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Hyperchaotic behaviours and controlling hyperchaos in
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This paper deals with dynamical behaviours in an array composed of two resistive-capacitive-inductive-shunted

(RCL-shunted) Josephson junctions (RCLSJJs) and a shunted resistor. Numerical simulations show that periodic,

chaotic and hyperchaotic states can coexist in this array. Moreover, a scheme for controlling hyperchaos in this array

is presented by adjusting the external bias current. Numerical results confirm that this scheme can be effectively used

to control hyperchaotic states in this array into stable periodic states, and different stable periodic states with different

period numbers can be obtained by appropriately choosing the intensity of the external bias current.
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1. Introduction

With the rapid development of fabrication tech-
nology and superconducting materials, Josephson
junctions have been extensively utilized, and high
critical-current junctions are preferred in many
applications.[1] In order to further study Joseph-
son junctions with higher critical currents, the
resistive-capacitive-inductive-shunted Josephson junc-
tion (RCLSJJ) model was proposed[2] based on pre-
vious investigations of the resistive-capacitive shunted
Josephson junction (RCSJJ) model.[3] Moreover, the
RCLSJJ model has avoided the shortcomings of the
RCSJJ model and shown the agreement between the
experimental and the numerical simulated I–V curves
when the shunt of the junction contains an induc-
tive component.[3,4] Following this, there have been
some reports on chaos, chaos control and chaotic syn-
chronization in RCLSJJs.[5−16] Recently, much atten-
tion has been paid to the dynamical characteristics of
the Josephson junction array (JJA), since the output
power of a single junction is extremely low (typically
10 nW) and higher output power values can be ob-
tained by using JJAs. Chaos and nonlinearity in JJAs
have been interesting subjects of research[17−22] since
JJAs could be used as high precision voltage stan-
dards, high power coherent THz sources, a new-type
inductor, etc.[23,24] Basler et al.[17] reported on the

theory of phase locking in a small Josephson junction
cell by using the resistively shunted junction (RSJ)
model. Hassel et al.[18] studied self-synchronization
in distributed Josephson junction arrays by using the
RSJ model. Grib et al.[19] reported on the synchro-
nization of overdamped RCSJJs shunted by a super-
conducting resonator. Bhagavatula et al.[20] numer-
ically investigated spatiotemporal chaos in the JJA
composed of RSJs. Chernikov and Schmidt[21] stud-
ied JJAs composed of RSJs. The dynamical equa-
tion set was approximated in their research. They
found that when four or more units are globally cou-
pled by a common resistance, the system exhibits adi-
abatic chaos. Zhou et al.[22] studied a JJA composed
of RCSJJs. The dynamical equations were not ap-
proximated. Direct calculation results showed that
phase locking and chaos coexist when there are three
junctions in the JJA. Zhang and Shen,[25] and Feng
et al.[26] completed controlling hyperchaos in erbium-
doped fiber laser and degenerate optical parametric
oscillators. In the present paper, we investigate chaos,
hyperchaos and controlling hyperchaos in a JJA com-
posed of RCLSJJs. The numerical results show that
chaos and hyperchaos states can coexist in this array
when it contains two RCLSJJs, no matter whether the
original states of two RCLSJJs are chaotic. Moreover,
we achieve the control of hyperchaos in this array by
adjusting the intensity of the external bias current.
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2. Array model and equation

In this section, we present an array model which
consists of two RCLSJJs, a shunted resistance R and a
direct current source. The circuit schematic diagram
is shown in Fig. 1.

Fig. 1. Schematic diagram of the Josephson junction ar-

ray.

If all the noise terms are neglected, its complete
dynamical equations are as follows:

~
2e

dγn

dt
= Vn, (1)

Cn
dVn

dt
+

Vn

RVn

+ Icn(sin γn) + Isn + IR = Idc, (2)

Ln
dIsn

dt
+ IsnRsn = Vn, (3)

IR =
1
R

2∑
n=1

Vn, (4)

where subscripts n = 1, 2 denote the serial numbers of
two RCLSJJs used in the array; Cn, Icn, and γn are
the junction capacitance, the junction critical current
and the phase difference of the superconducting or-
der parameters across the n-th RCLSJJ, respectively;
Vn is the junction voltage; RV n is the nonlinear resis-
tance; Rsn and Ln are, respectively, the shunt resis-
tance and shunt inductance; Isn is the shunt current
flowing through Rsn; Idc is the external bias dc cur-
rent; ~ is the Planck constant; e is the electron charge.

For the convenience of numerical analysis,
Eqs. (1)–(4) are expressed in dimensionless form as
follows:

dγn

dτ
= υn, (5)

dυn

dτ
=

1
βCn

[i − gnυn − sin(γn) − isn

− gnαn(υ1 + υ2)], (6)
disn
dτ

=
1

βLn
(υn − isn). (7)

Here, the normalized time τ = ωc1t with ωc1 =
(2eIc1Rs1)/~. All voltages are normalized to Ic1Rs1

and all currents normalized to Ic1, with taking
Ic1 = Ic2. The normalized junction voltage: υn =
Vn/Ic1Rs1. The normalized external dc bias cur-
rent: i = Idc/Ic1. The normalized shunt current:
isn = Isn/Ic1. Other dimensionless parameters are
as follows:

βCn = 2eIcnR2
snCn/~,

βLn = 2eIcnLn/~,

gn = Rsn/RV 1,

and α = α1 = α2 = RV 1/R = RV 2/R is used to
denote the coupling intensity between two Josephson
junctions (JJs) used in the array.

3. Generation of hyperchaos in

the RCLSJJ array

To investigate hyperchaotic generation in the
RCLSJJ array, we solve Eqs. (5)–(7) numerically. In
the present work, the differential equations are solved
using the fourth-order Runge–Kutta method with a
fixed step ∆τ = 0.01 and total steps Nstep = 105,
the Lyapunov exponents are computed using the algo-
rithms presented by Wolf[27] and the voltage bifurca-
tion diagrams are plotted by recording the local max-
ima in the voltage time series.[28]

To illustrate the process of hyperchaotic genera-
tion, firstly, we consider case 1 in which two RCLSJJs
are in chaotic state before they are coupled and used
in the array. The parameter values we used here
are obtained from Refs. [3] and [5] at temperature
T = 7.60 K and as follows: βC = βC1 = βC2 = 0.707,
βL = βL1 = βL2 = 2.68, g = g1 = g2 = 0.0478, and
i = 1.2. The initial values are γ0

1 = 0.2, υ0
1 = 2.5,

i0s1 = 0.2, γ0
2 = 0.1, υ0

2 = 2.0, and i0s2 = 0.1. The nu-
merical results of Eqs. (5)–(7), i.e. the bifurcation dia-
grams and Lyapunov exponents λ1 and λ2, are shown
in Fig. 2. At the same time, we also compute other
Lyapunov exponents λ3 ∼ λ6 and find that they are
negative in the selected range of parameters, thus they
are not presented in Fig. 2.

From Figs. 2(a) and 2(b), one can see that for
0.200 ≤ α ≤ 1.119 the array and two JJs used in this
array are in chaotic states which are occasionally in-
terrupted by periodic windows; for 1.119 < α ≤ 1.300
two JJs are in the 2-period (2P) state and the array
is in 1-period (1P) state. Here, near α = 1.119, with
α value reducing, the array and two JJs enter into
chaotic states through intermittency routes. From
Fig. 2(c), one can find that for 0.20 ≤ α ≤ 0.36
Lyapunov exponents λ1 and λ2 are both positive,
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thus this array system is in a hyperchaotic state;
for 0.36 < α ≤ 0.63 Lyapunov exponent λ1 is pos-
itive except 28 regions, i.e., 0.488 < α < 0.504,
0.547 < α < 0.562, 0.578 < α < 0.589, and near
α = 0.365, 0.378, 0.386, 0.394, 0.400, 0.408; 0.423,
0.427, 0.432, 0.440, 0.448, 0.455, α = 0.470, 0.475,
0.483, 0.517, 0.524, 0.529, 0.534, 0.539, 0.568, 0.595,
0.602, 0.607, and α = 0.616, where the λ1 is near
zero and λ2 is negative, thus this array system
is in a chaotic state and occasionally interrupted
by these 28 periodic windows, which also can be
seen by locally enlarging Figs. 2(a) and 2(b) [cor-
responding local enlarged figures are not presented
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Fig. 2. (a) Bifurcation diagram of two junctions versus

α; (b) the bifurcation diagram of the JJA versus α; (c)

the Lyapunov exponents λ1, λ2 versus α.

in this paper]; for 0.630 < α ≤ 1.105, λ1 is positive
and λ2 is near zero, thus this array system is in chaotic

state; for 1.105 < α < 1.109 and 1.115 < α ≤ 1.119,
λ1 is positive and λ2 is negative, thus this array sys-
tem is in chaotic states; for 1.109 ≤ α ≤ 1.115 and
1.119 < α ≤ 1.300, λ1 is near zero and λ2 is negative,
thus this array system and two JJs are in periodic
states.

Here, we compare the periodic motion behaviours
in Figs. 2(a) and 2(b). In the range of 1.119 < α ≤
1.300, the relationship of the oscillation characteris-
tics of two junctions and this array will be illustrated.
Now α = 1.27 is chosen, the corresponding time se-
ries of phase differences γ1 and γ2, and the time series
of junction voltages υ1, υ2 and array output voltage
(υ1 + υ2) are shown in Figs. 3(a) and 3(b), respec-
tively. From Fig. 3(a), one can see that two junctions
are in the anti-phase case[29] in which two junctions
have the same normalized oscillation period T but
with staggered phases: γ1(τ) = γ2(τ + (T/2)). Thus,
in Fig. 3(b), the junction voltages υ1 and υ2 undergo
the same T periodic oscillation but the time interval
of peak values of υ1 and υ2 is T/2, so the oscillation
period of this array output voltage (υ1 + υ2) is also
T/2. Thus, for 1.119 < α ≤ 1.30 both junctions are in
2P oscillation states and the array is in 1P oscillation
states.

500 520 540
τ

τ

560 580
-1

0

1

2

3

4

5

6

7 (a)

500 520 540 560 580

-1.0

0.0

1.0

2.0

3.0

4.0
T/2

T/2

T

T

(b) 

γ1 mod 2π

γ
1

, 
γ

2
 

γ2 mod 2π

v
1
, 
v

2
, 
v

1
+
v

2

v1+v2v2v1

Fig. 3. (a) Time series of phase differences γ1 and γ2; (b)

time series of voltages v1, v2, and v1 + v2.

Secondly, we consider case 2 in which two

RCLSJJs are in periodic states before being coupled.

According to Refs. [3] and [5], we take βL = βL1 =

120504-3



Chin. Phys. B Vol. 20, No. 12 (2011) 120504

βL2 = 2.5, and other parametric values are the same

as those in Fig. 2. The numerical results of Eqs. (5)–

(7), i.e., the bifurcation diagrams and Lyapunov ex-

ponents λ1 and λ2 are shown in Fig. 4. Similarly, the

other Lyapunov exponents λ3 ∼ λ6 are negative in the

selected range of parameters and are not presented in

Fig. 4.
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Fig. 4. (a) Bifurcation diagrams of two junctions versus

α; (b) bifurcation diagram of JJA versus α; (c) Lyapunov

exponents λ1, λ2 versus α.

From Figs. 4(a) and 4(b), one can see that for

0.20 ≤ α < 0.713 and 0.777 ≤ α ≤ 0.813, the

array and two JJs are in chaotic states, which are

occasionally interrupted by periodic windows. For

0.713 ≤ α < 0.777 and 0.813 < α ≤ 1.00 two JJs are

in 2P states, and the array is in 1P state. In the right

end of bifurcation diagrams, with α value decreasing,

the array and two JJs enter into chaotic states through

intermittency routes. From Fig. 4(c), one can find

that for 0.20 ≤ α < 0.34 Lyapunov exponents λ1 and

λ2 are both positive, thus this array system is in the

hyperchaos state; for 0.340 ≤ α ≤ 0.445 the λ1 is

positive except 16 regions, i.e., 0.406 < α < 0.414,

0.399 < α < 0.403 and near α = 0.340, 0.356, 0.360,

0.363, 0.366, 0.368, 0.372, 0.375, 0.420, 0.423, 0.427,

α = 0.436, 0.441, and α = 0.445, where λ1 is near

zero or negative and λ2 is negative or near zero, thus

this array system is in chaos state occasionally in-

terrupted by these 16 periodic windows, which can

also be observed by locally enlarging Figs. 4(a) and

4(b) [corresponding local enlarged figures are not pre-

sented in this paper]. For 0.445 < α < 0.713, the λ1

is positive and λ2 is near zero, thus this array sys-

tem is in a chaotic state. For 0.713 ≤ α < 0.777,

0.779 < α < 0.813, and 0.813 < α ≤ 1.00, λ1 is near

zero and λ2 is negative, thus this array system and

two JJs are in periodic states. For 0.777 ≤ α ≤ 0.779

and near α = 0.813, λ1 is positive and λ2 is negative,

thus this array system and two JJs are in chaos states.

Similarly, to illustrate the relationship of periodic

oscillations of two junctions and this array, according

to Figs. 4(a) and 4(b), α = 1.00 is chosen. The corre-

sponding time series of phase differences γ1 and γ2, as

well as junction voltages υ1, υ2, and the array output

voltage υ1 + υ2 can be obtained by numerically solv-

ing Eqs. (5)–(7), and they are similar to Figs. 3(a) and

3(b). Thus two junctions are also in anti-phase state

with γ1(τ) = γ2(τ + (T/2))

To further show dynamical behaviours of different

states in the array, according to Fig. 2(c), α = 0.2, 1.0,

1.27 are chosen, the corresponding attractors, time se-

ries, and power spectra are presented in Fig. 5, where

figures 5(a1)–5(a3) show that this array is in hyper-

chaotic state; figures 5(b1)–5(b3) show that this array

is in chaotic state; Figs. 5(c1)–5(c3) show that this

array is in 1P state.
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Fig. 5. Attractors on plane γ1–γ2, time series of all voltage (v1 + v2) and power spectra of all voltage (v1 + v2) in

different α values. Panels (a1)–(a3) for α = 0.2, (b1)–(b3) for α = 1.0, and (c1)–(c3) for α = 1.27.

4. Controlling hyperchaos in the

RCLSJJ array

Here we propose a scheme for controlling hyper-
chaos in the RCLSJJ array by adjusting the exter-
nal bias dc current i based on the theory of non-
feedback control of chaos.[30] To illustrate the process
of controlling hyperchaos in this scheme, firstly let
this array remain in the hyperchaotic state as shown

in Figs. 5(a1)–5(a3). Secondly, numerical simulations
are carried out by solving Eqs. (5)–(7) by using i as a
control parameter. The bifurcation diagram and Lya-
punov exponents are presented in Fig. 6, where one
can see that exponent λ2 is near zero or negative in
the selected range of parameters, thus hyperchaotic
states disappear; for 1.012 < i ≤ 1.100 the maximum
Lyapunov exponent λ1 is near zero, thus this array is
in periodic state.
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Fig. 6. (a) Bifurcation diagram of the array versus i; (b) Lyapunov exponents λ1, λ2 versus i.

120504-5



Chin. Phys. B Vol. 20, No. 12 (2011) 120504

To further clarify that the array can be con-
trolled into different period states, according to Fig. 6,
i = 1.02 and i = 1.05 are chosen. The corresponding
attractors, time series and power spectra are shown
in Fig. 7, where Figs. 7(a1)–7(a3) and 7(b1)–7(b3)
denote that this array is in 2P state and 1P state,

respectively. It is remarkable that the array is in hy-
perchaotic state as shown in Figs. 5(a1)–5(a3) before
being controlled, thus the hyperchaotic state in this
array can be controlled into different stable period
states, such as 2P and 1P states as shown in Figs. 7(a)
and 7(b), respectively.
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Fig. 7. Attractors on plane γ1–γ2, time series of all voltage (v1 + v2), and power spectra of all voltage (v1 + v2) in

different i values; panels (a1)–(a3) for i = 1.02, and the array in 2P state; panels (b1)–(b3) for i = 1.05, and the array

in 1P state.

5. Conclusion

In this paper we studied the dynamical charac-

teristics in an array composed of two RCLSJJs and

a shunted resistor by using bifurcation diagrams and

Lyapunov exponents. Numerical simulations demon-

strated that hyperchaotic, chaotic and periodic states

can coexist in this array by changing coupling inten-

sity, no matter whether two junctions are in chaotic

states in advance or not. Moreover a scheme for con-

trolling the hyperchaotic state in this array is pre-

sented by adjusting the external bias dc current. Nu-

merical results confirmed that this scheme can be used

to effectively control the hyperchaotic state in this ar-

ray into stable periodic states and the different peri-

odic states with different period numbers can be ob-

tained by choosing appropriate intensity of the exter-

nal dc bias current. Here the hyperchaos state in the

JJA is reported for the first time. These results are

useful for fabricating and applying a JJA composed of

RCLSJJs.
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