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Chaotic memristive circuit: equivalent circuit realization

and dynamical analysis∗
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In this paper, a practical equivalent circuit of an active flux-controlled memristor characterized by smooth

piecewise-quadratic nonlinearity is designed and an experimental chaotic memristive circuit is implemented. The chaotic

memristive circuit has an equilibrium set and its stability is dependent on the initial state of the memristor. The initial

state-dependent and the circuit parameter-dependent dynamics of the chaotic memristive circuit are investigated via

phase portraits, bifurcation diagrams and Lyapunov exponents. Both experimental and simulation results validate the

proposed equivalent circuit realization of the active flux-controlled memristor.
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1. Introduction

A memristor is a two-terminal electronic device
described by the nonlinear relation between i and v

as v = M(q)i or i = W (ϕ)v, where i, v, q, and
ϕ are the current, the voltage, the charge and the
flux of the device, respectively.[1,2] The memristance
M(q) and the memductance W (ϕ) of the memristor[1]

described by nonlinear functions M(q) = dϕ(q)/dq

and W (ϕ) = dq(ϕ)/dϕ depend on how many elec-
tric charges and magnetic fluxes pass through the
memristor in a particular direction, which means that
the memristor has the distinctive ability to memorize
the passed quantities of electric charges and magnetic
fluxes. Therefore, appreciable research interest have
been inspired by the successful fabrication of memris-
tors because of their potential applications in comput-
ers, neural networks, analog circuitries, and so on.[3−7]

In the past three years, chaotic circuits with mem-
ristors have been investigated.[8−17] By replacing the
active nonlinear resistance element, Chua’s diode, in
Chua’s circuit with an active flux-controlled memris-
tor, a four-dimensional memristor-based chaotic cir-
cuit was presented and novel features of chaotic be-
haviour were observed.[8−16] Several nonlinearities for
characterizing the active flux-controlled memristors,
such as non-smooth piecewise linearity,[8,9] smooth

cubic nonlinearity,[10−14] smooth piecewise-quadratic
nonlinearity,[15] etc., were used to emulate the rela-
tion between magnetic flux and electric charge. In
Refs. [13] and [14], a circuit which possesses smooth
cubic nonlinear characteristics is employed to real-
ize the memristor-based chaotic circuit. Also, the
fractional-order memristor-based Chua’s circuit and
the simplest memristor-based chaotic circuit were re-
cently presented in Refs. [16] and [17]. Apart from the
interesting fundamental studies of nonlinear systems,
the field of applications of such circuits includes secure
communications with chaos.[9]

Recently, much attention has been paid to such
memristor-based chaotic circuits and their dynamical
analyses. However, the design of the circuit, in which
the properties of these memristors characterized by
numerous nonlinearities[8−16] are used, requires ex-
tensive simulation and experimental verification.[13,14]

Thus, an equivalent circuit model is desirable to real-
ize a memristor.[18,19] Such a model must take into ac-
count the physical properties of the memristor which
lead to its nonlinear and hysteretic behaviours.[6,20]

In this paper, a practical equivalent circuit is pre-
sented, which captures the behaviour of an ac-
tive flux-controlled memristor with smooth piecewise-
quadratic nonlinearity.[15] Based on the equivalent
circuit, a chaotic memristive circuit is implemented
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and its strange attractor is experimentally observed.
Furthermore, the initial state-dependent and circuit
parameter-dependent dynamics of the chaotic mem-
ristive circuit are investigated.

2. Equivalent circuit realization

of a memristor

2.1.Active flux-controlled memristor

In this paper, an active memristor is characterized
by smooth piecewise-quadratic nonlinearity as[15]

q(ϕ) = −aϕ + 0.5bϕ2sgn(ϕ), (1)

where a and b are both positive real constants and
sgn(·) is the sign function. Thus, its corresponding
memductance, W (ϕ), can be given as

W (ϕ) = dq(ϕ)/dϕ = −a + b |ϕ| . (2)

Since the memductance W (ϕ) may become neg-
ative in certain working ranges, the power p(t) =
W (ϕ)v(t)2 and the energy w(t0, t) =

∫ t

t0
p(τ)dτ (for

all t ≥ t0) will vary between positive and negative with
the time evolution. Thus, the memristor constitutive
relation is active. An active memristor can be equiv-
alent to a memristive circuit consisting of a passive
memristor with a negative resistor.[1,8,20]

2.2. Equivalent circuit realization

The circuit schematic diagram to realize the mem-
ristor characterized by Eq. (1) is shown in Fig. 1,
where H(·) is a circuit characterized by nonlinear func-
tion. The operational amplifier U1 is used to avoid
loading effects.[13] The operational amplifier U2 con-
necting with the resistor R and capacitor C is an in-
tegrator, which realizes the relationship as

va(t) = − 1
R0C0

∫ t

−∞
v(t)dτ = −ξϕ(t), (3)

where ϕ(t) =
∫ t

−∞ v(t)dτ , and ξ = 1/R0C0.
From Fig. 1(a), the output of the multiplier M1

is given as
vc(t) = g1H[va(t)]v(t), (4)

where g1 is a variable scale factor in the multiplier
M1. The operational amplifier U3 in Fig. 1(a) is the
current–inverter that implements[13] (when R2 = R3)

i(t) =
{
−1
R1

+
g1H[va(t)]

R1

}
v(t). (5)
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Fig. 1. Equivalent circuit of memristor with smooth

piecewise-quadratic nonlinearity: (a) main circuit; (b)

H(·) circuit with absolute value nonlinearity.

Figure 1(b) depicts that the circuit with absolute
value nonlinearity H(·) is realized by a circuit consist-
ing of one multiplier, two operational amplifiers and
two resistors. In Fig. 1(b), there exists

vb(t) = H[va(t)] =
g2R4Esat

Rsat
|va(t)| , (6)

where g2 is a variable scale factor in the multiplier M2

and Esat is the saturated output voltage of operational
amplifier.

Then substituting Eqs. (3) and (6) into Eq. (5),
we obtain the expression of the equivalent memduc-
tance in Fig. 1 as

W (ϕ) =
−1
R1

+
g1g2R4Esatξ

R1Rsat
|ϕ| . (7)

Using the definitions of the flux across and the
current through a flux-controlled memristor along
with the memductance given above, we have

ϕ(t) =
∫ t

−∞
v(t)dτ , i(t) = (−a + b |ϕ|) v(t). (8)

Comparing Eqs. (3), (5), and (8) we can see that the
equivalent circuit in Fig. 1 does realize an active flux-
controlled memristor. Also, comparing Eq. (2) and
Eq. (7) we have the following relationships:

a =
1

R1
, b =

g1g2R4Esatξ

R1Rsat
. (9)

2.3. Simulation results of memristor

In our equivalent circuit implementation of an ac-
tive flux-controlled memristor, the circuit parameters
are listed in Table 1, with AD633JN as analog multi-
plier, AD711kN as operational amplifier, and an oper-
ation voltage of ±15 V. Then we can obtain the equiv-
alent parameters of the proposed active flux-controlled
memristor as: a = 0.6667 mS and b = 1.4828 S/Wb.
The PSpice simulation results of the v(t)–i(t) curves
of this memristor with a periodic input under am-
plitude 2 V and frequency 1000 Hz are depicted in
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Fig. 2(a). Note that the memristor typically behaves
as a pinched hysteresis loop characteristic, namely
there may be at most two values of the current i(t) for
a given voltage v(t). The corresponding Matlab sim-
ulation results of the v(t)–i(t) curves based on model
(2) with the same stimulus are displayed in Fig. 2(b).
Note that two curves are consistent with each other.

Table 1. Circuit parameters of a memristor equiva-

lent circuit.

Circuit parameters Values

Capacitor C0 68 nF

Resistor R0 4 kΩ

Resistor R1 1.5 kΩ

Resistors R2, R3 2 kΩ, 2 kΩ

Resistor R4 6.05 kΩ

Resistor Rsat 13.5 kΩ

Scale factor (M1)g1 0.1

Scale factor (M2)g2 1

Fig. 2. Current–voltage curves of a pinched hysteresis

loop of the memritor with a periodic stimulus: (a) PSpice

simulation; (b) Matlab simulation.

3. Chaotic memristive circuit and

results

3.1.Chaotic memristive circuit

Figure 3 shows a chaotic circuit with an active
memristor, which is directly extended from Chua’s

circuit by replacing the Chua diode with the flux-
controlled memristor.[8−16] The flux-controlled mem-
ristor is an active two-terminal electronic device de-
scribed by Eq. (1). The equations for the chaotic
memristive circuit can be written as

dv1

dt
=

1
C1

(
v2 − v1

R
− W (ϕ)v1

)
,

dv2

dt
=

1
C2

(
v1 − v2

R
− i3

)
,

di3
dt

=
1
L

(v2 − ri3) ,

dϕ

dt
= v1,

(10)

where ϕ(t) denotes the magnetic flux between two ter-
minals of a memristor.
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Fig. 3. Chaotic memristive circuit.

3.2. Simulation results

The values of circuit parameters are shown in
Table 2 and the initial values of state variables are
v1(0) = 10−10 V, v2(0) = 0 V, i3(0) = 0 A, and
ϕ(0) = 0 Wb. Figure 4 displays the strange attrac-
tors of the chaotic memristive circuit. Making use of
Wolf’s method to calculate Lyapunov exponents,[21]

the results are (545.1359, 0, −377.4216, −7195.5943),
from which we can see clearly that the system is in a
chaotic state.

Table 2. Circuit parameters of memristor-based

chaotic circuit.

Circuit parameters Values

Inductor L 17.2 mH

Capacitor C1 6.8 nF

Capacitor C2 68 nF

Resistor R 2.1 kΩ

Resistor r 2 Ω

Memristor a, b
0.6667 mS,

1.4828 S/Wb
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Fig. 4. Numerical phase portraits of the chaotic attractor: (a) v1versus v2; (b) v2 versus −ξφ.

3.3. Experiment results

Based on the schematics in Figs. 1 and 3, an experimental prototype of the chaotic memristive circuit with
memristor equivalent circuit is built. The parameters of experimental setup are given in Tables 1 and 2. The
experimental observations are shown in Fig. 5, which reveal that the circuit exhibits chaotic behaviour. These
results are in good agreement with simulations.

Fig. 5. Measured phase portraits of the chaotic attractor: (a) v1versus v2; (b) v2 versus va.

4. Dynamics of the chaotic mem-

ristive circuit

4.1. Equilibrium point and stability

The equilibrium points of Eq. (10) can be found
by setting the left-hand side to be zero. Obviously,

E = {(v1, v2, i3, ϕ) |v1 = v2 = i3 = 0, ϕ = ϕ0 } (11)

is one equilibrium of the system, where ϕ0 is uncertain
but constant.[14] The Jacobian matrix of system (10)
can be described as

J =



−1 + R(a + b |ϕ|)
RC1

1
RC1

0 −bv1sgn(ϕ)
C1

1
RC2

− 1
RC2

− 1
C2

0

0
1
L

− r

L
0

1 0 0 0


.

(12)

At equilibrium point E, the system characteristic
equation can be written as

λ(λ3 + a2λ
2 + a1λ + a0) = 0, (13)

where

a2 =
1

RC1
+

1
RC2

+
a + b|ϕ0|

C1
+

r

L
,

a1 =
a + b|ϕ0|

C1

( 1
RC2

+
r

L

)
+

1
LC2

+
r

RL

( 1
C1

+
1
C2

)
,

a0 =
1

RLC1C2
+

a + b|ϕ0|
LC1C2

(
1 +

r

R

)
.

E is defined as an unstable equilibrium when at least
one root of Eq. (13) has the real part greater than
zero. Apparently, the coefficients of the cubic polyno-
mial inside brackets of Eq. (13) are all nonzero. Taking
advantage of the values of system parameters shown
in Table 2 and Routh–Hurwitz condition, one or more
roots of this cubic polynomial equation have positive
real parts when{

|ϕ0| < 0.1288 mWb or

0.1596 mWb < |ϕ0| < 0.3805 mWb.
(14)
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Equation (14) demonstrates that the dynamical be-
haviours of this chaotic memristor circuit are deter-
mined by the initial state of the variable ϕ(t).[10,14,15]

System (10) is unstable when ϕ0 satisfies condition
(14).

Three nonzero eigenvalues λi (i = 1, 2, 3) of the
equilibrium point E for some typical values of the con-
stant ϕ0 are listed in Table 3, which are character-
ized by an unstable or stable saddle-focus. Thus, the
dynamical behaviours of the chaotic memristive cir-
cuit are closely dependent on the initial state of the
state variable ϕ(t). Such characteristics well reflect
the unique properties of memristor element.

Table 3. Three nonzero eigenvalues λi (i = 1, 2, 3) of

the equilibrium point.

ϕ0/mWb λ1 λ2,3

0 35388.5856 −7248.2306 ± j25029.4548

0.1 11541.7772 −6228.0848 ± j20645.1163

0.12876 0 −3592.855 ± j18787.787

0.14 −5809.4843 −1913.7574 ± j18906.1396

0.15960 −13912.0655 ±j20341.4604

0.2 −24965.8555 1122.4732 ± j23049.3587

0.38054 −62091.2275 ±j27509.3862

0.5 −86506.7046 −816.8774 ± j28288.0695

4.2. Initial state-dependent dynamics
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Fig. 6. Dynamical behaviours with the variation of the initial state ϕ0: (a) bifurcation diagram; (b) Lyapunov

exponents.
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1-scroll attractor (ϕ0 = −0.1 mWb); (d) period-1 (ϕ0 = 0.37 mWb).
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(c) period-2 (R = 2.31 kΩ); (d) period-1 (R = 2.33 kΩ).

For the above circuit parameters, the initial state
ϕ0 is a varying parameter. When the initial state ϕ0

increases gradually, the bifurcation diagram of state
variable v1(t) and the corresponding Lyapunov expo-
nent spectra are depicted in Figs. 6(a) and 6(b), re-
spectively. Note that the Poincaré section v2(t) = 0 V
is selected to plot the bifurcation diagram. It is seen
that the bifurcation diagram well coincides with the
Lyapunov exponent spectra. Observed from Fig. 6,
system (10) has abundant and complex dynamical be-
haviours. In three regions [−0.35, −0.21], [−0.12,
0.05], and [0.21, 0.35] of the initial state ϕ0, system
(10) is chaotic with different undergoing chaotic routes

observed from Fig. 6(a) and with a positive Lyapunov
exponent, two zero Lyapunov exponents along with a
negative Lyapunov exponent observed from Fig. 6(b).
As ϕ0 increases, Hopf and period-doubling bifurcation
routes to chaos exist in the chaotic memristive circuit.
Consequently, the numerical simulation results of the
initial state-dependent dynamical behaviours, are con-
sistent with those from theoretical analyses.

Some typical orbits of system (10) are obtained
from numerical simulations as shown in Fig. 7. Fig-
ures 7(a) and 7(b) show two limit cycles with period 1
and period 2 separately, and figure 7(c) illustrates a 1-
scroll chaotic attractor, and Fig. 7(d) exhibits a limit
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cycle of period 1 with bigger dynamic amplitude. Ob-
served from Fig. 7, there exhibit great variations of
the orbits of system (10) under different initial val-
ues. Therefore, it is remarkable that compared with
conventional chaotic system,[22−31] the chaotic mem-
ristive circuit has more complicated routes to chaos,
depending on initial states.

4.3.Circuit parameter dependent dy-

namics

For simplicity, only a special condition φ0 = 0 Wb
is taken into account here.[14] Under the variation
of resistance R, the bifurcation diagram of the state
variable v1(t) of system (10) and the corresponding
Lyapunov exponent spectra are shown in Figs. 8(a)
and 8(b), respectively. Figure 8(a) shows clearly that
the output voltage settles first in period-1 steady
state and then goes to chaotic oscillation through
period-doubling bifurcation with resistance R decreas-
ing gradually. In particular, a narrow periodic window
appears near 2.094 kΩ, where the maximum Lyapunov
exponent tends to zero. The periodic window plays an
important role in the transition from chaotic to hyper-
chaotic behaviour. Some typical orbits of system (10)
are obtained from numerical simulations as shown in
Fig. 9. Figure 9(a) shows a 2-scroll hyperchaotic at-
tractor, figure 9(b) depicts a 1-scrpll chaotic attractor,
figure 9(c) displays a limit cycle with period-2, and
figure 9(d) exhibits a limit cycle with period-1.

5. Conclusion

In this paper, we present a practical equivalent
circuit of an active flux-controlled memristor char-
acterized by smooth piecewise-quadratic nonlinearity
and an experiment set-up of a chaotic memristive cir-
cuit. Furthermore, we investigate the dynamics of the
chaotic memristive circuit with the help of nonlinear
tools.

The experimental results show that the equiva-
lent circuit presented in this paper provides a practical
memristor implementation. Based on the equivalent
circuit of memristor, the chaotic memristive circuit
can be easily designed and experimentally observed.
The equilibrium point stability analysis indicates that
the stability of the chaotic memristive circuit is closely
dependent on the initial state of the memristor, which
makes its dynamical behaviours more complicated,
completely different from the existing chaotic system.
Typical periodic and chaotic trajectories dependent

on initial states and circuit parameters of the chaotic
memristive circuit are shown and the Lyapunov expo-
nents and the bifurcation diagrams are investigated to
confirm the emergence of chaos.
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