The rest of this paper is organized as follows. In
Section 2, the problem formulation for impulsive syn-
chronization is provided. The main results for impul-
sive synchronization of fractional order hyperchaotic
systems are derived in Section 3. In Section 4, an il-
lustrative example of the fractional order hyperchaotic
Chen system is presented to demonstrate the effec-
tiveness and the feasibility of the proposed method.
Finally, concluding remarks are given in Section 5.
Throughout the paper, R and R"
denote the real number and n-dimensional Euclidean

Notations

space, respectively; R™*™ is the set of all n x m real
matrices; N = {1,2,...}. I denotes the identity ma-

trix with appropriate dimension.

2. Problem formulation

Consider the following fractional order hyper-

chaotic system:
D%u(t) = Ax(t) + o(2(1)) (1)
with the initial condition
DV a(ty) = o,

where A € R™ "™ is a known constant matrix, ¢ :
R™ — R"™ represents the nonlinear part of system
(1). D*z(t) denotes the Riemann-Liouville fractional
derivative of o € (0, 1) defined as follows:!!]

1 d [t x(r)
ra i, T

where I'(a) is the Euler gamma function given by

Dx(t) =

F(a)z/ v* e Vdo.
0

To study the impulsive synchronization of frac-
tional order hyperchaotic systems, system (1) is often
taken as the drive system, and the response system is

characterized by

Dy(t) = Ay(t) + ¢(y(t)), (2)

where y(t) € R™ is the state vector.

At discrete time ¢, the state variables of the drive
system are transmitted to the response system as the
control input such that the state variables of the re-

sponse system are suddenly changed at these instants.

Therefore, the impulsively controlled response system

can be written in the following form:

Doy(t) = Ay(t) + ¢(y(t)), t#tx, k€N,
Ay =y(t)) —y(ty) = Bre(ty), t =ty

where e(t) = y(t) —x(t) = [y1(t) — 21(t), ya(t) —
22(t), ..., yn(t) — xn(t)]T is the error vector, By €
R™ ™ is the control gain matrix. Suppose that the
discrete instants set {¢;} satisfies 0 <t <ty < --- <
tp <tpy1 <---, limy_, o tp = 00. hmh*,(yr I(tk+h) =
y(th), limy, o+ y(tk — h) = y(t; ) = y(tx) implies that
y(t) is left-continuous at t = t, Thus, from Egs. (1)
and (3) and x(t;) = x(t,, ), the following synchroniza-

tion error system can be obtained:

D%e(t) = Ae(t) +(x(t), y(t)), t # t, @)
Ae=e(t]) —e(ty) = Bre(ty), t =ty,

where ¢ (x(t),y(t)) = o(y(t)) — o(x(t)) = N(xz(t),

y(t))e(t), and N(z(t),y(t)) is a norm-bounded matrix

Note

that most typical fractional order hyperchaotic sys-

tems can meet ¥(x(t),y(t)) = N(z(t),y(t))e(t), such
28]

that in determined by vectors z(t) and y(¢).

as the fractional order hyperchaotic Lorenz system,!
fractional order hyperchaotic Chen system,??! frac-
tional order hyperchaotic Rossler system, 3% fractional
order hyperchaotic Lii system, 3! etc.

The usual analysis method to achieve the synchro-
nization between the drive system (1) and response
system (3) is to study the asymptotical stability of er-
ror system (4). However, to the best of our knowledge,
there is currently no effective method to deal with the
stability analysis for the fractional order impulsive dif-
ferential system (4). In order to solve this problem,
we will convert the fractional order error system (4)
into the integral order one by constructing the suitable
impulsively controlled response system, which can be

constructed in the following form:

(1) = Ay(t) + o(y(@) +n(x(t)), t # tr,

A i (5)
Ay =y(ty) —y(ty) = Bre(tr), t=tx,

where n(z(t)) = 2(t) — D*z(t), and the terms &(¢) and
D“x(t) can be obtained from drive system (1) (note
that the numerical solutions of &(¢) and D*z(t) can
be taken from the simulation of system (1), which is
feasible to construct system (5)). Thus, from Eqgs. (1)

and (5), the new synchronization error system can be
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obtained as

) = (A+ N(z(t),
Ae=e(t]) —e(ty)

Obviously, by constructing the response system (5),

y(®))e(t), t# t,
:Bke(tk), t:tk.

(6)

the synchronization scheme for the fractional order hy-
perchaotic system is converted into the stability anal-

ysis of the integral order error system (6).[!

3. Impulsive synchronization

In this section, we will give the sufficient condi-
tions to realize the asymptotical stability of error sys-
tem (6) by designing a suitable impulsive controller
(including the control gain By and the impulsive dis-
tance 1, =ty — tp—1 (k € N)).

Theorem 1 If there exists a positive number

~ > 1 such that the following condition holds:
vOkexp((Aa + An)mk) <1, k€N, (7)

then error system (6) is globally asymptotically sta-
ble, which implies that the impulsively controlled re-
sponse system (5) asymptotically synchronizes with
the drive system (1), where S, Aa, and Ay are the
largest eigenvalues of (I + By)™ (I + By), A+ A", and
N(x,y) + NT(z,y) respectively.

Proof Construct the Lyapunov function in the
form of V(e) = eTe, and for t € (tp_1,tx), k € N, its
derivative along the trajectory of error system (6) is

Vie) = éTe+eTe
= (Ae + N(z,y)e) e + " (Ae + N(z,y)e)

= e (A+AN)e+ e (N(z,y) + N (z,y))e
< MeTe+ Ayele
= (Aa+An)V(e), (8)

which implies that
V(e(t)) < V(e(ti_))exp((Aa +An)(t —tk-1)),
t e (tk,htk]. (9)

On the other hand, for ¢t = t;, we have

V(e(ty)) < ((+ Bye(tr)) (I + Br)e(tr)
eT(te)(I + Br)T (I + By)e(ty)
BV (e(tk)). (10)
For t € (to,t1], it follows from inequality (9) that

))exp((Aa + An)(t = 1)),

A

IN

V(e(t)) < V(elty

which leads to
V(e(t1)) < V(e(ty))exp((Aa + An)(t1 — to)).
From inequality (10), it follows that

V(e(t!)) < BiV(e(tr))

< BV (e(td))exp((Aa + An)(t1 — to)).

Similarly, for t € (¢, 2],

V(e(t)) < V(e(t))exp((Aa + An)(t — 1))
< BV (e(tg))exp((Aa + An)(t — to)).
In general, for ¢t € (tx, tkt1],

V(e(td))BiBa - Br
xexp((Aa + An)(t—t0)).  (11)

Vie(t)) <

It follows from inequalities (7) and (1

V(e(t)) V(el(ty))

V(e(tg))B1f2 -

x exp((Aa + )\N)(tk_,_l —tp))
V(e(tg))Brexp((Aa + An)(t1 — to))

X Baexp((Aa + An)(t2 — 1)) - ..

X Brexp((Aa + An)(tx — th—1))

x exp((Aa + An)(te+1 — tk))

< V(i(:a_))exp(()\,q + AN) (k1 — tr))-

1) that

BB - keXp(()‘A +AN)(t —t0))

Obviously, V(e(t)) — 0 and e(t) — 0 ast — 0
(or & — 0).
asymptotically stable, which implies that the impul-

Therefore, error system (6) is globally

sively controlled response system (5) asymptotically
synchronizes with drive system (1). This completes
the proof.

Theorem 2 If there exists a positive number

~ > 1 such that the following conditions hold:

YB2k—1P2€xp((Aa + An)(tors1 — tox—1)) < 1,
k€N, (12)

sgp{ﬁk exp((Aa + An) (k1 — t,))} =

then error system (6) is globally asymptotically sta-
ble, which implies that the impulsively controlled re-
sponse system (5) asymptotically synchronizes with
drive system (1), where B, A4, and Ay are the
largest eigenvalues of (I + By)" (I + By), A+ AT, and
N(x,y) + NT(z,y) respectively.
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Proof In a way similar to that in the first half of
the proof of Theorem 1, let the Lyapunov function be
V(e) = eVe, and for t € (ty,tr 1], k € N, the following
inequality can be obtained (i.e., inequality (11)):

V(e(t)) < V(e(t§))B1Bz .- - B

xexp((Aa +An)(t—t0)).  (14)

From inequalities (12), (13), and (14), we can further
obtain
(1) for t € (tgk_l,tgk},

2k—1

V(e(t)) < V(e(tg)) H Biexp((Aa + An)(t — o))
2k—1

Vietg)) T Biexp((Aa + An)(ta — to))

i1

V(e(tg)) 182 exp((Aa + An)(ts — t1)) - -

X Bak—302k—2 €xp((Aa+An)(tar — tok—3))
X Bak—1exp((Aa + An)(tar — tog—1))

X exp(()\A + )\N)(tl - tO))

< Vet

IN

exp((Aa +An)(t —t0));  (15)

(ii) For t € (tak, tag+1),

2k

Viet)) < V(etd)) [T Biexp((ha + An)(t — o))
i=1
2k

V(e(td) [T 8 exp((ha + An) (F2rs1 — to))
i=1

V(e(tg))BriPzexp((Aa + An)(ts —t1)) -+
X Bak—102k exp((Aa + An) (tok+1 — t2k—1))

x exp((Aa + An)(t1 — to))
_ V)
= %

IA

exp((Aa + An)(t1 —to)).  (16)

From inequalties (15) and (16) it follows that
V(e(t)) — 0 and e(t) - 0 ast — 0 (or k — 0).
Therefore, error system (6) is globally asymptotically
stable, which implies that the impulsively controlled
response system (5) asymptotically synchronizes with
drive system (1). This completes the proof.

Remark 1 In Theorem 2, we can choose the odd
impulsive sequence {t2x_1} to realize the synchroniza-
tion scheme. Compared with most existing results as
derived in Theorem 1 (the full impulsive sequence {tx }
is used), the condition in Theorem 2 is less conserva-
tive.

For simplicity, the impulsive distance and the con-

trol gain are often chosen to be constant, then we can

obtain the following corollaries on the base of Theo-
rems 1 and 2 easily.

Corollary 1 Assume that 7, = 7 and By = B,
if there exists a positive number v > 1 such that the

following condition holds:

vBexp((Aa + An)7) < 1, (17)

then error system (6) is globally asymptotically stable,
which implies that the impulsivly controlled response
system (5) asymptotically synchronizes with drive sys-
tem (1), where 3, A4, and Ay are the largest eigenval-
ues of (I+B)T(I+B), A+ AT, and N(z,y)+NT(x,y)
respectively.

Corollary 2 Assume that top41 — top—1 = 7°
and By = B, if there exists a positive number v > 1

such that the following condition holds:

fyﬁ2exp(()\,4 +An)T") <1, (18)

then error system (6) is globally asymptotically stable,
which implies that the impulsively controlled response
system (5) asymptotically synchronizes with drive sys-
tem (1), where 3, A4, and Ay are the largest eigenval-
ues of (I+B)T(I+B), A+ AT, and N(z,y)+NT(x,y)
respectively.

In Theorems 1 and 2, and Corollaries 1 and 2,
since the matrix N (z,y) is norm-bounded, the estima-
tion of Ay can be further obtained by the boundary
of chaotic states. In the following, we will take frac-
tional order hyperchaotic Chen system for example to
obtain some more practical results.

The fractional order hyperchaotic Chen system

can also be presented as system (1) with

—aa 0 0 0

b ¢ 0 —1 —T1x3
A= olr) =

0 0—-d O T1X9

100 O g

When a =36,b=—16,c=28,d = 3,and g = 0.3, the
system possesses a hyperchaotic behaviour as shown
in Fig. 1.

Furthermore, we have

0

V(@) = oly) — pla) = | 0TI

Y1Y2 — 122
0
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0 0 0 0 el
—x3 0 —y10 €2

= = N(z,y)e,
2 1 0 O es3
0 0 0 O ey
which leads to
0 —x3 X2 0
—x3 0 00
N(z,y)+ N,y = | ,

9 0 00
0 0 00

thus we have 0 < \y = /22 + 22 < VA? + .47 =
V2.4 (Due to the boundedness of chaotic signals,
there exists a positive constant .# such that |zs| < 4
and |z3| < .#). Therefore, for the fractional order
hyperchaotic Chen system, inequality (8) can be con-

verted into
Vie) < (Aa+V2)V(e). (19)

From inequality (19) and similar analytic process to
those for Theorems 1 and 2, we can obtain the follow-

ing results easily.

Fig. 1. Chaotic attractors of fractional order hyperchaotic Chen system.

Theorem 3 If there exists a positive number
~ > 1 such that the following condition holds:

vBrexp((Aa + V2.4)1,) <1, keN,  (20)

then error system (6) is globally asymptotically stable,
which implies that the impulsively controlled response
system (5) asymptotically synchronizes with drive sys-
tem (1), where B and A4 are the largest eigenvalues
of (I + By)T(I+ By) and A + AT respectively.

Theorem 4 If there exists a positive number
~ > 1 such that the following conditions hold

VB2k—1P2kexp((Aa + ﬁ%)(t2k+1 —tor_1)) <1,
k eN, (21)
Sl;p{ﬂk exp((Aa + V2.4 (try1 — tr))} = € < 00, (22)

then error system (6) is globally asymptotically stable,
which implies that the impulsively controlled response
system (5) asymptotically synchronizes with drive sys-
tem (1), where 8 and A4 are the largest eigenvalues
of (I + By)T(I+ By) and A + AT, respectively.

Similarly, for simplicity, the impulsive distance
and the control gain are often chosen to be constant,
then we can obtain the following corollaries on the
basis of Theorems 3 and 4 easily.

Corollary 3 Assume that 7, = 7 and B, = B,
if there exists a positive number v > 1 such that the

following condition holds:
yBexp((Aa + V2.4)T) < 1, (23)

then error system (6) is globally asymptotically stable,
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which implies that the impulsively controlled response
system (5) asymptotically synchronizes with drive sys-
tem (1), where 8 and A4 are the largest eigenvalues
of (I +B)T(I + B) and A + AT respectively.
Corollary 4 Assume that topy1 — tog—1 = 7°
and By = B, if there exists a positive number v > 1

such that the following condition holds:
vB2exp((Aa + V2.)T*) < 1, (24)

then error system (6) is globally asymptotically stable,
which implies that the impulsively controlled response
system (5) asymptotically synchronizes the drive sys-
tem (1), where 8 and A4 are the largest eigenvalues
of (I + B)Y(I + B) and A + A", respectively.
Remark 2 In Theorems 3 and 4, and Corollaries
3 and 4, the impulsive synchronization scheme for frac-
tional order hyperchaotic Chen systems is presented.
For the most typical fractional order hyperchaotic sys-
tems, although the nonlinear function ¢(z) has differ-
ent forms, they all satisfy ¢ (z,y) = &(y) — o(x) =
N(z,y)e.

can be estimated availably. Therefore, the proposed

By the boundedness of chaotic states, Ay

method in this paper can be applied to a wider class

of fractional order hyperchaotic systems.

4. Simulation results

In the simulation, the fractional order hyper-
chaotic Chen system will be taken for example to con-
firm the proposed method.

From the chaotic attractor of fractional order hy-
perchaotic Chen system as shown in Fig. 1, we can
obtain the bound .# = 30. From

7220 0 1
ApgT_ | 20860 1)

0 0 60

1 =10 0

we have A = 59.0641. Let v = 1.05 and By = B =
—0.7I, then we will obtain 8 = 0.09. By Corollary 3,
the bound of the stable region can be determined to
be

0<7<—In(y8)/(\+ V2.4) = 0.0232.

8

€1
=S

O 01 02 03 04 05
4-/L\——\k

sop, e
0 0.1 0.2 0.3 0.4 0.5
8 T T T T T T T T T
4

€3

€4
(=R
o o.]

01 02 03 04 05

01 02 03 04 05
Time/s
Fig. 2. Synchronization errors with 7 = 0.02 and B =
—0.71.
Figure 2 shows the time response curves of error sys-
tem (6) with B = —0.7] and 7 = 0.02. The initial
conditions of drive and response systems are taken as
[2,—1,1,-2]T and [6,4,5,3]T, respectively.

5. Conclusions

In this paper, we present a modified impulsive
control method to synchronize fractional order hy-
perchaotic systems. By constructing a new response
system, the fractional order impulsive control scheme
is converted into the integral case, and some effec-
tive and practical sufficient conditions are presented
to guarantee that the synchronization error dynamics
can be converged to the origin. Finally, a numerical
example for fractional order hyperchaotic Chen sys-
tem is given to demonstrate the effectiveness of the
method.
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