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Based on symbolic dynamics, a novel computationally efficient algorithm is proposed to estimate the unknown

initial vectors of globally coupled map lattices (CMLs). It is proved that not all inverse chaotic mapping functions

are satisfied for contraction mapping.

It is found that the values in phase space do not always converge on their

initial values with respect to sufficient backward iteration of the symbolic vectors in terms of global convergence or

divergence (CD). Both CD property and the coupling strength are directly related to the mapping function of the existing

CML. Furthermore, the CD properties of Logistic, Bernoulli, and Tent chaotic mapping functions are investigated and

compared. Various simulation results and the performances of the initial vector estimation with different signal-to-

noise ratios (SNRs) are also provided to confirm the proposed algorithm. Finally, based on the spatiotemporal chaotic

characteristics of the CML, the conditions of estimating the initial vectors using symbolic dynamics are discussed. The

presented method provides both theoretical and experimental results for better understanding and characterizing the

behaviours of spatiotemporal chaotic systems.
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divergence property
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1. Introduction

Chaos is the most common phenomenon in a non-
linear system, and has been widely studied. How-
ever, in the practical applications of various non-
linear systems there exist spatiotemporal chaotic
characteristics.' =3l The behaviour of the spatiotem-
poral chaotic system can be affected by any small
turbulence of the initial state. The coupled map lat-
tice (CML) model is an important model for describ-
ing spatiotemporal chaotic behaviour, and which de-
scribes a dynamic system with discrete time and space
dimensions and continuous state variables. CML pro-
vides the dynamics of the local discrete time of the lat-
tices and the spatial coupling between the lattices.!*!
The types of spatial coupling indicate the different in-
teractions between the multichannel signals in space
of the CML model. The general method of describ-
ing the CML includes both global coupling and local
coupling, which provides various mathematical mod-
els which describe different practical spatiotemporal
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chaotic systems. 68!

The CML model provides a useful way of
analysing spatiotemporal chaotic phenomena. Based
on symbolic dynamics, a computationally efficient al-
gorithm can be obtained to describe the spatiotempo-
ral chaotic model. Symbolic dynamics is regarded as
a coarse-grained description of trajectories for various
systems. It is robust and the statistical characteristics
of the system invariant can be kept by symbolic vec-
tors, which provide an effective way of describing the
orbits of the nonlinear dynamical system. For exam-
ple, symbolic entropy in terms of symbolic dynamics
has been introduced to quantitatively compute the in-
formation about the existing chaotic sequences.!1
The dynamic symbolic vector is also employed to
determine the pseudo-randomness of the nonlinear
chaotic system and the ergodicity of CML.[11:12]

The symbolic dynamics of the global CML model
is introduced by Shawn et al.,['® but the issue of esti-
mating the initial vectors of the global CML has not
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been settled. The estimation of the initial vectors
of spatiotemporal chaotic signals becomes an impor-
tant problem in many practical applications. Recently
some useful results for estimating the initial vectors
in terms of symbolic dynamics were reported.!'4—22
In order to investigate the inverse problem of a com-
plex spatiotemporal chaotic system, an approach was
developed in Ref. [14] to recover the statistical charac-
teristics of the initial vectors of the system with non-
lattice coupling model. In Ref. [15] the authors further
proposed an algorithm for estimating the statistical
characteristics of the initial values of system using a
time-varying mapping coefficient under the condition
of weak coupling. However, all the above methods can
recover only the statistical characteristics of the lat-
tice initial sequences of the given CML system. The
challenging problem is to develop a new algorithm for
estimating the exact initial vectors of the CML model
in many practical applications.!'*=16] Tn Refs. [17]-
[19], Wang et al. discussed the problem of recovering
the initial vectors of a local CML system in terms of
symbolic dynamics, which proved that each point in
the CML system with Logistic mapping converges to
the initial values of the CML with respect to sufficient
backward iteration steps.'”) Based on the results in
Ref. [17], the initial vectors of CML with both Logistic
and Tent mapping functions are estimated. Moreover,
the presented algorithm is extended to other CMLs
with Piecewise Linear and Chebyshev mapping. How-
ever, the precondition of the above proposed algorithm
is not always satisfied, and each point in state space
cannot always converge to the initial value of the given
CML. In fact, whether the initial value of the given
CML can be recovered is directly determined by both
coupling strength and mapping function.

According to the results of the initial vector es-
timation of a local CML in Refs. [21] and [22], in
this paper we study the inverse problem of the global
CML model and propose a novel computationally ef-
ficient algorithm for estimating the initial vectors of a
global CML system in a wide range in terms of sym-
bolic dynamics. It is theoretically proven that not
all inverse chaotic mapping functions are satisfied for
contraction mapping, but both Bernoulli and Tent in-
verse mappings are contracted. Moreover, the whole
CD is developed to investigate the convergence con-
dition of Logistic, Bernoulli and Tent mappings. It
is found that the values in phase space do not always
converge to their initial conditions with respect to suf-
ficient backward iteration of the symbol vectors using

the whole CD analysis. The CD and the coupling
strength are relevant to the mapping function of the
given CML model.

Bernoulli and Tent mapping functions are analysed

The CD properties of Logistic,

and compared. The error bound for estimating the
initial vector of globally CML is also presented to in-
vestigate the estimation errors with a wide range of
coefficients. Several experimental results are provided
to evaluate the estimation performance with different
signal-to-noise ratios (SNRs), which confirms the pro-
posed algorithm. This contribution has provided both
theoretical and experimental results for studying and
characterizing the spatiotemporal chaotic behaviours.

The rest of the present paper is organized as fol-
lows. In Section 2, a novel algorithm in terms of sym-
bolic dynamics is proposed for estimating the initial
vectors of the global CML system. In Section 3, the
CD in backward iteration process of the inverse map-
ping is investigated for three kinds of CML models.
In Section 4, the error bounds of the initial vector es-
timation with different SNRs are analysed to evaluate
the performance of the global CML. Finally, Section 5
is devoted to the conclusions drawn from the present
study.

2. Proposed method

A typical global CML model is described as!®!

L
i i € j
=1
where i« = 1,2,...,L are the sequence numbers of

model lattice sites, L represents the total lattice num-
ber, n denotes the number of iterative steps, and ¢ is
the coupling coefficient with periodic boundary condi-
tion &(i+ L) = (¢). The mapping function f: 1 — T
Let P = {Py,P1,...,Py—1}
be a finite disjoint partition of a phase space I, i.e.
U=y P =T and PN\ P; = ¢(i # j). At time
n, the symbolic vectors of the system can be de-

fined as s, = [sL, s> sHT so that the time series

Los2 sk
{s0, 81, ..
given system.[!

For Eq. (1), let @, = [}, 22,..., 2|7, f(x,) =
[f(@h), f(@n), .o f(zf)]T, we have

is the phase space.

., 8n, ...} is expressed as a symbol set of the

Tpy1 = Ao f(xn)’ (2)

where A is the coupling coefficient matrix given as
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When € # 1, we have |A| # 0 and A is reversible due
to |[A] = (1 —e)L~L

Based on Eq. (2), we have f(x,) = A7 (xpi1)
and x, = fi (A (@pq1)) = fi o A7 (@py1). Let
H;nl = f;ﬂrl o A™!, the iterative algorithm for initial
vector estimation of global CML can be given as
o A_l(wn+1) = Hs_nl(wnJrl)-

Sn

(4)

1 and A™!, accurate initial values

Ly =

For the given f.
can be obtained using Eq. (4), but we need to con-
sider the CD of Hs_nl. To discuss the CD of Hs_nl,
firstly the conception of contraction mapping theorem,
whole convergence (WC) and whole divergence (WD)
are discussed.

Lemma 1 Contraction mapping theorem

Let phase space (X, d) be complete metric space,
map G : X — X, for each x,,y, € X, defines the

distance measure

L . .
d@,y) = llzn —yall =Y [ah —wl. (5

If v exists such that 0 < v < 1, then we have
d(Gx,,Gy,) < vd(xn,yn). Thus G is a contraction
mapping on X. There exists a fixed point T for any
initial value zg € X, and we have lim,,_,oo T"xg = Z.
The 7, is defined as the CD factor. When 0 < ~,, < 1,
~n is a convergent factor, and G is convergent at the
n-th iteration step. Otherwise, 7, is a divergent fac-
tor, while G is divergent at the n-th iteration step. If
0 < v, <1 for any n, G is a contraction mapping.
Let E = {e1,ea,...,e1}, Q = {q1,42,..-,qs}, where
EUJUG=Nand ENG=¢. If n € E,0 < v, <1,
and n € G, v, > 1, G is convergent in some subsets
of phase space X and divergent in other subsets. If
the convergent strength is stronger than the divergent

strength, the following relation is established:

oo
Z Yn < OO,
n=1

where G is regarded as WC. Otherwise, G becomes
WD.

(6)

o o

R -
L
3
L
; (3)
_ L-1 =
L ¢ L
£ 1 L-1
— €
L L =1pxL

If H ! is a contraction mapping, according to
Eq. (4), we have

20IN) = Jim BN =i (7)

itH ! is not a contraction mapping but WC, we have
Z(0|N) = lim H;N(p) =xo+ ¥, (8)
N—oo

where ¥ denotes the estimation error.

In fact, the inverse mapping of a chaotic system
and its topological conjugation are not always con-
traction mappings. In order to investigate the CD
conditions and the corresponding theoretical basis, the
whole CD of H /1 must be studied in detail.

3. The CD of inverse mapping
—1
H .
We firstly discuss the CD properties of A~! and
fs_n1 so that the whole CD of Hs_n1 can be provided.

3.1. The CD of inverse matrix A~!

For the coupling matrix A given in expression (3),

let A™' = (a;j)rxr and define the norm of matrix
L
-1 _ 1)
A7V = (ag)xr as [[A7H] = 1%&52(; laij|), then we
will have

A7 ] = (1 +2)/(1 =) = 2¢/[L(1 —¢)]
=[1+(1—2/L)]/(1 —¢). 9)

A7y, and ||A]| = 1 so that

x, = Ax!, and y, = Ay, and we will have

Let !, = A~ 'z, y,

d(wnayn) < d(iB;“y;) = HA_l X Ty — A x ynH
< HA*1|| (T, Yn)- (10)

Based on the contraction mapping Lemma, it can be
seen from Egs. (9) and (10) that A~! is not a contrac-
tion mapping, but a divergence mapping.

Figure 1 shows the relationship of ||A7!|| with e
and L for € € [0,1). It can be seen that for a given
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lattice size, ||A7!|| increases with coupling strength e.
When ¢ € [0,0.5], ||[A7Y] is almost kept unchanged
with the increase of the coupling strength among the
lattices. Moreover, the relation of ||[A=1]| > 1 is estab-

lished for all given parameters.

6y
o 5
44
= 3
o0
2 24
14
0
200
150

Fig. 1. Relationship of ||A~!|| with ¢ and L.

3.2. The CD property of inverse map-
ping
3.2.1. The CD property of _f;sln with Logistic
mapping
For the Logistic mapping fr(z,) = 1 — 222, the

inverse mapping in phase space can be given as

Fro(xn) = (2851 — 1)/ (1 — 2,)/2,

0,
Spn—1=
L

To discuss the CD property, we have

where
Tp—1 € [—1,0],

Tp—1 € (0, 1]

A(FL) (@), £k ()
L
=Y |Va-a2- Vi)

V2
max
W T

IN

d(@n,yn). (1)

Let kg1 (n) = 11;1&)2[\@/(2 ‘\/1 — i +/1—yi])].
We can discuss the CD property of f, ! Figure 2
shows the feature for analysing the Logistic mapping.
It can be seen that the shadow area corresponds to
Az > Ay and the white area corresponds to Az < Ay.
When z € (—0.25,0.25), Az > Ay, the divergence
condition is satisfied for the inverse Logistic mapping.
Figure 3 shows the CD property with the relation of

V1—zl + \/1 -yl = \/5/2 It can be seen that the

white area corresponds to v1 — z%4++/1 — y& > v/2/2

and k;—1 (n) < 1. From the definition of contraction
Lsn

mapping, the iteration of f;sln is convergent. How-

ever, the shadow area corresponds to the conditions

of vV1—zZ + \/1 —yh < /2/2 and ka—Sln (n) > 1, the

iteration of fgsl may be divergent or convergent.

It can be seen from Figs. 2 and 3 that most regions
of the phase space of the inverse Logistic mapping
are satisfied for convergence, whereas the divergence
for some regions of the phase space still exists. The
inverse Logistic mapping is not contraction mapping
but wholly convergent. Thus for the given mapping
function, it is necessary to discuss whether the inverse
mapping is the contraction mapping so that the initial

vectors of CML can be correctly recovered.

1.0t
0.5¢
> ol
—0.5¢
—1.0 . . . .
- 1.0 - 0.5 0 0.5 1.0
T

Fig. 2. Feature analysis of Logistic mapping (the shadow
area for Az > Ay and the white area for Az < Ay).

1.0
0.6 \

0.2¢

o2
=
— 0.9t

— 0.6

~1.0 . . . . . . .
—1.0 — 0.6 —0.2 0.2 0.6 1.0

Fig. 3. Analysis of CD of Logistic inverse mapping.
3.2.2. The CD property of fgsln with Bernoulli
and Tent mappings

For Bernoulli mapping

2%y,
fe(zn) = {

2z, — 1,

€ [0,0.5),
z, € [0.5,1],

120507-4



Chin. Phys. B Vol. 20, No. 12 (2011) 120507

its inverse mapping in phase space can be defined as  factor z of H ! represents H;;n which is the contrac-
fgsln(wn) = (x,, + b,—1)/2, where tion mapping. In other words, we hope f;l oAl <1
0, @n_1€[0,0.5), and f, ' = 1/2, so that z < 2 can be established when
b,_1 = . 05,1 A7 < 2. If |[A7L| > 2, H;ﬁ is convergent for
y, Tp—1 € cdy 2. . " —
n-l 1 <z < 2, but divergent for 2 < z < [|[A7L].

To investigate its CD property of f E;n, we have the Let the divergence factor z follow a normal dis-
following expression: tribution between 1 and |[|[A71]|, in which the mean
. value p is (J]JA71|| + 1)/2 and the variance is o. The
(‘fBSn($n) ‘fBSn Yn)) Z ‘x ?JH /2 probability density function of z is given as
=||acn—ynH/2 exp[—(z_f)2], <2<
—1/2d(way,).  (12)  PE)T) VIO o |
0, otherwise.
It can be seen that the CD factor of each iteration of (13)
Bernoulli mapping inverse system is 0.5, which shows  The divergence probability of H, ;n can be estimated
that the mapping fgjn is globally contracted. for 2 <z < | A7
For the Tent mapping, based on the relationship In addition, the convergence probability for one

of H ;nl = fu_nl o A~!, it is assumed that divergence  step iteration of H;ﬁn can be given as

1, 1A= < 2,
2 o
o(x) = /m( alm e’“’[‘*( 35 : J)ds (14)

e ( Y x 100%, [A~Y > 2.
1 T — W
/z:1 ( 210 exp{f 202 ])d:r

\
It can be seen from expression (14) that the con- V2

d(z;,,y,,)

< max

vergence probability becomes small with the increase 1<i<L 9 ’\/ 1—at + \/ 1- 3¢
of ||A~Y|| for ||A~!|| > 2. When the iteration step of 3
Hy l} reaches IV, the convergence probability is ¢(z)™

a1 o : 1992‘\/1—0414“/1—52
Though A~ mapping is divergent, Tent inverse map- n n
ping f, /1 is convergent. Thus, the CD of the inverse
system H:Fin is based on both A~! and f;!. When
A7 < 2, H;ﬁn is absolutely convergent. On the

A7 d@n, ).
(15)

When ||A~!|| = 1.0,1.5,2.0,3.0, the CD analysis of
the whole inverse system Hgsln is shown in Fig. 4,
in which [[A7!|| fetch different values with the rela-
tion V1 —af + /1 - 6% = (V2| A7']|/2). Based on

the analyses of CD area and CD factors, it can be

other hand, ||A~!|| rapidly increases with coupling

strength. Hp ;n becomes divergent. Obviously, the
CDof Hy ;n is directly determined by A~!. For exam-

1 . found that for the whole inverse iteration of the Lo-
ple, when € < 0.25 and ||A™!|| < 2, the Tent mapping

. . . . . gistic mapping, H Esl is wholly convergent, including
inverse system is the contraction mapping function. . " .
the local divergence when convergence is absolutely

dominant. The larger the ||A~!||, the smaller the pos-
3.3. The CD property of the whole in- & 1A=l p

verse system

sibility of convergence is.
Similarly, the CD of the whole inverse system with
Based on the CD analyses of ffsl and A1 with  Bernoulli mapping can be obtained. Based on the CD

Logistic mapping, the CD of the whole inverse system  analyses of f ﬁ; and A~ of Bernoulli mapping, for

H, can be systematically analysed. We have the CD of the whole inverse system Hy, , we have
d(Hp,, (@n), Hp,, (yn)) d(H g, (), Hp,, (yn))
(fro, (). £ (y1) :d(féslﬂ (m/) Fos, (W)
=Y |Va—ah-Va-5)7 "
=1 <1/2 HA H d(n, Yn)- (16)
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It can be seen that the CD of Hgsln is determined
by the sizes of both ||A~1|| and 0.5. According to in-
equality (10), we have 1/2d(x,, yn) < 1/2d(x),, y),) <
1/2||A~Y|d(xs, yn), which reveals that the range
of CD factors of Hy, is between [1/2,1/2|[A71|].
When [|A7!]] < 2, Hgsln is contraction mapping,
whereas Hg;n is wholly convergent for [[A~1]| > 2.
IftH g;n is contraction mapping or wholly convergent,

the initial vectors of CML can be estimated to be

Ln = Hésln (Tnt1) = fE_;sln ° Ail(wn—&-l)

—1
= (A" (@) + bal/2. (17)
1.0 —=——
0.6}
0.2 Tl
> S
—0.2}
— a7l =10
—— a7t =15
—06F a1t =20
——-a~l =30 .
1ol
-1.0 —-06 —0.2 0.2 0.6 1.0

Oy

Fig. 4. The CD analysis of the whole inverse system.

4. Performance analysis

To analyse the estimation error, all CML initial
values are randomly set to be in [0,1] or [—1,1] so
that the universality of the algorithm can be tested.
Then we collect each value !, and symbolic dynam-
ics 5%, according to the inverse iteration of expression
(4) to record the estimated value &%, at each iteration
step. Finally, the estimation performances without
noise and with a given SNR are investigated using
MSE which is defined as:

L , ,
MSE(&,) = 1/L x Zizl(g@; — )2
First of all, the performance of initial value estima-
tion without noise is evaluated. Both Logistic and
Bernoulli mappings are used to analyse the perfor-
mance of the global CML. The lattice size is set to be
20, and the iteration number is 20. Figure 5 shows the

relationships between the iteration number and the

0.8

e =0.05
(a) i e =0.10
——— c=0.15
—— =020
— = =025

MSE

N
0.16
= 0.05
e =0.10
——— £=0.15
0.12 —— e =0.20
— = e=0.25
m 0.08
]
=
0.04
0
8 12 16 20
N

Fig. 5. The MSE analyses with different iteration steps
for (a) Logistic mapping function and (b) Bernoulli map-
ping function.

initial value for € = 0.05,0.10,0.15,0.20, and 0.25, re-
spectively. For weak coupling, when iteration number
N < 6, the MSE of the estimation converges quickly
to zero along iterative steps.

In Fig. 6, log,o(MSE) is used to evaluate the per-
formances with different iteration numbers and cou-
pling strengths. For the Logistic mapping as shown in
Fig. 6(a), the estimation error rapidly decreases with
the increase of iteration number for small coupling
strengths. However, divergence may happen when
the coupling strength becomes larger. On the other
hand, if the coupling strength is smaller than or equal
to 0.34, the whole inverse system Hgsln of Bernoulli
mapping is contraction mapping. By comparing the
estimation errors of Figs. 6(a) and 6(b), it can be seen
that the convergence performance of Hg;n is much
better than that of H L_sln. In general, the performance
of initial vector estimation is related to not only the
coupling strength but also the mapping function.

Next, we study the performances of initial vector
estimation with different SNRs.
with white Gaussian noise is given as

The chaotic signal

yo=al 4w, i=1,2,....L;n=1,2,...,N. (18)
Figure 7 shows the simulation results of log;,(MSE)
changing with the iteration number and SNR for
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Fig. 6. Estimation error analyses with iteration number
and coupling strength for (a) Logistic mapping and (b)

Bernoulli mapping.

log10(MSE)

Fig. 7. Estimation errors changing with the itera-
tion number and SNR for (a) Logistic mapping and (b)

Bernoulli mapping.

N

Logistic and Bernoulli mappings. The coupling coef-
ficient is set to be 0.1. It can be seen from the ex-
perimental results that the convergence performance
is much better in the case of high SNR. However,
for low SNR, the lower bound of log,;;(MSE) can
only be reached with bigger iteration number as the
added noise significantly affects the symbol estima-
tion, which leads to the large log;,(MSE). By com-
paring the results of Logistic and Bernoulli mappings,
it can be found that the performance of Logistic map-
ping is generally better than that of Bernoulli map-
ping, which indicates that the initial vector estimation
for Bernoulli mapping is sensitive to the added noise.
It is proved that the CD performance using symbolic
vector dynamics is significantly related to the given
mapping function.

To further investigate the performances of the
proposed algorithm with different SNRs, the Logis-
tic mapping with 6 lattices is analysed to provide the
experimental results. Figure 8 shows the correspond-
ing results when SNR changes from 20 dB to 70 dB
with iteration numbers being 10 and 20, and coupling
strengths 0 and 0.01. Solid and dotted linear curves
represent the Cramer-Rao lower bound (CRLB) of
the error variance for iteration number N = 10 and
20, respectively. When the coupling strength is zero,
the unbiased error variance progressively reaches the
CRLB with increasing SNR, whereas the error vari-
ance progressively reaches the line parallel with CRLB
for the coupling strength of 0.01 with increasing iter-
ation number. For the same SNR, the estimated error
is directly related to the coupling strength and itera-
tion number. The estimation of the initial vectors be-
comes more accurate with smaller coupling strengths

and bigger iteration number.

180
M
< 160}
g
—~ 140t
9 .
< 120t o -
.g * TR
§ 100t R
) * L eeTE e
= 80r T N = 20 CRBL
g - ° + N=20w=0
2607 < N =20 w = 0.01
9 ——— N =10 CRBL
— 40+ © N=10w=0
Z _

¢ N =10 w = 0.01

20 . . . . . . . .
20 30 40 50 60 70
SNR in dB

Fig. 8. The CRLB of the error variance for N = 10 and
20 with SNR varying from 20 dB to 70 dB.
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5. Conclusions

A novel approach to the inverse problem of glob-
ally coupled map lattices is systematically investigated
by utilizing symbolic vector dynamics. The relation-
ship between the performance of initial condition esti-
mation and the structural features of dynamical sys-
tems is theoretically analysed and proved. It is found
that any point in a spatiotemporally coupled system
does not necessarily converge to its initial value with
respect to sufficient backward iteration, which is di-
rectly relevant to the coupling strength and mapping
function. The CDs of Logistic, Bernoulli, and Tent
mappings are analysed and compared. When the con-
vergence is met, the error ranges in estimating the
initial vector are investigated with different SNR con-
ditions. Several simulations further confirm the pro-
posed algorithm, and prove that the presented ap-
proach provides the important theoretical and experi-
mental results for better analysing and characterizing
the spatiotemporal complex behaviours in an actual

system.
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