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In this paper, we propose the so-called continuous Fresnel-wavelet combinatorial transform which means that the

mother wavelet undergoes the Fresnel transformation. This motivation can let the mother-wavelet-state itself vary from

O L'y s , except Ior variation within the fami O 11ations an ranslations. € Farseval’'s equality, admissib1lil
to F)\ t f iation within the family of dilati d translations. The P I lity, admissibility

condition and inverse transform of this continuous Fresnel-wavelet combinatorial transform are analysed. By taking

certain parameters and using the admissibility condition of this continuous Fresnel-wavelet combinatorial transform, we

obtain some mother wavelets. A comparison between the newly found mother wavelets is presented.
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1. Introduction

In a recent paper by Fan and Hul'l the quan-
tum Fresnel operator, corresponding to optical Fres-
nel transformation, is revealed to relate to the basic
theory of quantum tomography. They found that the
Radon transformation of the Wigner operator is just
the new projector |z) s s, (z|

/ dp’da’s [x — (D2’ — Bp')] A (2/,p)

= \x> smsm(x‘ , (1)

where B,D are two real parameter, A (z',p) is
the Wigner operator?~4 with its normally ordered

form,5:6]
Afwp) = =1 e @GP (g)
T
here
X =(a"+a)/V2,P=i(a —a)/V2, (3)
and

@), = Fre |2}, (4)

where |z) is the coordinate eigenstate, satisfying
X |z) = z|z), |z) is expressed in Fock space as

Ve |- 4 Vagat — O
|z) =7 exp | = +V2za 5 [0y, (5)
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here |0) is the vacuum state annihilated by the photon
annihilation operator a, [a, aT] =1, F, , is the unitary
Fresnel operator

F.s = exp (7 d a‘L2) exp [(aTa + ;) In (5*)1}

2s*
X oxp (2> , (6)

here |s|? — |r|? = 1, and

1

D:i(s+s*+r+r*),
1

B=—(s"—s+r"—r). (7)
2]

The so-called Fresnel operator, is named because its
matrix element is just the Fresnel transformation
kernell”

<$I‘Fr,s |z)
1 i
= — eX —_—
“P19p

Ax? — 22"z + Da'®) |, (8
V2riB ( ) ®)

here
1 * *
Azi(s —r +s—r). (9)

On the other hand, the optical wavelet transform
(WT) converts a one-dimensional time signal into two-
dimensional time-frequency topography, so it is very
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useful in optical signals analysis and detection, espe-
cially for signals with wavelet-based denoising and im-
age/video compression. The wide applications of WT
can be found in recent research.’15 A continuous

WT (CWT) of a signal f(x) is

I RCEC

where *(z —b)/p is a two-parameter family of di-

Wy f (u, b )dx (10)

lations and translations of the mother wavelet ¥, u
(0# u € R) is a dilation parameter, b (b € R) is a
translation parameter, p represents a variable width of
the wavelet and b shifts the peak of the wavelet.[16:17]
A qualified mother wavelet is required to decrease
rapidly to zero as x tends to infinity,

/700 Y (z)dx =0. (11)

An interesting question thus arises: when we express
the mother wavelet ¢ (z) = (x| ¥) to expose [¢), can
the Fresnel-transformed state F:,s [t)) be qualified as
making a new mother wavelet, in other words, can
we establish a Fresnel-wavelet transform theory? This
motivation can let the mother-wavelet-state itself vary
from [¢) to
family of dilations and translations. In this work we

Fﬁ,s |1} , except for variation within the

shall introduce the wavelet transform with the Fresnel-
transformed mother wavelet. In this way we can com-
bine the Fresnel transformation and the wavelet trans-
formation together to propose the so-called Fresnel-
wavelet combinatorial transform (FWCT). This will
be discussed in Section 2. In Section 3 we prove the
corresponding Parseval’s equality, admissibility condi-
tion and analyse the inverse transform of this FWCT.
In Section 4 by using the admissibility condition we
obtain some new mother wavelets for the FWCT. Sec-
tion 5 is devoted to briefly discussing the applications
of the FWCT in signal analysis.

2. Wavelet transform for a
Fresnel-transformed mother
wavelet

For this purpose, according to Dirac’s repre-
sentation theory, we first express the usual WT as
a coordinate-representation matrix element of the
squeezing-displacing operator between the mother
wavelet state vector (¢| and the state vector to be

) el ) da

transformed, i.e.,

Wy f (1,0

\F

= (VIU (1, 0) |f) (12)

where (z| f) = f(),
sponding to the state to be transformed, the operator

|f) is the key vector corre-

U (u,b) is actually a squeezing-displacing operator,
1 o

U(M’b): ﬁ :

Equations (11) and (12) are essential steps, because we

r—0>
. > (x| da. (13)

can generalize the usual wave transform W, f (11, b) =

(WU (p,0) | f) in Eq. (10
(W] F U (1, 0) | f) (14)

) to the transformation

where

) (15)

is the Fresnel-transformed mother-wavelet-state. Us-

<¢| Fr,s = (Fj,s

ing Eq. (13) we have

(| Fr,sU (1, b) \f>

f/ (Wl F;

Further, using Eq. (4) we obtain

) el nyda (10)

<1/)|FTSU( 1)

_ < :sz

ﬁ/mﬂx)w*( ;b757

¢* <x_bvsvr) = <1/J

and we can name it the optical Fresnel-wavelet com-
binatorial transform (FWCT).

> lpa

r) dz,  (17)

where

).

3. Parseval’s equality, admissibil-
ity condition for FWCT

In order to see that the Fresnel-transformed state
F], 1) is qualified as making a new mother wavelet
we must prove the Parseval’s equality, admissibility
condition and inverse transform of this FWCT. In
Ref. [18] we have shown that the explicit form of |z),_ .
in Fock space is

) = Frs|2)
— [»(B*+D¥)] "

« x? n \/ﬁx ¥
ex — a
Pl " 22+D?2) " D+iB
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.

which is the eigenvector of the operator DX — BP,

(DX — BP)Jz),, = z|),, , (20)
where |z)_ = exhibits the orthogonal property
s (@ 2") =6 (@' = a"), (21)

and make up a new quantum mechanical representa-

tion,

/ 12, oy (] dz = 1. (22)

So the FWCT can be expressed as

Wy f (u.b; B, D)
<¢|FTSU ;) | f)

el o
s ()

When we take B = 0 and D = 1, it reduces to the
conventional CWT in Eq. (10).

Assuming that F(p) and F'(p) are the Fourier
transform of f(z) and f’(x), respectively,

Fwﬁréﬁ/f@W’

we find that the inverse transform is

1 .
z)=—== [ F(p)e'P"dp. 25
fla) = <= [ Py ap (25)
Substituting Eq. (25) into Eq. (23) we have

e Prdpyp* (x;b; , )dx

oo ()
_\f/ wb( 1% /eiww* (¢; B, D) dx)dp
~Vi [ Fo)e @ 5. D) ap. (26)

i g, (24)

Wy f (1, b; B, D)

“am /L

where @*(up; B, D) is the Fourier transform of
¥* (x; B, D) . It then follows from Eq. (26) that

/ dbWy f (1, b; B, D) W, f (1,15 B, D)

:,u/db/F

) e P°®* (up; B, D)dp

></ F'(p/)e™ " d(up'; B, D)dp/
—0oQ
= u/ dpdp'F(p)F'(p")" (up; B, D)
X<15(up’;B,D)/dbei(z’—ﬂb
* 2
= 27w/ dpF(p)F'(p) |®(up; B, D). (27)
— 00
From Eq. (27) we see that further integration yields

oo d .
/0 /Tg/dewf(u,b;B,D) W, f' (1, b; B, D)

_ 27T/°° dpF(p)F,(p)/om |¢(up;f,D) dy

— 00

= Cy /_Oo dpF(p)F'(p)
¢, /_ T daf(@) f (), (28)

which is just the Parseval’s equality of the FWCT,
and

G (up; B, D)|?
%/ |P(up; B, D)| Ay
0 M

o0 . 2
_op [T UnBDE,
0 12

¥ (p; B, D)|?

:271'/ .
0 p

is independent of p. From Parseval’s equality (28), we

Cy

dp (29)

can prove that the inverse transform of Eq. (23) is

C¢ 0 M2 —0o0 v ( )

« ;ﬁlp (””;b;B D) db. (30)

From Eq. (30) we see that the Fresnel-transformed
mother wavelet ¢ (z; B, D) = ;. (x
the admissibility condition

% - B, D)|?
Oy man [WOBD,
0

or w(pzovBaD):s,r<p:O|w>:07 (31)

fl) =

|y must satisfy

and  ,(p| is the conjugate state of 5, (x],

ol [ s

B2+ p2\'/* B? + D?
e I

s, (D] ) sr(z| da

D+iB
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4. New mother wavelets for the ) =Y Gual [0), (33)

FWCT

Now we explore the expression of |¢)) which obeys ~ where G,, are chosen such that |¢)) obeys condition
Eq. (31) by using the method of quantum optics. Con-  Eq. (31). Then using the overcompleteness relation
sidering that |n) = (aT”/m) |0) is the basis in Fock  of coherent state1%:2%) |2) = exp (zal — 2*a) |0), and
space, we can expand [¢) as Egs. (31) and (32), we have
|

rlp=004) = orlp = 0|/—|z Zaamo

B2+ p*\'/* °° D+iB
<+) /—z eXp[ 2> + +71_z2
0

™ 2(D-iB)

n—=

(B2 D\ & Gy (20— 1)11(D +iB)™" 0 (30)
N T oy (B2 + D?)" -
So the key vector |1) can be expressed as
|’(/)> = |w>odd + |w>even’
il (35)

W)oqa = O G2ns1a™" 10}, 1) eyen Zaz a0y,

n=0

where Gy, satisfies Eq. (34). Since g, (p = 0] ¥) qq = 0, F/ [1)),4q is always qualified as a mother wavelet, i.c.,

we need to take care of the even part [1),.., of [1)) only. Using the completeness relation [*_|x) (x| dz =1 and

even

(x |n) = (2”71!\/777)71/2 e—*"/2H,, (x), we obtain the expression of mother wavelet ¢ (x; B, D) = 4, (x 1)

even

Y (2;B,D) = 5.(x V) oven ZG%\/ (2n)! / (2’| 2n) da’
= w—l/‘*Zz—"G% / ol |2’y e "2 Hy, () da’, (36)
n=0 -
where
o ) 1 D—iB 1/46 i Dx? iD? | iz’ 37)
s xr )= Xp | — — ,
st V—2irB\D+iB Pl7opBrD?) 2B ' B

and H,,(z) are the Hermite polynomials, then we have

~ Gan (D —iB\Y*
:B,D) = x4 " ( )
¥(@B,D) == ;\/—217@ D+iB
o i Dz? iDx?  jza’] e
x[mexp [_2B(B2+D2) ~ S5 T B } e™" /?Hy, (2') da’

V2 (R N L I iz-"c; DNy [ ] e
T o \Byp?) PlamreDy|&” T\"Bvid) T |VBErDI

where we have used the formula

[NE

/ e~ (@vH, (ax) do = 7'/? (1-a®)? H,

— 00

) )

It is remarkable that, by taking certain values of B and D, equations (34) and (38) provide the way to find the
mother wavelets of FWCT. For examples, letting B = —1/v/2, D = 1/v/2, G2 = —1, and Ga,, = 0 for n > 1
and using Eq. (34), we obtain Gy = — i, and then using Eq. (38) we obtain the mother wavelet
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1 2 . a2 —22/2
T——,—&= | = —im xc—1) e /% (40
(=g s) = ) )
where 1/ V3 is the normalization factor. The real
part of ¥y (x; —1/\/5, 1/\/5) is zero, and the imagi-
nary part of ¢ (m; —1/V/2, 1/\/5) is shown in Fig. 1.

Im (31)
0.4r

Fig. 1. Imaginary part of the wavelet ;.

Taking B = —/3/2, D = 1/2, Gy =0, G4 = 1,
and Gy, = 0 for n > 2 and using Eq. (34), we obtain
Go = 3(1/2—+/3i/2), and then using Eq. (38) we
obtain the mother wavelet

¢2 (J?, _ga ;)

47T_1/4 1 \/gl 2 2 2
=—|;t—5 |z (3—x)e_x/2, (41)
/33 (2 2

where 1/4/33 is the normalization factor. The real
part and imaginary part of s (z;—v/3/2,1/2) are
shown in Fig. 2.

Re(¢2)
.3

.2

—0.1

—-0.2

Tm(v2)

0.2

—0.2

—0.4

Fig. 2. Real part and imaginary part of the wavelet ).

5. Applications

To further reveal the properties of the
above newly found mother wavelets, we
perform the FWCTs of a simple signal

sin (rz)  with ¢y ((z —b)/p;—1/v2,1/v2)  and
Y2 ((x —b)/p; —V/3/2,1/2) . The resulting wavelet
transforms by 1 ((z —b)/p;—1/v2,1/V/2)
Y2 ((z = b)/p; —V/3/2,1/2) are

and

1 e —-b 1 1
Wy = \/ﬁ/—oo Py (aj/l ; ’ﬂ) sin (mz) da,(42)

V2
LT xib'—ﬁl sin (wx) dx
%ﬂjg%<u, WQ (nz) do. (43)

Figures 3 and 4 present the three-dimensional rep-
resentation of the module and the contour line rep-
resentation of the module of the FWCT of signal
sin (wx) with i (m; —1/V/2, 1/\/5) , respectively. Fig-
ures 5 and 6 present the three-dimensional represen-
tation of the module and the contour line represen-
tation of the module of the FWCT of signal sin (7x)
with (x; —/3/2,1 /2), respectively. It is remark-
able that, although two overall shapes of the two con-
tour lines in Figs. 4 and 6 look similar, there exist two
notable differences between them: (i) along the u axis
W1 has one maximum, while W5 has one main max-
imum and one subsidiary maximum (two islands), so
when 1)y is scaled in size, there is one more chance
to identify the frequency information of the sine wave
than when 1) is used; (ii) near the maximum of W,
the density of the contour lines along the p axis is
higher than that of Wi, which indicates that o is
more sensitive in detecting the information of the sig-
nal at these regions. Therefore, wavelet 1o may be

superior to 1; in analysing some signals.

o,

e,
e
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s,
2

',

25
a3y,
700552
Ly re,
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s
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!

e,
2 '
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Fig. 3. The three-dimensional representation of the mod-
ule of the wavelet transform of 7.
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1.5

0.5

T

Fig. 4. Contour line representation of ;.

Fig. 5. The three-dimensional representation of the mod-
ule of the wavelet transform of 1q.

[y
8

0.8 1.2

J

b

0 0.4
m

Fig. 6. Contour line representation of .

6. Conclusion

In this paper, we proposed the FWCT and gen-
eralized it by using the coordinate—-momentum inter-
mediate representation in quantum mechanics. Par-
seval’s equality, the admissibility condition, and the

inverse transform of this FWCT were analysed. By
taking certain parameters and using the admissibil-
ity condition of the FWCT (see Eq. (34) and (38)),
we provided a new, convenient approach to obtain an
optimum mother wavelet. As examples, we obtained
some mother wavelets, and a comparison between the
newly found mother wavelets was presented. This pa-
per also exhibits that the study of FWCT can be natu-
rally linked to quantum optics by means of a quantum
eigenvector. For applications of Dirac’s representation
theory in other optical fields we refer to Refs. [21]—[24]
and for more use of the WT in quantum physics we
refer the reader to Refs. [25] and [26].
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