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In this paper, the generalized synchronization of two unidirectionally coupled Ginzburg—Landau equations is

studied theoretically. It is demonstrated that the drive-response system has bounded attraction domain and compact

attractors. It is derived that the correction equation has asymptotically stable zero solutions under certain conditions and

that the sufficient conditions for smooth generalized synchronization and Holder continuous generalized synchronization

exist in the coupling system. Numerical result analysis shows the correctness of theory.
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1. Introduction

Chaotic oscillator synchronization is one of the
most important nonlinear phenomena.l? Lots of
studies in the field deepen the understanding of the
general rules of interactions between nonlinear (chem-
ical, physical, biological, etc.) systems with dif-
ferent properties. Practical applications of these
studies include the use of deterministic chaos infor-
mation communication,® neural dynamics,! disease
diagnosis,’®! etc. The study of chaos synchroniza-
tion depends mainly on the analysis of a coupled
low-dimensional dynamical system. Chaos synchro-
nization is classified into the following types: phase
synchronization; generalized synchronization; delayed
synchronization; and complete synchronization.

Recently, great attention has been paid to the
chaos synchronization of an infinite-dimensional dy-
namical system.>=1% Studies are performed mainly
on complex dynamics, which shows distributed vi-
bration systems such as spatiotemporal chaos, pat-
tern formation, etc. Distributed parameter system
control and synchronization by using the Ginzberg—
Landau (GL) equation has been studied by many
researchers, '] as well as the Kuramoto-Sivashinsky
equation'?l and the chemical reaction equation.[*] In

Refs. [11] and [12], the complete synchronization and

spatiotemporal
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coupling modes including uniform space coupling and
pinning coupling of the Ginzberg-Landau equation
and the Kuramoto—Sivashinsky equation were studied.
In Ref. [13], the generalized chaos synchronizations
of the Ginzburg-Landau equation for different kinds
of unidirectionally coupled drive-response systems are
analysed numerically. The Ginzberg—Landau equation
can be used to study spatiotemporal chaos and pat-
tern formation in various distribution media. Study
methods include the auxiliary system method and
calculation of the Lyapunov index. Although there
are many theoretical results for finite-dimensional sys-

1-39] the synchronization of an

tem synchronization,|
infinite-dimensional dynamical system is obtained just
from numerical calculations and no complete theoret-
ical results have been obtained.

The generalized synchronization of a chaotic sys-
tem presented by Rulkov et al.l'® had a profound
influence on physics, which is related to basic issues
such as the pattern formation in complex systems, self-
organization phenomena, emergence, etc. of system-

(5] Various kinds of self-organization the-

atic science.
ories emerged in Europe during the 1970s and 1980s,
especially Prigogine’s Dissipativity Structure Theory
and Haken’s Synergetics, and they have made a signifi-
cant contribution to the world. The Santa Fe Institute

(SFI) in the USA was established for the discussion
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of emergent phenomena. The two seminars held at
the beginning had Synthesis and Emergence as their
themes. In the 1990s, they highlighted emergence, as
they did for the Santa Fe topics or philosophies, and
found a clear link between emergence and the com-
plexity of self-organization, and many papers on the
subject were published.

The slaving principle of Haken’s Theory of Syn-
ergetics was found to be the most basic and simplest
theory during the discussion of the concept of emer-
gence of all complex systems. To explain the slaving
principle, centre manifold theory and inertia manifold
theory have been established in the field of mathemat-
ics. The core of these theories is Haken’s idea that
slow variables dominate fast variables. Haken has re-
peatedly clarified it as a special parameter used to
describe macroscopic systems; an order parameter is
formed under critical conditions in the process when
micro subsystems interact with each other. They are
completely unknown at the microscopic level (reduc-
These discussions are
Self-
organization theories have provided some scientific ap-

tionism is out of function).
about the general applications of emergence.

proaches to the description of some emergent phenom-
ena. Emergent properties are possessed by a whole
system, not just part of a system. When viewed from
a hierarchical structure, emergent properties are at-
tributive characters and behavioural functions that
appear at high levels but disappear when they are re-
stored to low levels.

This article is based on the study of the gener-
alized synchronization of spatiotemporal chaotic sys-
tems of the Ginzberg—Landau drive-response equation
of uniform coupling according to Haken’s Theory of
Synergetics. The theory adopted by us is the theory of
an infinite-dimensional dynamical system. At the be-
ginning of the 1990s, Temam!'%! established the global
attractor and inertial manifold theories and applied
them to a large class of typical infinite-dimensional dy-
namical systems, such as the reaction—diffusion equa-
tion, the Kuramoto—Sivashinsky equation, the Navier—
Stokes equation, etc. The drawback of the theory is
that it is difficult to discuss the spatiotemporal chaos
of an infinite-dimensional dynamical system in detail.
In 1996, Li et al.' studied the following perturbation
nonlinear Schrodinger equation:

¢t = Gu + 2[q7 — w)q +ie[Dg — I7.

They demonstrated the existence of a pair of non-
trivial and symmetrical homoclinic trajectoies which
correspond to the existence of spatiotemporal chaos.

We study the following unidirectionally coupled
Ginzburg-Landau equation:

qaie = ¢+ 1 +iB0)q1ee — (1 — agi)lgiPqr, (1)
Gt = g2+ (1 +1B)q200 — (1 — i i)|g2]* g
+e(q1 — q2), (2)

where 8; > 0; a; > 0; j =d,r; 2 =1[0,L]; a; 3; > 1;
j=d,r; ¢ and g9 are periodic functions and

T € {2,
x € . (3)

q1(,0) = qio(x),
q2(7,0) = gao(7),

It is shown from the theory in Ref. [12] that connected
and compact finite global attractors exist in Egs. (1),
(2), and (3).

How is the generalized synchronization produced
that is used to couple the two spatiotemporal chaotic
systems with different responses? It was discovered
that the idea that slow variables (order parameters)
dominate fast variables in Haken’s slaving principle
can strictly clarify the question theoretically. In the
following section, we will explain it in physics and
provide strict proof in mathematics. Through a cer-
tain degree of coupling, two spatiotemporal chaotic
systems are found to have a certain kind of “rela-
tion”, which can be regarded as a certain kind of “self-
organization”, “pattern” or “invariant manifold” in
mathematics. If this kind of “relation” is produced
when the control parameters change, it can be re-
We call it
a “generalized synchronization of a chaotic system”.

garded as a kind of simple emergence.

Generalized synchronization of a chaotic system has
The definition of
generalized synchronization is as follows.

many emergence characteristics.

Definition 1 Ginzburg-Landau equations (1)—
(3) are named generalized synchronization, if there is
mapping & such that the following equation holds:

limtﬂoo |Q1($at) - ¢(QQ(1"’t>>| = 07

where | - | refers to the bound norm of the located
function space.

The rest of the present paper is organized as fol-
lows. In Section 2 it is demonstrated that smooth gen-
eralized synchronization exists in Ginzburg-Landau
equations (1)—(3). In Section 3 the existence of Holder
continuous generalized synchronization is indicated.
In Section 4, the correctness of theory is verified
through numerical simulation analysis.

120505-2



Chin. Phys. B Vol. 20, No. 12 (2011) 120505

2. Existence of smooth general-

ized synchronization

Finite-dimensional dynamic systems are often dis-
cussed in a finite-dimensional space (phase space)
while partial differential equations such as the
Ginzburg-Landau equation must be studied in an
infinite-dimensional Hilbert space. Therefore, we in-
troduce the function space as follows. In order to dis-
cuss Egs. (1)—(3), we should introduce complex space
and use X,Y to record the complexified space of
X,Y. For example, L?({2) is the complexified space
of L*(§2), use (.,.) to record the inner product of
L?(92), use | - | to record norm of L?(§2), and select
H=L*2),V=H!_(2) and |.|| as the norm of V.

per

Then,
2
Auz—@u—k)\u, 1>A>0,

record Wy, \; as A ’s eigenvector and eigenvalue in H
respectively,

AWj = /\jo,

F>1 0< A <A< <A <,

Aj o0 (j —00). (4)

Equations (1)—(3) can be converted into functional
equations in function space as follows:

A0 (458040 — (1 - tanlaln
+q1(1+ )+ NiBaq, (5)
8 (141840 — (-0l
+ @1+ X)) +Xifrg +e(@ —q2), (6)
3;(0) = gjo, j=1,2. (7)

Theorem 1 When gj0 € H, j = 1,2, equations
(5), (6), and (7) have unique solutions

g; € C([0,T); H) N L*([0,T); V), VT < oo, j=1,2,

and there is a mapping S;(t) : gjo — ¢;(t), it is con-
tinuous from H to H. If gjo € V, j = 1,2, then

g; € C([0,T); V)N L*([0,T]; D(A)),
VT < o0, j=1,2.

First we study the properties of global attractors
of a unidirectional coupled Ginzburg-Landau equa-
tion. In this way, we illustrate the structure of such a
coupling system from a macroscopic point of view.

Theorem 2 Taking two coupled Ginzburg—
Landau equations (1)—(3) with periodic boundary con-

ditions (where 3; > 0, o; > 0, j = d,r, 2 = [0, L],

a;B; >1,j=d,r, ¢ and go are {2 periodic functions)
into consideration, the dynamical system has attrac-

tor & and it is compact, connected and maximal in

L?(2) x L*(0).

The proof is reported in Appendix A.

In order to avoid difficulty caused by nonlinear
terms when ||¢1]| and |gz2| are very large, we trun-
cate the nonlinear terms of the original Eqs. (5) and
(6). Equations after truncation are called transformed
equations. A transformed equation keeps the long-
term dynamic behaviour of the original equation. Se-
lecting p > 0 is to absorb sets B; and Bj contained in
the D(A'/?) ball whose centre is located in the origin
and radius is p/2. Select C*° function 6 as follows:

0<s<1, #6(s)=0,
sup [0/ (s)] < 2, (8)
s>0
make

Bj(u,u) = (1 —iay)lul’u,

0,(s) = 0(s/p),
Byj(u,u) = 0,(|A?ul)(1 —iay)lul*u,

then equations (5) and (6) can be transformed into

% = —(1+iBa)Aq1 — Boa(q1, q1)

+ (1 +A)g1 + AiBag, (9)
% = —(1+ip:)Ag2 — Bor(q2: ¢2)

+ (1 +A)g2 +AiBrgz + (@1 — g2). (10)

Lemma 1 By is a globally bounded operator
from D(A'/?) to D(A®) = L?(£2), and

sup | Bgj(u,u)| < M. (11)
ueD(A/2)

The proof is reported in Appendix A(T).

Lemma 2

By is the globally Lipschitz mapping from
D(AY?) to D(A%) = L*(12),

10(1 A 2u]) B; (u, 1) — 6,(| A uz]) By (v, )|
< Ma|(u — ). (12)

The proof is reported in Appendix A.

To identify the fast and the slow variables in the
coupling system, we adopt the method of modifying
systems. The correction equation of Eq. (6) is

dgz

dt - _(1 + lﬂr)Aq2 - Ber(q27q2)

+ (14 N2+ AifBrge +e(—q2).  (13)
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According to the correction equation dynamics
behaviours which are asymptotically stable zero so-
lutions or asymptotically stable nonzero equilibrium
solutions or asymptotically stable periodic solutions
or spatiotemporal chaos, the generalized synchroniza-
tion of Egs. (1)—(3) can be classified into Class I, Class
II, Class I1I, and Class IV generalized synchronization.
In this paper we will prove the existence of Class I gen-
eralized synchronization and discuss its properties.

The chaotic conditions of a driving system indi-
cates that variable ¢ is a slow variable (order parame-
ter) and the modification system of a response system
has an asymptotically stable equilibrium point (go is
the fast variable of Class I) or an asymptotic stable
period orbit (fast variable of Class II). According to
Haken’s Theory of Synergetics, we can draw a con-
clusion that the ¢; variable dominates the ¢, variable
under certain conditions. In this way, we carefully
analyse the reason and characteristics of such a slav-
ing process in mathematics. We need now to describe
the convergence of fast variable go. Lemma 3 below
describes such a convergence in detail.

Lemma 3 When € — A > 1, the correction equa-
tion has an asymptotically stable zero solution.

Proof Multiplying Eq. (13) by G2 (g2’s conju-
gate number), integrating the resulting equation over
{2 and taking its real part by using the Green formula,
we have

1d

2 2 2
1+ A — .
2 ]t|Q2| ( )|q2| 5|Q2|

Then, from Gronwall Lemma, we obtain

1g2(t) 2 < |gool? exp2(1 — & + \)t,
lim |go(t)[* = 0. (14)
t—o0o

We need to describe the expansivity of slow vari-
able q;.

Lemma 4 Suppose that My +1 > A\ —
the following inequality will exist

A, then

(1 = q1) < lq10 — 10l
X exp(—)\l + MQ + A+ 1)t/2 (15)

Proof From Eq. (5)

dar _

1 (1+iB4)Aq:

+>\i/6dq17

Bya(qi,q1) + (1 4+ M@

it follows that

dgy _

—(1 4+ Ad —
at (1+iBa)Ady

Boa(dy, 4h)

+ (14 N)gy + XiBag;-

Subtracting one of the above two equations from the
other, we have

d —q! ,
% = —(1+4+iBs)A(q1 — q1)
+ Boa(q1,q1) + (1 + XN (@1 — q7)

+AiBalgr — qh)-

— Boalq1,q1)

Multiplying the above equation by (1 — ¢), in-
tegrating the resulting equation over (2 and taking its
real part by using the Green formula, we have

1d(@ -l _

5 N —|AY2(qy — ) /{Bed q1,q1)
— Boa(dy, ¢1) a1 — q1)da
+(1+ Mg —a)l,
%d‘(qldi_tqw < —Millar — a) P + Ma|(ar — q1)
X |(@n = g+ (1 +N)|(ar — )P,
d\(qldi—tqi)P < 2(=M A+ Mo+ 1+ N)|(q1 — g,

thus, we obtain
lar — 1] < laro — diol exp(—A1 + Mz + A + 1)t.

Lemma 5 For any « € R, make o on
L®(R,D(A*"1Y/2)), e = A4+ \; > 1, then there will ex-
ist unique function &, which is continuously bounded
from R to D(A®) and satisfies

% = (1416, AE + (14 N)E +e(—€)

The proof is reported in Appendix A.
Theorem 3 Suppose that the conditions of The-
orem 1, Lemma 4 to Lemma 5, are satisfied and

My +ep M,

et S e B |

i Wi v T R W W T

(14 A+e)M,

dra+res 5 17
e My O (17)

where A\, A1, My, Ms, b, ¢, and A are nonnegative

constants, then equations (9) and (10) will exist as a

smooth generalized synchronization manifold

S={(q1,9)|2 =0(qr), —o0<t<oo,

q € L*(2) = H},
which satisfies

lo(q)] < b, lolq) —olqy)] < Algr — ¢4 |-V,
¢, € L*(2) = H.
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The proof is reported in Appendix A. The demon-
stration is particularly intuitive. Around the asymp-
totically stable equilibrium point of a modified equa-
tion of response system, the chaotic orbit of driving
system (g1 system) may establish an invariant mani-
fold. This depends on the balance between the attrac-
tion force which drives the response system toward
the equilibrium point and the chaotic repulsive force
of the driving system, as especially shown in the de-
scription of fast variable (Lemma 3). We estimate the
balance between the attraction force and the repulsive
force through the compression fixed point theorem.
Until now we have not found an effective and uni-
versal approach to the calculation of the generalized
synchronous manifold, therefore, we have not figured
out a simple and constructive method which contains
obvious physical concepts to validate the generalized
synchronization.

Note 1 If condition (23) is weakened, the Holder
continuity of the generalized synchronization manifold
will be caused, then, the condition will become more
complicated and we will indicate it in Theorem 5.

Theorem 4 Under the conditions of Theorem
3, when € — A+ Ay > 1+ M,, the generalized syn-
chronization manifold is exponentially attractive, es-
pecially, when ¢ (t) and g2 (t) are solutions of Egs. (9)
and (10), thus there is

lg2(t) — o(q1(2))]

< lga(to) — o(qu(to))] e =AM HIFME= )| (18)

Proof The solution of Eq. (10) can be written as

ga(t) = ePUgy(t0) Jr/t =)
X [=Bor(q2(5), q2(s)) + €q1(s)]ds

On S, and

t

a(q:(t)) :/ P =By, (a(q1(5)), o (a1 (5)))

+7;;1 (s)]ds.
Then there is
£t) = q2(t) —o(q1(?))
eBU=10) gy (o)

+/ U= By,(g2(5), 2(5)) + £qa (s)]ds

to

_/_ BBy, (0(q1(5)), (q1(5)))

+eqi(s)]ds,
g(t) _ eB(t—to)f(to)

= / eB(tfs)[—Bar((D(S)aQ2(3))

to

+ Bor(o(q1(s)),o(q1(s)))]ds,

£(t) = ax(t) — o(ar (1))
= B¢ (1) + / eBU=5) [~ By, (ga(5), 02 (5))

to

+ Bor(0(q1(5)), 0(q1(5)))]ds,
|

ef(E*/\ﬁ*)\lfl)(tfto) |f(t0)

IA

@)

+M“‘/ e~ (EMHN=D=9) 4, (5) — o(qu (s))|ds,

to

elE AT M =I=t0) 1 (1)| < [€(to)]

t
My [ oA g (5) s,

to
oMM g (1) < [¢(tg)| M),

so there is

£(t)] < M€(to)] e = AT MAIFM)(ET0),

3. Existence of Holder continuous

generalized synchronization

For convenience, we bring in the following lem-
mas:

Lemma 6 (Schauder Fixed Point Theorem) Sup-
pose that M is the bounded closed convex set of Ba-
nach space B and F': M— Misa compact mapping,
i.e., (i) F is continuous and (ii) F' maps the bounded
set into a compact set, then zy € M and F(z0) = 20
will exist.

Lemma 7 (Arzela Theorem) Suppose that 2 is
a bounded domain in R™ and M is a subset in Cy(£2),
if

i) there is a constant K and it satisfies
sup,eq |f(2)| < K,Vf € M;

ii) for any given ¢ > 0, 6 > 0 exists, when
x,y € 2, |z —y| < 9, there is

(@)~ fy)l <e, VfeM,

then a function sequence f, which converges to f in
Co(£2) can be selected from M.

When condition (17) is not met, the smooth gen-
eralized synchronous manifold obtained through The-
orem 3 will no longer hold true. In this case, the char-
acteristics of generalized synchronization is very com-
plicated and the attraction field of generalized syn-
chronization can be a fractal set. In this way, we have
demonstrated the complexity of emergent phenomena.
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Haken’s slaving principle is profound for physical the-
ory but shallow for mathematical theory. Theorem 3
demonstrates that if the convergence strength of a fast
variable is particularly large, the absorbing set of the
generalized synchronization manifold will have a very
large area and the manifold is smooth. However, if the
convergence strength of the fast variable is not large,
the absorbing set of the generalized synchronization
manifold will be very complicated. It can be a fractal
set and the manifold will be only Holder continuous.

Theorem 5 Suppose that conditions for Theo-
rem 1, Lemma 1 to Lemma 5 are satisfied and

M +¢€p <o, M> <A
e—A+X —1 eE—A+A —1
11—«
1+ A+¢)(2p)' M, <A, (19)

E—)\+)\1—1—04(M2+1+)\—)\1)

where A\, Ay, M1, Ms,b, e, and A are nonnegative con-
stants, then equations (9) and (10) have a Holder gen-
eralized synchronization manifold

S ={(q1,0)|e2 = o(q1),
—o00 <t <oo,q € L*(2) =H},

which satisfies

lo(q1)] <0,
lo(q1) — o(g))| < Algs — ¢4]* Va,
q) € L*(2) = H.

The proof is reported in Appendix A. The demon-
stration is also very intuitive. Around the asymptot-
ically stable equilibrium point of the modified equa-
tion of the response system, the chaotic orbit of the
driving system (g; system) may establish an invariant
manifold. This depends on the balance between the
attraction force which drives the response system to-
ward the equilibrium point and the chaotic repulsive
force of the driving system, as especially shown in the
description of the fast variable (Lemma 3). As the at-
traction force of the fast variable is not very large, we
need to estimate the balance between the attraction
force and the repulsive force by adopting the Schauder
Fixed Point Theorem.

4. Numerical analysis of an exam-

ple

We use the numerical simulation given in Ref. [10]
to verify the correctness of the theory. The auxiliary

system corresponding to the drive system and the re-
sponse system is

ast = g3+ (L+18:)q300 — (1 — oy 1)|gs] g3

+e(qr — g3)-

The numerical simulation given in Ref. [10] shows
the space-time evolution of the amplitude difference
lg1(t) — g2(t)| between the drive system and response
system, and the space—time evolution of amplitude dif-
ference |g3(t) — g2 ()| between the auxiliary system and
corresponding system; (a) € = 0.5, a generalized syn-
chronization does not exist; (b) € = 0.9, a generalized
synchronization exists; (c¢) e = 20, a complete gener-
alized synchronization exists.

In the system, the parameter selection is as fol-
lows: ag = 1.5, B4 = 1.5, o, = 4.0, and 3, = 4.0 and
the spatial period of the system L is selected to be
40w, i.e., L = 40w. Under periodic boundary condi-
tions, eigenvalue \; = A, take A = 0.1, then

lg1 ()] < /(1 =X)L =+/0.9 x 40 x 3.14 = 10.63,

when e =1,
2(1 — A)2L + £(pfo)?
< =11.
()] < 2L 7
when € = 20,
2(1 — A)2L +e(pho)?
t) < = 10.63.
qu()l\/ B 0.63

The condition for Lemma 3 is that e— A > 1 exists
and € > 0.9 conforms with numerical results.

The condition for Lemma 4 is M7 +1 > A\ + )\ =
0.2 which can be met obviously.

The condition for Lemma 5 is € — A + Ay > 1,
which indicates that € > 0.8 is also met.

It is difficult to estimate and make conditions in
Theorem 3 accurately. However, ¢ > Ms means that
€ needs to be large, that is, conditions for e = 20 are
required. The condition ought to be the smooth gener-
alized synchronization, the corresponding diagram 1-c
in numerical simulation is complete generalized syn-
chronization.

It is also difficult to estimate conditions in Theo-
rem 5 accurately. However, e — A+ X\ — 1 — a(M2 +
14+ X—X) >0, if only « is sufficiently small, it can
also be met.

5. Conclusion and discussion

We establish a strict mathematical theory on
the existence of unidirectionally coupled generalized
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synchronization with the Ginzberg-Landau equation.
The method can be applied to the reaction—diffusion
equation and the Kuramoto—Sivashinnsky equation.
With regard to studies on other coupling modes (pin-
ning coupling and diffusion coupling in bounded do-
main), we will make them clear in future.

Appendix A

(I) Proof of Theorems 1 and 2

Firstly, we prove that equations (1)—(3) have ab-
sorbing sets in H. The existence of an absorbing set
for Eq. (5) has been proved in Ref. [17]. For readers’
convenience, we give the proof process. Multiplying
Eq. (5) by ¢1 (g1’s conjugate number), integrating the
resulting equation with respect to it and taking its real
part by using the Green formula, we have

1d
5&"”'2 ol + lalze — A+ Nl = 0.
Because
4 2(1 4+ \)2
5 2(1 +)\)52 > ,uv
2 1
1 2(1 4 \)2
5 [lottas =20+ [ o> -2 g,
2 /o 0 1

we have
Sl 2l + s + 20+ N
< 2(1+ )39
Then, from the Gronwall Lemma, we obtain
[ ()]* < lquol* exp(—(1 + N))t
20U 1 exp-(1+ 21

Jim sup | (0 < o, oo = (L+ N2 (AD)

Therefore, ball By = Bg(0, pj,) (with centre at
the origin and radius of pj, > p1o) is invariant for
semigroup S1(¢) in H, and By is the absorbing set of
semigroup S1(t) in H. If B is a bounded set in H and
it is contained in a ball with the centre at the origin
and radius of R in H, then when

t>ty)= t()(B,B()),
R2
Sl(t)B C By,

1
t == 1Og 9
CTAEN (02 - pd

and integrate it between ¢ and t + 7#(7 > 0), when
q10 € B and t > tg, then we will obtain

t+7
[ P+l + 20+ Dl as
t

2
< pho’ + T(1 + 2|02 (A2)

Then, we consider Eq. (6) again, in a way similar to
that for Eq. (5), we can have

1d

§E|Q2|2 + [lg2l* + g2l — (1 4 N)lg2l?

:/5(%—612)@2(133,
10]
d
512l + 2@l + laali: + 201+ Vel
3
<21+ M0 - Tl + epho™ (A3)

Then, from the Gronwall Lemma, we have

lg2(t)|? < |gao|® exp(—e — 2 — 2)\)t
L2004+ 0212] + (epho”)
e+24+2A
X (1 —exp(—e —2—2\)t),

Jim sup |g2(t)[* < 3,
— 00

o 200200+ (i)
20 e+ 2+2A

(A4)

Therefore, ball B = Bp(0, p5,) (with the centre at
the origin and radius of ph, > pgo) is invariant for
semigroup S3(t) in H, and By is the absorbing set of
semigroup So(t) in H. If B is a bounded set in H and
it is contained in a ball with the centre at the origin
and radius of R in H, then when

t >ty =to(B,By),
RQ
log — 5 5
2(e +2+2)) (on) — P30
Sg(t)B C Bé,

to =

integrate it between t and ¢t + 7, when go9 € B,t > t,
then we will obtain

t+7

{2llg211? + lg217+ + 2(1 4+ N)[g2|*}ds
t

2
< s’ + ( (142 1821+ eptg”)7. (49

—2
e+24 2\

Then we prove that equations (1)—(3) have ab-
sorbing sets in V. After multiplying Eq. (5) by —Agi,
integrating the resulting equation over {2 and taking
its real part by using the Green formula, we have

1d
2 dt

~ Re(l — agi) / 0121 Ay d
(9]

lgall* +1Aqi|* = (1 + M) s ]1?
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< 3[(1)* + ag] P lar |24 Va2, (A6)

according to the Sobolev embedding and inserted in-
equality

|6les < Clol 2 [l + |94,
IVolra < Chll8lI" 2181 + | A2,

we have
d 2 14 2 2
Sl <2004+ X+ ClaEa) a2 +

Using the uniform Gronwall Lemma

y=llal’, 9=20+X+Cslaa|14), k= o],

7

/ g(s)ds < aq,
t
7 t+7

/ h(s)ds < ag, / y(s)ds <az, (A7)
t t

we obtain

¢ 8
g (8)]1? < (;4-(12) expai, (t>to+7),
|

B(u) = B(u,u),

where 7 > 0. Select q19 € B arbitrarily, if B is
a bounded set in V and H, Si(t)B C By, (t >
to(B,by)); S1(t)B C By, (t > tg+7), and Bj is a ball
with the centre at the origin and radius of p; in V'

2 a
p% = pllo + <7j + a2) expas, (AS)
then Bj is the absorbing set of Sy (t) in V.
Similarly, multiplying both sides of Eq. (6) by
—Ags, integrating the resulting equation over {2 and
then using the uniform Gronwall Lemma, we have

at -
@< (% +a)edt, (240, (49

where the definitions of a;-, j = 1,2,3 are similar to
those of a;, j = 1,2,3 in Eq. (14). Therefore, ball
B; = By (0, p2) in V is also an absorbing set of Sa(t)
in V. The injective mapping from V to H is compact,
so we have theorem 2.

(II) Proof of Lemma 1

(Bj(u,v),w) = / lu|*{(1- vy + a;va)wr + (—a;v1 + vo)ws tde,
Q

(Bj(u,v),v) = / [ulP{(1 - v1 + ajua)vr + (—avr + va)vp b da = / lul?[v|* >0,
(] 2

|Bj(u,v)|72 = / u*{(Lor + jv2)?® + [ul*(—ajv1 + v9)?}da
2

1/2 1/2
§2(1+a]2.)/ |u|4|v|2dx32(1+a§)</ u|8dx> (/ |U|4dx>
2 2 2

< 41+ a)ulggasal Ve < (14 of)[ul gz [[ullf o] 2 ol

/2y 1/2

In the above derivation, we have utilized the Schwarz inequality and the Sobolev embedding theorem. Substi-

tuting v for u, we obtain

1/2

R 1/2
|Bj(u,w) 72 < ¢4 (14 ) ulfyosalulf e < ¢(1+ a)ulpalulFful 2 uly/ < M.

Equation (A1) can be derived from the above equation easily.
(III) Proof of Lemma 2 Because H'(2) C C(£2),

|Bj(u,u) = Bj(v,v) 7> = /9(1 +a){{lul*ur — [oPvi]* = [Juffuz — o]} do

= /9(1 +a){[(Jul® = [0 )ur + [0 (ur = v1)]* + [Juf* (u2 — v2) + (Jul* — [v]*)va]*} do

< M/Q(l +a){[(Jul = o) (Jul + [v))ur + [of* (ur = o)) + [Juf* (uz = v2) + (Jul = [o))(lu] + [v])ve]*} dz

< M3 |u— vl

Equation (A2) can be derived from the above equation easily.
(IV) Proof of Lemma 5 1) Part one in the proof is to study the homogeneous equation of Eq. (16)

€ _
dt

(1 +16)AE + (1 4+ N)E +e(=&) + N,

£(0) = &o- (A10)

120505-8
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This equation is basic, for any & € D(A%),a €
R, Eq. (17) has a unique solution and belongs to
C([0,50); D(A®)C([0,00); D(A™H1/2)).
cially, linear operator e*(=4+1=¢) is a continuous op-
erator from D(A*~1/2) to D(A%), Vt > 0 and D(A®),
t > 0 to itself. The norm of e!(=4+1-¢) ig estimated
in D(A®) as follows: from Eq. (A10), we have

Espe-

1d[A~¢)*
2 dt
djA¢f?
dt
JA%E()]? < |A*E(0)[? exp(—2A1 + 2(1 4+ A —e))t,

[ pasy) S exp(=A1+ (1+ A =)t
(A12)

JATFZE P+ (14 A — )| A%,

< 20 [A%E? +2(1+ A —e)|AVE, (AL1)

The norm of e*(=4+1=¢) is estimated in L(D(A*~/2,
D(A%)) as follows: from Eq. (A10), we have

1dAa—l/2 2
2 | dtil = —JA%P + (1+ X —g)|A* %%,

d{exp 2M\it[A*"1/2¢() 7}
dt
< — 2exp(20t)|A%¢[?
+2(1 + X — &) exp(2\1 )| AV 2¢|?
+ 2X1 exp(2A1 )| A€ (1),

by integrating both sides, we have
¢
2 / exp(2\11)| A°E(s)[2 ds
0
t
<214+ X —¢e) +2)] / exp(2A15)|A21/2¢(s))2 d s
0
+]AT 20,
From Eq. (A11), when € — A+ Ay > 1, there is also
|ATH2E()]? < |ATT2E(0) exp(—2M)t,

thus, we have

/0  exp(2M) | AE(s) P ds
< (14X —e) + A\ Jt|A¥1/2€(0) 2
+ gl ).
From Eq. (A11), we have

dt|A~¢(t))?

< — 2\ t|A%E())?
i < 1t A%E(t)]

+2(1+ X = )t A% + A1),

from the Gronwall Lemma, we obtain

t
HAE () < / |A°€(s) 2 exp(—2\,

+2(14+ X —¢))(t—s)ds

)

X exp(—2)\1t)|Aa_1/2§(0)|2,

1
<<’2+t(1+)\—5—>\1)

so that

|et(7A+17€)|L(D(Aa—1/2),D(A@))

1 1/2
§ <2t +1—c+A— )\1) exp(—)\l)t. (Al?))

2) Then we prove the solution uniqueness of
Eq. (16). If & and & are two solutions of Eq. (16)
and £ = & — & is the solution of Eq. (A10), then,
from Eq. (A11) to < t, we have

[A%E(1)* < |A“E(to)” exp(—2M1 + 2(1 — €))(t — to),
when ty — o0, the above equation is close to zero.
Therefore, |A%¢(t)| = 0.

3) Integrate Eq. (16) between ¢, t,tg < t, we have

t

£(t) = e AT t=t0) ¢ (1) _~_/e(7A+175)(t77)U(7_)d7_.

to
If ¢ is bounded, when t3 — —o0,e > 1,
e(=A+1=e)(t—t0) i5 close to zero, then we have

)= [ ;

It is shown that equation (A14) will inevitably be met

e(FAFLI= =)o (1) d 7. (A14)

if £ exists.
Because of Eq. (A14) we have

t
/ |A“ e(_A+1_€)(t_T)0'(T)|dT

— 00

t
< ofoc / R [

where |0(7)|o is the norm of o in L>®(R; D(A~1/2))

and || e(=A+1=8)=7)|| is the norm of the operator in

L(D(A*'/?), D(A%)),

t
/ lem A== 1dr

t
1
< — 4+ 1—e=X+)
—/_sz(tTﬁ FTATAM

X exp(—A1(t —7))dr.

>1/2

By comparison, we can obtain that the right-hand side
of Eq. (A15) is bounded. Therefore, we have
> 1/2

1
—— +1l—e—A+ A
<‘2(t—7)+ € + A1

(A15)

t

()] < oo /

— 00
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x exp(—A1(t —7))dr. on Fp a, then Fp 4 will be a complete metric space.

(V) Proof of Theorem 3 Find generalized syn- When ¢ < 7, qi(r) = n € H, the solution ¢ < T,
chronization manifold S, make it formed by chart of @1 (t;7) = n of Eq. (9) exists in (—o0, 7).
Lipschitz function o : H — H, that is, S = Grapho = Now, operator G is defined as follows:
{(¢1,92)|q2 = o(q1),q1 € H}. o is obtained from
fixed points of the operator defined in functional Fp . -
MakepFD’m a Lipfchitz function family, satisfyDt’}Ale Glo)(rm) = /_Oo o™ S)[_Bgr(g(ql(s)>’U(ql(S)D
following conditions:

+ eq1(s)]ds, (A17)
lo(q)] < b,
lo(q1) — o(q))] < Alg1 — q1|.Yq1, ¢ € H (A16)  where qi(s) = qi(s;7,n), and B = —(1+i3,)A+1(1+
Introduce distance A+ Aify) —el.

We will prove that mapping G maps Fip o to Fp A
loy — o2l = qsllé% llo1(ar) = o2(q)l] and it is a contraction mapping.

G(o)(r,m)] = ] | P B o), oo + e )lds

T My +¢
S\/7066Xp(17)\1+A*6)(T*5)[M1+€p]d5Sﬁ_ .

Suppose that o and ¢’ are two mappings that satisfy Eq. (A16) and 5,7 € H, make ¢} (t) = q}(t; 7,7), 1 (t) =
q1(t; 7, ), then when

t< 7 ar(t) = qi(8)] < CMFMHENEO |,

we have

{G(o)(r,m) = G(o")(m,n)}|
’/ [Bor(o(q1(5)), o(q1(s))) — a1 (s) = Bor(0”(q1(s)), 0" (q1(5))) + €1 ()] ds

= ’ / My eMAM=C=5(g, (s)) — o' (g) ()] + £la1 (s) — d (s)[]ds

= /j M M7= |0 (g1 (s)) — o' (q1(9)] + 0" (a1(s)) — o' (a1 (5))] + elar(s) — di (s)[]ds

< M2/ e(l—i—k—)\l—a)(r—s)[no_ _ O_IH + (1 A+ 8)6(M2+1+)\_/\1)(T_8)|’I7 _ n/HdS

M. 1+A+e)M
:—QHJ_J/H_FQ

AM—A+e—1 e — My

=l

When n = 7/, it is shown from the above equation that ~ equation is satisfied

G is a contraction mapping on Fp a; when o = ¢/, it dgs

is shown from the above equation that G(o) is a Lips- ar - (1+i8r)Ag2 — Bor(g2,2) + (1 + gz
chitz mapping, thus, a unique fixed point exists, that

Ai G —q2).
is, a Lipschitz smooth G'S manifold exists. + A6 +elar —a2)

Now we prove the invariance of S. Make In fact, it is shown from contraction fixed point theo-
(q105G20) € S, q20 = 0(q10). For equation rem that the equation has a unique solution,
dQ1 o . A B K B(t
o (1+iBa)Aq1 — Boalqr, q1) q2(t) = / BBy (0(q1(5)), q1(s)) + equ(s)]ds,
—0o0

+ 1+ Na+Aifag, and when t — oo, ga(t) is bounded.
make ¢a(t) = o(q1(t)) for proving (¢1(t), g2(t)) € S we (VI) Proof of Theorem 5 Find generalized
just need to prove ¢a(t) = o(g1(t)) and the following  synchronization manifold S, make it formed by graph

120505-10
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of function o : H — H, that is, S = Grapho = + sup lo1(y) — o2(y) — [o1(y') — o2(y)]]
{(q1,92)|q2 = o(q1),qn € H}. o is obtained from Yy’ ly —y'|
fixed points of the operator defined in functions Fp a. lo(y) — a(y)]

o = sup |0 + su
Make Fp A a Holder function family that satisfies the lello.a yeg ()] y;éyp’ ly —y'|®

)

following conditions: . .
for any o € Fp A, ||o]jo,a < A+, that is, Fp a is a

lo(q)] < b, |o(q1) —o(dh)| < Algr — q1]* Vau, closed ball in C%.
¢, € H. (A18) Now, operator G is defined as follows:
Introduce distance G(o)(r,n) = / eB(T_s)[_BBT(U(QI(5)>7 a(qi(s)))
—o0
oy — o2l = sup |o1(q1) — o2(qn)| + eai(s)lds, (A19)
q€EH

where q1(s) = qi(s;7,7), B = —(1+i8,)A+I(1+A+

on Fp A, then Fp o will be a complete metric space. AiB,) — el. Inequality (12) can be modified into

When t < 7,q1(7) = n € H the solution t <
7,q1(t;7) = n of Eq. (9) exists in (—oo,7). Then |9p(|A1/2u1\)Bj(u,u) —Gp(|A1/2u2|)Bj(v,v)|
we define Hélde.r space CY?, for o,01,09 € C%%, the < My|(u — )|
norm and the distance are
< Ma(2p)'~|(u — v)|*.

o1 = o2|0,a
We will prove that mapping G will map Fp A into
= Zlellpl lo1(y) — o2(y)| Fp A and it is a contraction mapping.

|G (o) (T m)| = '/T P By,(0(a1(5)), o(a1(5))) + equ(s))ds

T M
< /_Ooexp(l—)\l—l—)\—e)(T—s)[Ml +eplds < % <b.

Suppose that o, ¢’ are two mappings that satisfy inequality (A18) and n,n’ € H, make ¢} (¢t) = ¢} (t; 7, 1), q1(t) =
q1(t; 7,m), then, when

t<7 a(t) = qi(t)] < CMFMEFIENTTO ) g | gy () — gy (1) < et CAFMERIENETTO ) e (A20)
we have

{G(o)(r,m) = G(o")(m,n)}|

’/ [Bor(o(q1(s)),0(q1(s))) — €q1(s)] — Bor(0'(q1(5)), 0" (q1(s))) + gy (s)]ds

S’[ My eMFAM=C=5(g, (5)) — o' (g) ()] + £la1 (s) — d (s)[]ds

= /j M M7= |0 (g1 (s)) — o' (q1(9)] + 0" (a1(s)) — o' (a1 (5))] + elar(s) — i (s)]]ds

< Mg/ e(l—i-/\—)\l—a)(r—s)[Ho_ _ O_IH + (1 + A+ E)(2p)1—ae(]V12+1+/\—/\1)(T—s)‘77 _ n/‘a]ds

M, ,
_/\1—/\—|—6—1HJ oll+

(1+A+¢)M,
6—)\+)\1—1—a(M2+1+)\—)\1

)In—ﬂ'|“~ (A21)

When n = 7/, it is shown from the above equation that G is a bounded mapping on Fp a; when o = o', it is
shown from the above equation that G(o) is a Holder mapping.
We will use the Schauder Lemma. First,

o(n) —o(n'
60Vl = sup Glot)| + sup D=0 <12 (a2
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then G is a mapping of Fp a into Fp a.

Second, we prove that G is a continuous mapping. For any € > 0 in order to make ||G(01) — G(02)]j0,a < €

exist, then there should be

1G(0) = G(0")llo.a = sup |G(o(n)) — G(o"(n)] + sup

neH

According to Eq. (A17), if only

_, & o) —=d Wl e
lo(n) =o' ()| < 33 Tl <34
lo(n) =o'()| e

|l — /| 3A°

thereis |[o—0'|| < § =¢/3A and ||G(0) —G(0) |0, <
€ exists.

Third, we prove that G maps the bounded set of
C%/20 Fp 4 into a relatively compact set of C*/2N

|9rmn(0) = Grmn ()]

|G(o(n) = G(o'(n) = [G(o(n)) = G’ ()]

In —n'|*

< E.

\
Fp a. Suppose that G(o(n)) is a function family with

7 as its parameter, it is uniformly bounded. Accord-
ing to Eq. (A19), |G(a(n) = G(o(n))| < Aln—n'|*/?,
when |n — 1| < § = (¢/A)%*/*, there exists |G(a(n)) —
Glem)l < e
that a function sequence {G(oy,)} which converges in

It is shown from Arzela Theorem

C° N Fp a can be selected from {G(o)}, so now we
will prove that {G(0,)} converges in C**/2 N Fp 4.
Suppose that gmn(n) = G(om(n)) —G(on(n)) then we
have

=

X |gmn () — gmn(nl)

Because C%* N Fp A is also a bounded set and {.}
is bounded in Eq. (A23), and its boundary is K;, we
have

HgmnHO,a/Q
|9mn (1) — Gmn (77/)|

= sup |gmn(n)| + sup

ne n#n’ In—n'|e/?
< SUp |grn (0)] + K sup |G (1) = G ()2
n n#n’
1/2

< HgmnHO + 2K1”9mnHO

It is shown that {G(o,)} is the fundamental se-
quence of CY and it is derived that {G(o,)} is also the
fundamental sequence of C*®/2. Therefore, {G(0,,)}
converges in C%%/2 N Fp.a. It is derived from the
Schauder Fixed Point Theorem that G has a fixed
point 0 = G(o) in C**/2 N Fp_a. Therefore, a Holder
continuous GS manifold exists in Egs. (9) and (10)

{S = (CI17(J2)|Q2 = 0((11)7
—oo<t<oo, q € L*(2)=H},

which satisfies

lo(q1)| < b,
lo(q1) — o(ah)] < Alg — ¢4]*"* Y,

{ |G om(n) = Glon(n) = Glom (') + Glo,(n))] }Q/QQ

In—mn'|*
|1—o¢/2(x-

(A23)

¢, € L*(2) = H.

Now we prove the invariance of S.  Make

(g10, g20) € S, q20 = 0(q10). For the equation

da

- (1+ipa)Aq1 — Boalq1, q1)

+ (14 N)q1 + XiBaqr,

make ¢a(t) = o(q1(t)). For proving (q1(t),q2(t)) € S
we just need to prove ga(t) = o(q1(t)) satisfies the
following equation,

dge

Q@ (1+ip,)Aq2 — Bor(q2,92)

+ (1 +XN)g2+ AiBrg2 + (g1 — q2)-

In fact, it is shown from the Schauder Fixed Point
Theorem that the equation has a unique solution

qQ(t)=[ P By,(0(a1(s)), a1(s)) + qu(s)]ds,

and when t — 00, ¢2(t) is bounded.
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