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In this paper, the generalized synchronization of two unidirectionally coupled Ginzburg–Landau equations is
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1. Introduction

Chaotic oscillator synchronization is one of the
most important nonlinear phenomena.[1,2] Lots of
studies in the field deepen the understanding of the
general rules of interactions between nonlinear (chem-
ical, physical, biological, etc.) systems with dif-
ferent properties. Practical applications of these
studies include the use of deterministic chaos infor-
mation communication,[3] neural dynamics,[4] disease
diagnosis,[5] etc. The study of chaos synchroniza-
tion depends mainly on the analysis of a coupled
low-dimensional dynamical system. Chaos synchro-
nization is classified into the following types: phase
synchronization; generalized synchronization; delayed
synchronization; and complete synchronization.

Recently, great attention has been paid to the
chaos synchronization of an infinite-dimensional dy-
namical system.[5−10] Studies are performed mainly
on complex dynamics, which shows distributed vi-
bration systems such as spatiotemporal chaos, pat-
tern formation, etc. Distributed parameter system
control and synchronization by using the Ginzberg–
Landau (GL) equation has been studied by many
researchers,[11] as well as the Kuramoto–Sivashinsky
equation[12] and the chemical reaction equation.[4] In
Refs. [11] and [12], the complete synchronization and

coupling modes including uniform space coupling and
pinning coupling of the Ginzberg–Landau equation
and the Kuramoto–Sivashinsky equation were studied.
In Ref. [13], the generalized chaos synchronizations
of the Ginzburg–Landau equation for different kinds
of unidirectionally coupled drive-response systems are
analysed numerically. The Ginzberg–Landau equation
can be used to study spatiotemporal chaos and pat-
tern formation in various distribution media. Study
methods include the auxiliary system method and
calculation of the Lyapunov index. Although there
are many theoretical results for finite-dimensional sys-
tem synchronization,[1−3,9] the synchronization of an
infinite-dimensional dynamical system is obtained just
from numerical calculations and no complete theoret-
ical results have been obtained.

The generalized synchronization of a chaotic sys-
tem presented by Rulkov et al.[15] had a profound
influence on physics, which is related to basic issues
such as the pattern formation in complex systems, self-
organization phenomena, emergence, etc. of system-
atic science.[15] Various kinds of self-organization the-
ories emerged in Europe during the 1970s and 1980s,
especially Prigogine’s Dissipativity Structure Theory
and Haken’s Synergetics, and they have made a signifi-
cant contribution to the world. The Santa Fe Institute
(SFI) in the USA was established for the discussion
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of emergent phenomena. The two seminars held at
the beginning had Synthesis and Emergence as their
themes. In the 1990s, they highlighted emergence, as
they did for the Santa Fe topics or philosophies, and
found a clear link between emergence and the com-
plexity of self-organization, and many papers on the
subject were published.

The slaving principle of Haken’s Theory of Syn-
ergetics was found to be the most basic and simplest
theory during the discussion of the concept of emer-
gence of all complex systems. To explain the slaving
principle, centre manifold theory and inertia manifold
theory have been established in the field of mathemat-
ics. The core of these theories is Haken’s idea that
slow variables dominate fast variables. Haken has re-
peatedly clarified it as a special parameter used to
describe macroscopic systems; an order parameter is
formed under critical conditions in the process when
micro subsystems interact with each other. They are
completely unknown at the microscopic level (reduc-
tionism is out of function). These discussions are
about the general applications of emergence. Self-
organization theories have provided some scientific ap-
proaches to the description of some emergent phenom-
ena. Emergent properties are possessed by a whole
system, not just part of a system. When viewed from
a hierarchical structure, emergent properties are at-
tributive characters and behavioural functions that
appear at high levels but disappear when they are re-
stored to low levels.

This article is based on the study of the gener-
alized synchronization of spatiotemporal chaotic sys-
tems of the Ginzberg–Landau drive-response equation
of uniform coupling according to Haken’s Theory of
Synergetics. The theory adopted by us is the theory of
an infinite-dimensional dynamical system. At the be-
ginning of the 1990s, Temam[16] established the global
attractor and inertial manifold theories and applied
them to a large class of typical infinite-dimensional dy-
namical systems, such as the reaction–diffusion equa-
tion, the Kuramoto–Sivashinsky equation, the Navier–
Stokes equation, etc. The drawback of the theory is
that it is difficult to discuss the spatiotemporal chaos
of an infinite-dimensional dynamical system in detail.
In 1996, Li et al.[17] studied the following perturbation
nonlinear Schrödinger equation:

i qt = qxx + 2[qq − ω2]q + i ε[D̂q − Γ ].

They demonstrated the existence of a pair of non-
trivial and symmetrical homoclinic trajectoies which
correspond to the existence of spatiotemporal chaos.

We study the following unidirectionally coupled
Ginzburg–Landau equation:

q1t = q1 + (1 + iβd)q1xx − (1 − αd i)|q1|2q1, (1)

q2t = q2 + (1 + iβr)q2xx − (1 − αr i)|q2|2q2

+ ε(q1 − q2), (2)

where βj > 0; αj > 0; j = d, r; Ω = [0, L]; αjβj > 1;
j = d, r; q1 and q2 are periodic functions and

q1(x, 0) = q10(x), x ∈ Ω,

q2(x, 0) = q20(x), x ∈ Ω. (3)

It is shown from the theory in Ref. [12] that connected
and compact finite global attractors exist in Eqs. (1),
(2), and (3).

How is the generalized synchronization produced
that is used to couple the two spatiotemporal chaotic
systems with different responses? It was discovered
that the idea that slow variables (order parameters)
dominate fast variables in Haken’s slaving principle
can strictly clarify the question theoretically. In the
following section, we will explain it in physics and
provide strict proof in mathematics. Through a cer-
tain degree of coupling, two spatiotemporal chaotic
systems are found to have a certain kind of “rela-
tion”, which can be regarded as a certain kind of “self-
organization”, “pattern” or “invariant manifold” in
mathematics. If this kind of “relation” is produced
when the control parameters change, it can be re-
garded as a kind of simple emergence. We call it
a “generalized synchronization of a chaotic system”.
Generalized synchronization of a chaotic system has
many emergence characteristics. The definition of
generalized synchronization is as follows.

Definition 1 Ginzburg–Landau equations (1)–
(3) are named generalized synchronization, if there is
mapping Φ such that the following equation holds:

limt→∞ |q1(x, t) − Φ(q2(x, t))| = 0,

where | · | refers to the bound norm of the located
function space.

The rest of the present paper is organized as fol-
lows. In Section 2 it is demonstrated that smooth gen-
eralized synchronization exists in Ginzburg–Landau
equations (1)–(3). In Section 3 the existence of Hölder
continuous generalized synchronization is indicated.
In Section 4, the correctness of theory is verified
through numerical simulation analysis.
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2. Existence of smooth general-

ized synchronization

Finite-dimensional dynamic systems are often dis-
cussed in a finite-dimensional space (phase space)
while partial differential equations such as the
Ginzburg–Landau equation must be studied in an
infinite-dimensional Hilbert space. Therefore, we in-
troduce the function space as follows. In order to dis-
cuss Eqs. (1)–(3), we should introduce complex space
and use X,Y to record the complexified space of
X,Y . For example, L2(Ω) is the complexified space
of L2(Ω), use (., .) to record the inner product of
L2(Ω), use | · | to record norm of L2(Ω), and select
H = L2(Ω), V = H1

per(Ω) and ‖.‖ as the norm of V .
Then,

Au = − ∂2

∂x2
u + λu, 1 > λ > 0,

record Wj , λj as A ’s eigenvector and eigenvalue in H

respectively,

AWj = λjWj ,

j ≥ 1, 0 < λ1 < λ2 < · · · < λj < · · · ,

λj → ∞ (j → ∞). (4)

Equations (1)–(3) can be converted into functional
equations in function space as follows:

dq1

dt
= −(1 + iβd)Aq1 − (1 − iαd)|q1|q1

+ q1(1 + λ) + λ iβdq1, (5)
dq2

dt
= −(1 + iβr)Aq2 − (1 − iαr)|q1|q2

+ q2(1 + λ) + λ iβrq2 + ε(q1 − q2), (6)

qj(0) = qj0, j = 1, 2. (7)

Theorem 1 When qj0 ∈ H, j = 1, 2, equations
(5), (6), and (7) have unique solutions

qj ∈ C([0, T ];H) ∩ L2([0, T ];V ), ∀T < ∞, j = 1, 2,

and there is a mapping Sj(t) : qj0 → qj(t), it is con-
tinuous from H to H. If qj0 ∈ V , j = 1, 2, then

qj ∈ C([0, T ];V ) ∩ L2([0, T ]; D(A)),

∀T < ∞, j = 1, 2.

First we study the properties of global attractors
of a unidirectional coupled Ginzburg–Landau equa-
tion. In this way, we illustrate the structure of such a
coupling system from a macroscopic point of view.

Theorem 2 Taking two coupled Ginzburg–
Landau equations (1)–(3) with periodic boundary con-
ditions (where βj > 0, αj > 0, j = d, r, Ω = [0, L],

αjβj > 1, j = d, r, q1 and q2 are Ω periodic functions)
into consideration, the dynamical system has attrac-
tor = and it is compact, connected and maximal in
L2(Ω) × L2(Ω).

The proof is reported in Appendix A.
In order to avoid difficulty caused by nonlinear

terms when ‖q1‖ and ‖q2‖ are very large, we trun-
cate the nonlinear terms of the original Eqs. (5) and
(6). Equations after truncation are called transformed
equations. A transformed equation keeps the long-
term dynamic behaviour of the original equation. Se-
lecting ρ > 0 is to absorb sets B1 and B2 contained in
the D(A1/2) ball whose centre is located in the origin
and radius is ρ/2. Select C∞ function θ as follows:

θ(s) = 1, 0 ≤ s ≤ 1, θ(s) = 0,

s ≥ 2, sup
s≥0

|θ′(s)| ≤ 2, (8)

make

θρ(s) = θ(s/ρ), Bj(u, u) = (1 − iαj)|u|2u,

Bθj(u, u) = θρ(|A1/2u|)(1 − iαj)|u|2u,

then equations (5) and (6) can be transformed into

dq1

dt
= −(1 + iβd)Aq1 − Bθd(q1, q1)

+ (1 + λ)q1 + λ iβdq1, (9)
dq2

dt
= −(1 + iβr)Aq2 − Bθr(q2, q2)

+ (1 + λ)q2 + λ iβrq2 + ε(q1 − q2). (10)

Lemma 1 Bθ is a globally bounded operator
from D(A1/2) to D(A0) = L2(Ω), and

sup
u∈D(A1/2)

|Bθj(u, u)| ≤ M1. (11)

The proof is reported in Appendix A(I).
Lemma 2
Bθ is the globally Lipschitz mapping from

D(A1/2) to D(A0) = L2(Ω),

|θρ(|A1/2u1|)Bj(u, u) − θρ(|A1/2u2|)Bj(v, v)|
≤ M2|(u − v)|. (12)

The proof is reported in Appendix A.
To identify the fast and the slow variables in the

coupling system, we adopt the method of modifying
systems. The correction equation of Eq. (6) is

dq2

dt
= −(1 + iβr)Aq2 − Ber(q2, q2)

+ (1 + λ)q2 + λ iβrq2 + ε(−q2). (13)
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According to the correction equation dynamics
behaviours which are asymptotically stable zero so-
lutions or asymptotically stable nonzero equilibrium
solutions or asymptotically stable periodic solutions
or spatiotemporal chaos, the generalized synchroniza-
tion of Eqs. (1)–(3) can be classified into Class I, Class
II, Class III, and Class IV generalized synchronization.
In this paper we will prove the existence of Class I gen-
eralized synchronization and discuss its properties.

The chaotic conditions of a driving system indi-
cates that variable q1 is a slow variable (order parame-
ter) and the modification system of a response system
has an asymptotically stable equilibrium point (q2 is
the fast variable of Class I) or an asymptotic stable
period orbit (fast variable of Class II). According to
Haken’s Theory of Synergetics, we can draw a con-
clusion that the q1 variable dominates the q2 variable
under certain conditions. In this way, we carefully
analyse the reason and characteristics of such a slav-
ing process in mathematics. We need now to describe
the convergence of fast variable q2. Lemma 3 below
describes such a convergence in detail.

Lemma 3 When ε− λ > 1, the correction equa-
tion has an asymptotically stable zero solution.

Proof Multiplying Eq. (13) by q̄2 (q2’s conju-
gate number), integrating the resulting equation over
Ω and taking its real part by using the Green formula,
we have

1
2

d
dt

|q2|2 ≤ (1 + λ)|q2|2 − ε|q2|2.

Then, from Gronwall Lemma, we obtain

|q2(t)|2 ≤ |q20|2 exp 2(1 − ε + λ)t,

lim
t→∞

|q2(t)|2 = 0. (14)

We need to describe the expansivity of slow vari-
able q1.

Lemma 4 Suppose that M2 + 1 > λ1 − λ, then
the following inequality will exist

|(q1 − q′1)| ≤ |q10 − q′10|
× exp(−λ1 + M2 + λ + 1)t/2. (15)

Proof From Eq. (5)

dq1

dt
= −(1 + iβd)Aq1 − Bθd(q1, q1) + (1 + λ)q1

+λ iβdq1,

it follows that

dq′1
dt

= −(1 + iβd)Aq′1 − Bθd(q′1, q
′
1)

+ (1 + λ)q′1 + λ iβdq
′
1.

Subtracting one of the above two equations from the
other, we have

d(q1 − q′1)
dt

= −(1 + iβd)A(q1 − q′1) − Bθd(q1, q1)

+Bθd(q′1, q
′
1) + (1 + λ)(q1 − q′1)

+λ iβd(q1 − q′1).

Multiplying the above equation by (q̄1 − q̄′1), in-
tegrating the resulting equation over Ω and taking its
real part by using the Green formula, we have

1
2

d|(q1 − q′1)|2

dt
= −|A1/2(q1 − q′1)|2 −

∫
Ω

{Bθd(q1, q1)

−Bθd(q′1, q
′
1)}(q1 − q′1)dx

+(1 + λ)|(q1 − q′1)|2,
1
2

d|(q1 − q′1)|2

dt
≤ −λ1|(q1 − q′1)|2 + M2|(q1 − q′1)|

× |(q1 − q′1)| + (1 + λ)|(q1 − q′1)|2,
d|(q1 − q′1)|2

dt
≤ 2(−λ1 + M2 + 1 + λ)|(q1 − q′1)|2,

thus, we obtain

|q1 − q′1| ≤ |q10 − q′10| exp(−λ1 + M2 + λ + 1)t.

Lemma 5 For any α ∈ R, make σ on
L∞(R,D(Aα−1/2)), ε−λ+λ1 > 1, then there will ex-
ist unique function ξ, which is continuously bounded
from R to D(Aα) and satisfies

dξ

dt
= −(1 + iβr)Aξ + (1 + λ)ξ + ε(−ξ)

+λ iβrξ + σ. (16)

The proof is reported in Appendix A.
Theorem 3 Suppose that the conditions of The-

orem 1, Lemma 4 to Lemma 5, are satisfied and

M1 + ερ

ε − λ + λ1 − 1
≤ b,

M2

ε − λ + λ1 − 1
< 1,

(1 + ∆ + ε)M2

ε − M2
≤ ∆, (17)

where λ, λ1, M1, M2, b, ε, and ∆ are nonnegative
constants, then equations (9) and (10) will exist as a
smooth generalized synchronization manifold

S = {(q1, q2)|q2 = σ(q1), −∞ < t < ∞,

q1 ∈ L2(Ω) = H},

which satisfies

|σ(q1)| ≤ b, |σ(q1) − σ(q′1)| ≤ ∆|q1 − q′1|.∀q1,

q′1 ∈ L2(Ω) = H.
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The proof is reported in Appendix A. The demon-
stration is particularly intuitive. Around the asymp-
totically stable equilibrium point of a modified equa-
tion of response system, the chaotic orbit of driving
system (q1 system) may establish an invariant mani-
fold. This depends on the balance between the attrac-
tion force which drives the response system toward
the equilibrium point and the chaotic repulsive force
of the driving system, as especially shown in the de-
scription of fast variable (Lemma 3). We estimate the
balance between the attraction force and the repulsive
force through the compression fixed point theorem.
Until now we have not found an effective and uni-
versal approach to the calculation of the generalized
synchronous manifold, therefore, we have not figured
out a simple and constructive method which contains
obvious physical concepts to validate the generalized
synchronization.

Note 1 If condition (23) is weakened, the Hölder
continuity of the generalized synchronization manifold
will be caused, then, the condition will become more
complicated and we will indicate it in Theorem 5.

Theorem 4 Under the conditions of Theorem
3, when ε − λ + λ1 > 1 + M2, the generalized syn-
chronization manifold is exponentially attractive, es-
pecially, when q1(t) and q2(t) are solutions of Eqs. (9)
and (10), thus there is

|q2(t) − σ(q1(t))|
≤ |q2(t0) − σ(q1(t0))| e(−ε+λ−λ1+1+M2)(t−t0)|. (18)

Proof The solution of Eq. (10) can be written as

q2(t) = eB(t−t0)q2(t0) +
∫ t

t0

eB(t−s)

× [−Bθr(q2(s), q2(s)) + εq1(s)]ds.

On S, and

σ(q1(t)) =
∫ t

−∞
eB(t−s)[−Bθr(σ(q1(s)), σ(q1(s)))

+ εq1(s)]ds.

Then there is

ξ(t) = q2(t) − σ(q1(t))

= eB(t−t0)q2(t0)

+
∫ t

t0

eB(t−s)[−Bθr(q2(s), q2(s)) + εq1(s)]ds

−
∫ t

−∞
eB(t−s)[−Bθr(σ(q1(s)), (q1(s)))

+ εq1(s)]ds,

ξ(t) − eB(t−t0)ξ(t0)

=
∫ t

t0

eB(t−s)[−Bθr(q2(s), q2(s))

+Bθr(σ(q1(s)), σ(q1(s)))]ds,

thus

ξ(t) = q2(t) − σ(q1(t))

= eB(t−t0)ξ(t0) +
∫ t

t0

eB(t−s)[−Bθr(q2(s), q2(s))

+Bθr(σ(q1(s)), σ(q1(s)))]ds,

|ξ(t)| ≤ e−(ε−λ+λ1−1)(t−t0)|ξ(t0)|

+M2

∫ t

t0

e−(ε−λ+λ1−1)(t−s)|q2(s) − σ(q1(s))|ds,

e(ε−λ+λ1−1)(t−t0)|ξ(t)| ≤ |ξ(t0)|

+M2

∫ t

t0

e−(ε−λ+λ2−1)(t−s)|ξ(s)|ds,

e(ε−λ+λ1−1)(t−t0)|ξ(t)| ≤ |ξ(t0)| eM2(t−t0),

so there is

|ξ(t)| ≤ M |ξ(t0)| e(−ε+λ−λ1+1+M2)(t−t0).

3. Existence of Hölder continuous

generalized synchronization

For convenience, we bring in the following lem-
mas:

Lemma 6 (Schauder Fixed Point Theorem) Sup-
pose that M̂ is the bounded closed convex set of Ba-
nach space B and F : M̂ → M̂ is a compact mapping,
i.e., (i) F is continuous and (ii) F maps the bounded
set into a compact set, then z0 ∈ M̂ and F (z0) = z0

will exist.
Lemma 7 (Arzela Theorem) Suppose that Ω is

a bounded domain in Rn and M̃ is a subset in C0(Ω̄),
if

i) there is a constant K and it satisfies
supx∈Ω |f(x)| ≤ K, ∀f ∈ M ;

ii) for any given ε > 0, δ > 0 exists, when
x, y ∈ Ω, |x − y| < δ, there is

|f(x) − f(y)| < ε, ∀f ∈ M̃,

then a function sequence fn which converges to f in
C0(Ω̄) can be selected from M̃ .

When condition (17) is not met, the smooth gen-
eralized synchronous manifold obtained through The-
orem 3 will no longer hold true. In this case, the char-
acteristics of generalized synchronization is very com-
plicated and the attraction field of generalized syn-
chronization can be a fractal set. In this way, we have
demonstrated the complexity of emergent phenomena.
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Haken’s slaving principle is profound for physical the-
ory but shallow for mathematical theory. Theorem 3
demonstrates that if the convergence strength of a fast
variable is particularly large, the absorbing set of the
generalized synchronization manifold will have a very
large area and the manifold is smooth. However, if the
convergence strength of the fast variable is not large,
the absorbing set of the generalized synchronization
manifold will be very complicated. It can be a fractal
set and the manifold will be only Hölder continuous.

Theorem 5 Suppose that conditions for Theo-
rem 1, Lemma 1 to Lemma 5 are satisfied and

M1 + ερ

ε − λ + λ1 − 1
≤ b,

M2

ε − λ + λ1 − 1
≤ ∆,

(1 + ∆ + ε)(2ρ)1−αM2

ε − λ + λ1 − 1 − α(M2 + 1 + λ − λ1)
≤ ∆, (19)

where λ, λ1,M1,M2, b, ε, and ∆ are nonnegative con-
stants, then equations (9) and (10) have a Hölder gen-
eralized synchronization manifold

S = {(q1, q2)|q2 = σ(q1),

−∞ < t < ∞, q1 ∈ L2(Ω) = H},

which satisfies

|σ(q1)| ≤ b,

|σ(q1) − σ(q′1)| ≤ ∆|q1 − q′1|α/2.∀q1,

q′1 ∈ L2(Ω) = H.

The proof is reported in Appendix A. The demon-
stration is also very intuitive. Around the asymptot-
ically stable equilibrium point of the modified equa-
tion of the response system, the chaotic orbit of the
driving system (q1 system) may establish an invariant
manifold. This depends on the balance between the
attraction force which drives the response system to-
ward the equilibrium point and the chaotic repulsive
force of the driving system, as especially shown in the
description of the fast variable (Lemma 3). As the at-
traction force of the fast variable is not very large, we
need to estimate the balance between the attraction
force and the repulsive force by adopting the Schauder
Fixed Point Theorem.

4. Numerical analysis of an exam-

ple

We use the numerical simulation given in Ref. [10]
to verify the correctness of the theory. The auxiliary

system corresponding to the drive system and the re-
sponse system is

q3t = q3 + (1 + iβr)q3xx − (1 − αr i)|q3|2q3

+ ε(q1 − q3).

The numerical simulation given in Ref. [10] shows
the space–time evolution of the amplitude difference
|q1(t) − q2(t)| between the drive system and response
system, and the space–time evolution of amplitude dif-
ference |q3(t)−q2(t)| between the auxiliary system and
corresponding system; (a) ε = 0.5, a generalized syn-
chronization does not exist; (b) ε = 0.9, a generalized
synchronization exists; (c) ε = 20, a complete gener-
alized synchronization exists.

In the system, the parameter selection is as fol-
lows: αd = 1.5, βd = 1.5, αr = 4.0, and βr = 4.0 and
the spatial period of the system L is selected to be
40π, i.e., L = 40π. Under periodic boundary condi-
tions, eigenvalue λ1 = λ, take λ = 0.1, then

|q1(t)| ≤
√

(1 − λ)L =
√

0.9 × 40 × 3.14 = 10.63,

when ε = 1,

|q2(t)| ≤
√

2(1 − λ)2L + ε(ρ′10)2

ε + 2 − 2λ
= 11.7,

when ε = 20,

|q2(t)| ≤
√

2(1 − λ)2L + ε(ρ′10)2

ε + 2 − 2λ
= 10.63.

The condition for Lemma 3 is that ε−λ > 1 exists
and ε > 0.9 conforms with numerical results.

The condition for Lemma 4 is M1 + 1 > λ1 + λ =
0.2 which can be met obviously.

The condition for Lemma 5 is ε − λ + λ1 > 1,
which indicates that ε > 0.8 is also met.

It is difficult to estimate and make conditions in
Theorem 3 accurately. However, ε > M2 means that
ε needs to be large, that is, conditions for ε = 20 are
required. The condition ought to be the smooth gener-
alized synchronization, the corresponding diagram 1-c
in numerical simulation is complete generalized syn-
chronization.

It is also difficult to estimate conditions in Theo-
rem 5 accurately. However, ε − λ + λ1 − 1 − α(M2 +
1 + λ − λ1) > 0, if only α is sufficiently small, it can
also be met.

5. Conclusion and discussion

We establish a strict mathematical theory on
the existence of unidirectionally coupled generalized
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synchronization with the Ginzberg–Landau equation.
The method can be applied to the reaction–diffusion
equation and the Kuramoto–Sivashinnsky equation.
With regard to studies on other coupling modes (pin-
ning coupling and diffusion coupling in bounded do-
main), we will make them clear in future.

Appendix A

(I) Proof of Theorems 1 and 2
Firstly, we prove that equations (1)–(3) have ab-

sorbing sets in H. The existence of an absorbing set
for Eq. (5) has been proved in Ref. [17]. For readers’
convenience, we give the proof process. Multiplying
Eq. (5) by q̄1 (q1’s conjugate number), integrating the
resulting equation with respect to it and taking its real
part by using the Green formula, we have

1
2

d
dt

|q1|2 + ‖q1‖2 + |q1|4L4 − (1 + λ)|q1|2 = 0.

Because

s4

2
− 2(1 + λ)s2 ≥ −2(1 + λ)2

1
,

1
2

∫
Ω

|φ|4dx − 2(1 + λ)
∫

Ω

|φ|2dx ≥ −2(1 + λ)2

1
|Ω|,

we have

d
dt

|q1|2 + 2‖q1‖2 + |q1|4L4 + 2(1 + λ)|q1|2

≤ 2(1 + λ)2|Ω|.

Then, from the Gronwall Lemma, we obtain

|q1(t)|2 ≤ |q10|2 exp(−(1 + λ))t

+
2(1 + λ)2|Ω|

2(1 + λ)
(1 − exp(−(1 + λ)t)),

lim
t→∞

sup |q1(t)|2 ≤ ρ2
10, ρ2

10 = (1 + λ)|Ω|. (A1)

Therefore, ball B0 = BH(0, ρ′10) (with centre at
the origin and radius of ρ′10 > ρ10) is invariant for
semigroup S1(t) in H, and B0 is the absorbing set of
semigroup S1(t) in H. If B is a bounded set in H and
it is contained in a ball with the centre at the origin
and radius of R in H, then when

t ≥ t0 = t0(B,B0),

t0 =
1

(1 + λ)
log

R2

(ρ′10)2 − ρ2
10

, S1(t)B ⊂ B0,

and integrate it between t and t + r̃(r̃ > 0), when
q10 ∈ B and t ≥ t0, then we will obtain∫ t+r̃

t

{2‖q1‖2 + |q1|4L4 + 2(1 + λ)|q1|2}ds

≤ ρ′10
2 +

2r̃

1
(1 + λ)|Ω|. (A2)

Then, we consider Eq. (6) again, in a way similar to
that for Eq. (5), we can have

1
2

d
dt

|q2|2 + ‖q2‖2 + |q2|4L4 − (1 + λ)|q2|2

=
∫

Ω

ε(q1 − q2)q̄2dx,

d
dt

|q2|2 + 2‖q2‖2 + |q2|4L4 + 2(1 + λ)|q2|2

≤ 2(1 + λ)2|Ω| − ε

1
|q2|2 + ερ′10

2
. (A3)

Then, from the Gronwall Lemma, we have

|q2(t)|2 ≤ |q20|2 exp(−ε − 2 − 2λ)t

+
2(1 + λ)2|Ω| + (ερ′10

2)
ε + 2 + 2λ

× (1 − exp(−ε − 2 − 2λ)t),

lim
t→∞

sup |q2(t)|2 ≤ ρ2
20,

ρ2
20 =

2(1 + λ)2|Ω| + (ερ′10
2)

ε + 2 + 2λ
. (A4)

Therefore, ball B′
0 = BH(0, ρ′20) (with the centre at

the origin and radius of ρ′20 > ρ20) is invariant for
semigroup S2(t) in H, and B′

0 is the absorbing set of
semigroup S2(t) in H. If B is a bounded set in H and
it is contained in a ball with the centre at the origin
and radius of R in H, then when

t ≥ t0 = t0(B,B′
0),

t0 =
1

2(ε + 2 + 2λ)
log

R2

(ρ′20)2 − ρ2
20

,

S2(t)B ⊂ B′
0,

integrate it between t and t + r̃, when q20 ∈ B, t ≥ t0,
then we will obtain∫ t+r̃

t

{2‖q2‖2 + |q2|4L4 + 2(1 + λ)|q2|2}ds

≤ ρ′20
2 +

(
1

ε + 2 + 2λ
2(1 + λ

)2

|Ω| + ερ′10
2)r̃. (A5)

Then we prove that equations (1)–(3) have ab-
sorbing sets in V . After multiplying Eq. (5) by −∆q̄1,
integrating the resulting equation over Ω and taking
its real part by using the Green formula, we have

1
2

d
dt

‖q1‖2 + |∆q1|2 − (1 + λ)‖q1‖2

= Re(1 − αd i)
∫

Ω

|q1|2q1∆q̄1dx
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≤ 3[(1)2 + α2
d]

1/2|q1|2L4 |∇q1|2L4 , (A6)

according to the Sobolev embedding and inserted in-
equality

|φ|L4 ≤ C ′
1|φ|1/2[‖φ‖2 + |φ|2]1/4,

|∇φ|L4 ≤ C ′
2‖φ‖1/2[|φ|2 + |∆φ|2]1/4,

we have

d
dt

‖q1‖2 ≤ 2(1 + λ + C ′
3|q1|4L4)‖q1‖2 + |q1|2.

Using the uniform Gronwall Lemma

y = ‖q1‖2, g = 2(1 + λ + C ′
3|q1|4L4), h = |q1|2,

∫ t+r̃

t

g(s)ds ≤ a1,∫ t+r̃

t

h̃(s)ds ≤ a2,

∫ t+r̃

t

y(s)ds ≤ a3, (A7)

we obtain

‖q1(t)‖2 ≤
(

a3

r̃
+ a2

)
exp a1, (t ≥ t0 + r̃),

where r̃ > 0. Select q10 ∈ B arbitrarily, if B is
a bounded set in V and H, S1(t)B ⊂ B0, (t ≥
t0(B, b0));S1(t)B ⊂ B1, (t ≥ t0 + r̃), and B1 is a ball
with the centre at the origin and radius of ρ1 in V

ρ2
1 = ρ′10

2 +
(

a3

r̃
+ a2

)
exp a1, (A8)

then B1 is the absorbing set of S1(t) in V .
Similarly, multiplying both sides of Eq. (6) by

−∆q̄2, integrating the resulting equation over Ω and
then using the uniform Gronwall Lemma, we have

‖q2(t)‖2 ≤
(

a′
3

r̃
+ a′

2

)
exp a′

1, (t ≥ t0 + r̃), (A9)

where the definitions of a′
j , j = 1, 2, 3 are similar to

those of aj , j = 1, 2, 3 in Eq. (14). Therefore, ball
B2 = BV (0, ρ2) in V is also an absorbing set of S2(t)
in V . The injective mapping from V to H is compact,
so we have theorem 2.

(II) Proof of Lemma 1

B(u) = B(u, u), (Bj(u, v), w) =
∫

Ω

|u|2{(1 · v1 + αjv2)w1 + (−αjv1 + v2)w2}dx,

(Bj(u, v), v) =
∫

Ω

|u|2{(1 · v1 + αjv2)v1 + (−αjv1 + v2)v2}dx =
∫

Ω

|u|2|v|2 ≥ 0,

|Bj(u, v)|2L2 =
∫

Ω

|u|4{(1.v1 + αjv2)2 + |u|4(−αjv1 + v2)2}dx

≤ 2(1 + α2
j )

∫
Ω

|u|4|v|2dx ≤ 2(1 + α2
j )

( ∫
Ω

|u|8dx

)1/2( ∫
Ω

|v|4dx

)1/2

≤ c′1(1 + α2
j )|u|4H3/4 |V |2H1/2 ≤ c′(1 + α2

j )|u|L2‖u‖3
1|v|

1/2
L2 ‖v‖1/2

1 .

In the above derivation, we have utilized the Schwarz inequality and the Sobolev embedding theorem. Substi-
tuting v for u, we obtain

|Bj(u, u)|2L2 ≤ c′1(1 + α2
j )|u|4H3/4 |u|2H1/2 ≤ c′(1 + α2

j )|u|L2‖u‖3
1|u|

1/2
L2 ‖u‖1/2

1 ≤ M2
1 .

Equation (A1) can be derived from the above equation easily.
(III) Proof of Lemma 2 Because H1(Ω) ⊂ C(Ω̄),

|Bj(u, u) − Bj(v, v)|2L2 =
∫

Ω

(1 + α2
j ){[|u|2u1 − |v|2v1]2 − [|u|2u2 − |v|2v2]2}dx

=
∫

Ω

(1 + α2
j ){[(|u|2 − |v|2)u1 + |v|2(u1 − v1)]2 + [|u|2(u2 − v2) + (|u|2 − |v|2)v2]2}dx

≤ M̃

∫
Ω

(1 + α2
j ){[(|u| − |v|)(|u| + |v|)u1 + |v|2(u1 − v1)]2 + [|u|2(u2 − v2) + (|u| − |v|)(|u| + |v|)v2]2}dx

≤ M2
2 |u − v|2.

Equation (A2) can be derived from the above equation easily.
(IV) Proof of Lemma 5 1) Part one in the proof is to study the homogeneous equation of Eq. (16)

dξ

dt
= −(1 + iβr)Aξ + (1 + λ)ξ + ε(−ξ) + λ iβrξ, ξ(0) = ξ0. (A10)
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This equation is basic, for any ξ0 ∈ D(Aα), α ∈
R, Eq. (17) has a unique solution and belongs to
C([0,∞); D(Aα))

⋂
C([0,∞); D(Aα+1/2)). Espe-

cially, linear operator et(−A+1−ε) is a continuous op-
erator from D(Aα−1/2) to D(Aα), ∀t > 0 and D(Aα),
t ≥ 0 to itself. The norm of et(−A+1−ε) is estimated
in D(Aα) as follows: from Eq. (A10), we have

1
2

d|Aαξ|2

dt
= −|Aα+1/2ξ|2 + (1 + λ − ε)|Aαξ|2,

d|Aαξ|2

dt
≤ −2λ1|Aαξ|2 + 2(1 + λ − ε)|Aαξ|2, (A11)

|Aαξ(t)|2 ≤ |Aαξ(0)|2 exp(−2λ1 + 2(1 + λ − ε))t,

| et(−A+1−ε)|L(D(Aα)) ≤ exp(−λ1 + (1 + λ − ε))t.
(A12)

The norm of et(−A+1−ε) is estimated in L(D(Aα−1/2,
D(Aα)) as follows: from Eq. (A10), we have

1
2

d|Aα−1/2ξ|2

dt
= −|Aαξ|2 + (1 + λ − ε)|Aα−1/2ξ|2,

d{exp 2λ1t|Aα−1/2ξ(t)|2}
dt

≤− 2 exp(2λ1t)|Aαξ|2

+ 2(1 + λ − ε) exp(2λ1t)|Aα−1/2ξ|2

+ 2λ1 exp(2λ1t)|Aα−1/2ξ(t)|2,

by integrating both sides, we have

2
∫ t

0

exp(2λ1t)|Aαξ(s)|2ds

≤ [2(1 + λ − ε) + 2λ1]
∫ t

0

exp(2λ1s)|Aα−1/2ξ(s)|2ds

+ |Aα−1/2ξ(0)|2.

From Eq. (A11), when ε − λ + λ1 > 1, there is also

|Aα−1/2ξ(t)|2 ≤ |Aα−1/2ξ(0)|2 exp(−2λ1)t,

thus, we have∫ t

0

exp(2λ1t)|Aαξ(s)|2ds

≤ [(1 + λ − ε) + λ1]t|Aα−1/2ξ(0)|2

+
1
2
|Aα−1/2ξ(0)|2.

From Eq. (A11), we have

dt|Aαξ(t)|2

dt
≤− 2λ1t|Aαξ(t)|2

+ 2(1 + λ − ε)t|Aαξ(t)|2 + |Aαξ(t)|,

from the Gronwall Lemma, we obtain

t|Aαξ(t)|2 ≤
∫ t

0

|Aαξ(s)|2 exp(−2λ1

+ 2(1 + λ − ε))(t − s)ds

≤
(∣∣∣∣12 + t(1 + λ − ε − λ1)

∣∣∣∣)
× exp(−2λ1t)|Aα−1/2ξ(0)|2,

so that

| et(−A+1−ε)|L(D(Aα−1/2),D(Aα))

≤
(

1
2t

+ 1 − ε + λ − λ1

)1/2

exp(−λ1)t. (A13)

2) Then we prove the solution uniqueness of
Eq. (16). If ξ1 and ξ2 are two solutions of Eq. (16)
and ξ = ξ1 − ξ2 is the solution of Eq. (A10), then,
from Eq. (A11) t0 < t, we have

|Aαξ(t)|2 ≤ |Aαξ(t0)|2 exp(−2λ1 + 2(1 − ε))(t − t0),

when t0 → ∞, the above equation is close to zero.
Therefore, |Aαξ(t)| = 0.

3) Integrate Eq. (16) between t0, t, t0 < t, we have

ξ(t)= e(−A+1−ε)(t−t0)ξ(t0) +
∫ t

t0

e(−A+1−ε)(t−τ)σ(τ)dτ .

If ξ is bounded, when t0 → −∞, ε > 1,
e(−A+1−ε)(t−t0) is close to zero, then we have

ξ(t) =
∫ t

−∞
e(−A+1−ε)(t−τ)σ(τ)dτ . (A14)

It is shown that equation (A14) will inevitably be met
if ξ exists.

Because of Eq. (A14) we have∫ t

−∞
|Aα e(−A+1−ε)(t−τ)σ(τ)|dτ

≤ |σ|∞
∫ t

−∞
‖ e(−A+1−ε)(t−τ)‖dτ,

where |σ(τ)|∞ is the norm of σ in L∞(R;D(Aα−1/2))
and ‖ e(−A+1−ε)(t−τ)‖ is the norm of the operator in
L(D(Aα−1/2), D(Aα)),∫ t

−∞
‖ e(−A+1−ε)(t−τ)‖dτ

≤
∫ t

−∞

(∣∣∣∣ 1
2(t − τ)

+ 1 − ε − λ + λ1

∣∣∣∣)1/2

× exp(−λ1(t − τ))dτ. (A15)

By comparison, we can obtain that the right-hand side
of Eq. (A15) is bounded. Therefore, we have

|Aαξ(t)| ≤ |σ|∞
∫ t

−∞

(∣∣∣∣ 1
2(t − τ)

+ 1 − ε − λ + λ1

∣∣∣∣)1/2
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× exp(−λ1(t − τ))dτ.

(V) Proof of Theorem 3 Find generalized syn-
chronization manifold S, make it formed by chart of
Lipschitz function σ : H → H, that is, S = Graphσ =
{(q1, q2)|q2 = σ(q1), q1 ∈ H}. σ is obtained from
fixed points of the operator defined in functional FD,∆.
Make FD,∆, a Lipschitz function family, satisfy the
following conditions:

|σ(q1)| ≤ b,

|σ(q1) − σ(q′1)| ≤ ∆|q1 − q′1|.∀q1, q′1 ∈ H. (A16)

Introduce distance

‖σ1 − σ2‖ = sup
q1∈H

|[σ1(q1) − σ2(q1)]|

on FD,∆, then FD,∆ will be a complete metric space.
When t ≤ τ , q1(τ) = η ∈ H, the solution t ≤ τ ,
q1(t; τ) = η of Eq. (9) exists in (−∞, τ).

Now, operator G is defined as follows:

G(σ)(τ, η) =
∫ τ

−∞
eB(τ−s)[−Bθr(σ(q1(s)), σ(q1(s)))

+ εq1(s)]ds, (A17)

where q1(s) = q1(s; τ, η), and B = −(1+iβr)A+I(1+
λ + λ iβr) − εI.

We will prove that mapping G maps FD,∆ to FD,∆

and it is a contraction mapping.

|G(σ)(τ, η)| =
∣∣∣∣ ∫ τ

−∞
eB(τ−s)[−Bθr(σ(q1(s)), σ(q1(s))) + εq1(s)]ds

∣∣∣∣
≤

∫ τ

−∞
exp(1 − λ1 + λ − ε)(τ − s)[M1 + ερ]ds ≤ M1 + ερ

ε − λ + λ1 − 1
≤ b.

Suppose that σ and σ′ are two mappings that satisfy Eq. (A16) and η, η′ ∈ H, make q′1(t) = q′1(t; τ, η
′), q1(t) =

q1(t; τ, η), then when
t ≤ τ, |q1(t) − q′1(t)| ≤ e(−λ1+M2+1+λ)(τ−t)|η − η′|,

we have

|{G(σ)(τ, η) − G(σ′)(τ, η′)}|

=
∣∣∣∣ ∫ τ

−∞
[Bθr(σ(q1(s)), σ(q1(s))) − εq1(s) − Bθr(σ′(q′1(s)), σ

′(q′1(s))) + εq′1(s)]ds

∣∣∣∣
≤

∣∣∣∣ ∫ τ

−∞
M2 e(1+λ−λ1−ε)(τ−s)[|σ(q1(s)) − σ′(q′1(s))| + ε|q1(s) − q′1(s)|]ds

∣∣∣∣
≤

∫ τ

−∞
M2 e(1+λ−λ1−ε)(τ−s)[|σ(q1(s)) − σ′(q1(s))| + |σ′(q1(s)) − σ′(q′1(s))| + ε|q1(s) − q′1(s)|]ds

≤ M2

∫ τ

−∞
e(1+λ−λ1−ε)(τ−s)[‖σ − σ′‖ + (1 + ∆ + ε) e(M2+1+λ−λ1)(τ−s)|η − η′|]ds

=
M2

λ1 − λ + ε − 1
‖σ − σ′‖ +

(1 + ∆ + ε)M2

ε − M2
|η − η′|.

When η = η′, it is shown from the above equation that
G is a contraction mapping on FD,∆; when σ = σ′, it
is shown from the above equation that G(σ) is a Lips-
chitz mapping, thus, a unique fixed point exists, that
is, a Lipschitz smooth GS manifold exists.

Now we prove the invariance of S. Make
(q10, q20) ∈ S, q20 = σ(q10). For equation

dq1

dt
= − (1 + iβd)Aq1 − Bθd(q1, q1)

+ (1 + λ)q1 + λ iβdq1,

make q2(t) = σ(q1(t)) for proving (q1(t), q2(t)) ∈ S we
just need to prove q2(t) = σ(q1(t)) and the following

equation is satisfied

dq2

dt
= − (1 + iβr)Aq2 − Bθr(q2, q2) + (1 + λ)q2

+ λ iβrq2 + ε(q1 − q2).

In fact, it is shown from contraction fixed point theo-
rem that the equation has a unique solution,

q2(t) =
∫ t

−∞
eB(t−s)[−Bθr(σ(q1(s)), q1(s)) + εq1(s)]ds,

and when t → ∞, q2(t) is bounded.
(VI) Proof of Theorem 5 Find generalized

synchronization manifold S, make it formed by graph
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of function σ : H → H, that is, S = Graphσ =
{(q1, q2)|q2 = σ(q1), q1 ∈ H}. σ is obtained from
fixed points of the operator defined in functions FD,∆.
Make FD,∆ a Hölder function family that satisfies the
following conditions:

|σ(q1)| ≤ b, |σ(q1) − σ(q′1)| ≤ ∆|q1 − q′1|α ∀q1,

q′1 ∈ H. (A18)

Introduce distance

‖σ1 − σ2‖ = sup
q1∈H

|σ1(q1) − σ2(q1)|

on FD,∆, then FD,∆ will be a complete metric space.
When t ≤ τ, q1(τ) = η ∈ H the solution t ≤
τ, q1(t; τ) = η of Eq. (9) exists in (−∞, τ). Then
we define Hölder space C0,α, for σ, σ1, σ2 ∈ C0,α, the
norm and the distance are

‖σ1 − σ2‖0,α

= sup
y∈H

|σ1(y) − σ2(y)|

+ sup
y 6=y′

|σ1(y) − σ2(y) − [σ1(y′) − σ2(y′)]|
|y − y′|α

,

‖σ‖0,α = sup
y∈H

|σ(y)| + sup
y 6=y′

|σ(y) − σ(y′)|
|y − y′|α

,

for any σ ∈ FD,∆, ‖σ‖0,α ≤ ∆ + b, that is, FD,∆ is a
closed ball in C0,α.

Now, operator G is defined as follows:

G(σ)(τ, η) =
∫ τ

−∞
eB(τ−s)[−Bθr(σ(q1(s)), σ(q1(s)))

+ εq1(s)]ds, (A19)

where q1(s) = q1(s; τ, η), B = −(1+iβr)A+I(1+λ+
λ iβr) − εI. Inequality (12) can be modified into

|θρ(|A1/2u1|)Bj(u, u) − θρ(|A1/2u2|)Bj(v, v)|

≤ M2|(u − v)|

≤ M2(2ρ)1−α|(u − v)|α.

We will prove that mapping G will map FD,∆ into
FD,∆ and it is a contraction mapping.

|G(σ)(τ, η)| =
∣∣∣∣ ∫ τ

−∞
eB(τ−s)[−Bθr(σ(q1(s)), σ(q1(s))) + εq1(s)]ds

∣∣∣∣
≤

∫ τ

−∞
exp(1 − λ1 + λ − ε)(τ − s)[M1 + ερ]ds ≤ M1 + ερ

ε − λ + λ1 − 1
≤ b.

Suppose that σ, σ′ are two mappings that satisfy inequality (A18) and η, η′ ∈ H, make q′1(t) = q′1(t; τ, η
′), q1(t) =

q1(t; τ, η), then, when

t ≤ τ, |q1(t) − q′1(t)| ≤ e(−λ1+M2+1+λ)(τ−t)|η − η′|, |q1(t) − q′1(t)|α ≤ eα(−λ1+M2+1+λ)(τ−t)|η − η′|α, (A20)

we have

|{G(σ)(τ, η) − G(σ′)(τ, η′)}|

=
∣∣∣∣ ∫ τ

−∞
[Bθr(σ(q1(s)), σ(q1(s))) − εq1(s)] − Bθr(σ′(q′1(s)), σ

′(q′1(s))) + εq′1(s)]ds

∣∣∣∣
≤

∣∣∣∣ ∫ τ

−∞
M2 e(1+λ−λ1−ε)(τ−s)[|σ(q1(s)) − σ′(q′1(s))| + ε|q1(s) − q′1(s)|]ds

∣∣∣∣
≤

∫ τ

−∞
M2 e(1+λ−λ1−ε)(τ−s)[|σ(q1(s)) − σ′(q1(s))| + |σ′(q1(s)) − σ′(q′1(s))| + ε|q1(s) − q′1(s)|]ds

≤ M2

∫ τ

−∞
e(1+λ−λ1−ε)(τ−s)[‖σ − σ′‖ + (1 + ∆ + ε)(2ρ)1−α e(M2+1+λ−λ1)(τ−s)|η − η′|α]ds

=
M2

λ1 − λ + ε − 1
‖σ − σ′‖ +

(1 + ∆ + ε)M2

ε − λ + λ1 − 1 − α(M2 + 1 + λ − λ1)
|η − η′|α. (A21)

When η = η′, it is shown from the above equation that G is a bounded mapping on FD,∆; when σ = σ′, it is
shown from the above equation that G(σ) is a Hölder mapping.

We will use the Schauder Lemma. First,

‖G(σ)‖0,α = sup
η∈H

|G(σ(η))| + sup
η 6=η′

|σ(η) − σ(η′)|
|η − η′|α

≤ b + ∆, (A22)
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then G is a mapping of FD,∆ into FD,∆.
Second, we prove that G is a continuous mapping. For any ε > 0 in order to make ‖G(σ1)−G(σ2)‖0,α < ε

exist, then there should be

‖G(σ) − G(σ′)‖0,α = sup
η∈H

|G(σ(η)) − G(σ′(η))| + sup
η 6=η′

|G(σ(η)) − G(σ′(η)) − [G(σ(η′)) − G(σ′(η′))]|
|η − η′|α

< ε.

According to Eq. (A17), if only

|σ(η) − σ′(η)| <
ε

3∆
,

|σ(η) − σ′(η)|
|η − η′|α

<
ε

3∆
,

|σ(η′) − σ′(η′)|
|η − η′|α

<
ε

3∆
,

there is ‖σ−σ′‖ < δ = ε/3∆ and ‖G(σ)−G(σ′)‖0,α <

ε exists.
Third, we prove that G maps the bounded set of

C0,α/2∩FD,∆ into a relatively compact set of C0,α/2∩

FD,∆. Suppose that G(σ(η)) is a function family with
η as its parameter, it is uniformly bounded. Accord-
ing to Eq. (A19), |G(σ(η))−G(σ(η′))| ≤ ∆|η−η′|α/2,
when |η − η′| < δ = (ε/∆)2/α, there exists |G(σ(η))−
G(σ(η′))| < ε. It is shown from Arzela Theorem
that a function sequence {G(σn)} which converges in
C0 ∩ FD,∆ can be selected from {G(σ)}, so now we
will prove that {G(σn)} converges in C0,α/2 ∩ FD,∆.
Suppose that gmn(η) = G(σm(η))−G(σn(η)) then we
have

|gmn(η) − gmn(η′)|
|η − η′|α/2

=
{
|G(σm(η)) − G(σ′

n(η)) − G(σm(η′)) + G(σ′
n(η′))|

|η − η′|α

}α/2α

× |gmn(η) − gmn(η′)|1−α/2α. (A23)

Because C0,α ∩ FD,∆ is also a bounded set and {.}
is bounded in Eq. (A23), and its boundary is K1, we
have

‖gmn‖0,α/2

= sup
η∈H

|gmn(η)| + sup
η 6=η′

|gmn(η) − gmn(η′)|
|η − η′|α/2

≤ sup
η∈H

|gmn(η)| + K1 sup
η 6=η′

|gmn(η) − gmn(η′)|1/2

≤ ‖gmn‖0 + 2K1‖gmn‖1/2
0 .

It is shown that {G(σn)} is the fundamental se-
quence of C0 and it is derived that {G(σn)} is also the
fundamental sequence of C0,α/2. Therefore, {G(σn)}
converges in C0,α/2 ∩ FD,∆. It is derived from the
Schauder Fixed Point Theorem that G has a fixed
point σ = G(σ) in C0,α/2 ∩FD,∆. Therefore, a Hölder
continuous GS manifold exists in Eqs. (9) and (10)

{S =(q1, q2)|q2 = σ(q1),

−∞ < t < ∞, q1 ∈ L2(Ω) = H},

which satisfies

|σ(q1)| ≤ b,

|σ(q1) − σ(q′1)| ≤ ∆|q1 − q′1|α/2.∀q1,

q′1 ∈ L2(Ω) = H.

Now we prove the invariance of S. Make
(q10, q20) ∈ S, q20 = σ(q10). For the equation

dq1

dt
= − (1 + iβd)Aq1 − Bθd(q1, q1)

+ (1 + λ)q1 + λ iβdq1,

make q2(t) = σ(q1(t)). For proving (q1(t), q2(t)) ∈ S

we just need to prove q2(t) = σ(q1(t)) satisfies the
following equation,

dq2

dt
= − (1 + iβr)Aq2 − Bθr(q2, q2)

+ (1 + λ)q2 + λ iβrq2 + ε(q1 − q2).

In fact, it is shown from the Schauder Fixed Point
Theorem that the equation has a unique solution

q2(t) =
∫ t

−∞
eB(t−s)[−Bθr(σ(q1(s)), q1(s)) + εq1(s)]ds,

and when t → ∞, q2(t) is bounded.
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