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For the first time we derive the dissipating result of an initial two-mode squeezed pure vacuum state passing

through a two-mode amplitude dissipative channel described by the direct product of two independent single-mode

master equations. Although these two master equations do not mix the two modes (there is no coupling between them),

since the two-mode squeezed state is simultaneously an entangled state, the final state which emerges from passing

this channel is a two-mode mixed density operator. The compact expression of the outcoming state is obtained, which

manifestly shows that as time evolves, the squeezing effect decreases.
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1. Introduction

In nature most systems are immersed in a ”ther-
mal reservoir”, excitation and de-excitation processes
are influenced by the exchange of energy between the
system and the reservoir. We inevitably encounter
some interactions of the quantum state under consid-

[1-3] These undesirable

eration with its environment.
couplings give rise to decoherence. In this paper we
investigate how a two-mode squeezed vacuum state
evolves in a two-mode amplitude dissipative channel.
For this channel, the associated loss mechanism in
physical processes is governed by the following uncou-

pled two master equations!*®)

dpy (t

p(it( ) =K (2ap1aJr —atap, — plaTa) , (1
dps (t

p;t( ) K (2bpabT — bTbpy — pab'h) (2)

where p is the density operator of the system, and « is
the rate of decay. We shall solve the master equation
when the initial state is a two-mode squeezed pure

state S (\)]00) (00| ST (X). The two-mode squeezing
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operator is S (A) = exp[A (a'b! — ab)], and
S (X) |00) = sechAexp [a'b' tanh A] [00), (3)

where |00) is the vacuum state, and A is the squeezing
parameter. This state can be produced in a param-
teric amplifier. An interesting question thus natu-
rally arises: if a two-mode squeezed pure state un-
dergoes the two-mode amplitude dissipative channel,
then what is the outcome? It should be noted that al-
though these two master equations do not mix a-mode
and b-mode (there is no coupling between them), since
the two-mode squeezed state is simultaneously an en-
tangled state (the idler-mode and the signal mode are
entangled in the frequency domain), the final state
which emerges from passing this channel is a two-mode
mixed density operator. We will derive this new time-
dependent density operator by virtue of the technique
of integration within an ordered product (IWOP) of
operators(®~1 and the entangled state representation.

This paper is arranged as follows. In Section 2 by
virtue of the entangled state representation we briefly

review our way of deriving the infinitive sum represen-
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tation of the density operator as a solution of the mas-
ter equation. In Section 3 we derive the compact form
of p(t) when the initial density operator is a two-mode
squeezed pure state, which manifestly shows that as

time evolves the squeezing effect decreases.

2. Brief review of deducing the
infinitive sum representation
of the density operator

For solving the above master equation, we first
consider the single-mode master equation (Eq. (1)).
In a recent paper, Ref. [12], we have introduced a

convenient approach in which the two-mode entangled

statelt3:14]

1 . - ~
i) = oxp (= glal? 4 nal —at +alat)jod) (0

is employed, where a' is a fictitious mode independent
of the real mode af. The state | = 0) possesses the

properties
aln=0) =a'lp=0), a'ln=0)=aln=0),
(ata)"n = 0) = (a'a)"|n = 0). (5)

Acting both sides of Eq. (1) on the state | = 0) = |I),
and denoting |p) = p|I), we have

d
ar |Pl>

=K (Zaplcfr —alap; — plaTa) |T)
= H(2ad—aTa—dT&) lp1), (6)

so its formal solution is

|p1 () = exp{xt (2aa — a’a — a'a)} |p1 (0)), (7)

where |p1 (0)) = p1 (0) |I), p1(0) is the initial density
operator.
Noticing that the operators in Eq. (7) obey the

following commutative relation,

[ad,a*a] = [a&, dT&} = aa,

1 ata
{a a4 ;— @ a,ad} = —aa, (8)

and using the operator identity
eMATIB) — oA oy [U (1 - e_M) B/T} , (9)

(which is valid for [A, B] = 7B), we have

T ata
exp [—2,%75 (aa—;—aa — ad)}

= exp [kt (aTa + &TCNL)] exp [T"adl, (10)
where
T'=1- e 2", (11)

Then substituting Eq. (10) into Eq. (7) yields

e m

o1 (1)) = exp [t (ala+ata)] 3 La"a |o (0)

n=0
o0

—kta'a T/n n n _—rta'a
=e "t Zﬁa p(0)a™e="taa )
n=0
> T'm

— e—ntaTaanpl (O) a]‘n e—mtaTa |[> ,(12)

n=0

which leads to the infinitive operator-sum representa-

tion of p,
- T/n —K T n —K T
p1(t) = Z —Te talagny (0)a™™e"t'a, (13)
n=0
Introducing
— I —rtata _n
Mn =1/ W e a -, (14)
such that
pr(t) = Myps (0) M}, (15)
n=0
then using the normally ordered expansion of
erala — exp{(eA -1) afa} : (16)
and Eq. (14) we can prove
T/7l +
T _ T _in —2kta'a, n
ZMnMn = Z e a
in n —2xktata

L
= E et gingn e
n!
n
1 2kt T _ T
:eTe aa:e2ﬁtaa

(eZHt—l)aTa

= :e . e—2ntata _ g (17)

Thus M, is a kind of Kraus operator. Therefore,
for any given initial state p; (0), the density operator
p1 (t) can be directly calculated from Eq. (13). Gen-
eralizing it to the two-mode case, we know that the

solution to master equations (1) and (2) is

2 = T/ner —nt(a7a+bfb) nim
p(t) = sech”\ Z € a"b™p(0)
m,n=0 o
% aTanmefnt(aTcH»bTb). (18)
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3. Evolution of a two-mode — " (a tanh \)™ ¥ RN 00y (21)
squeezed vacuum in the am-
plitude dissipative channel then using the operator identity
When the initial state is a pure two-mode anCLTMZ(—i)m—M:Hm,n (iaT,ia) 5 (22)

squeezed state

p(0) = sech2)\ ea'b! tanh A |00) (00| eabtanh A (19) (which can be deduced by virtue of the technique of

integration within an ordered product of operators, !

then substituting Eq. (19) into Eq. (18) yields

~ where
p(t) = sech®) Z 1;:7:'” —rt(alatblb) npm
m,n=0 Hmyn(>\, A*)
a'bT tanh x 100) (00| et tanhAgnpim min(m,n) min! ol sml
« e—rt(atatbld) (20) - ; Uim =Dl (n—=1)! (DA™ 23)

To simplify it we first analyse are the two variable Hermite polynomials, we can re-

Tt
ab™ e A |00) form

anbmeoﬁbT tanh A ‘00> _ (_ i>m+n tanh™ \ : Hm,n (l a]‘7 ia) . eaTbJr tanh A ‘00>

min(m,n)

Am+n m m'n'(—l)l .t m=l . n—l a'b" tanh A
= (- tanh™ A : 00
(—1) an ; i = Di(n 1), (1a ) (ia) e |00)
min(m,n) Vool (o m—1
= tanh™ \ Z T mn: ( )n — l)!anil ea*bT tanh A 100)

mm(m n) . ( T)m—l (bT t h)\)n—l
m mn: an abf tanh X
tanh™ \ Z By e— e |00) . (24)

Again using Eq. (23) we see

ab™ eaTbT tanh A ‘00> _ (_ i)m-‘rn tanh™ )\Hm,n (i a,t,ibt tanh )\) eaTbT tanh A ‘00> ) (25)
According to the generating function formula of the product of two Hermite polynomials('®!
Z Hyn (&,n) Hyyn (0,6) —— ™ ! exp ! (so€ + tnk — stok — stén) (26)
o min! ~ 1—ts 1—ts

and the normally ordered form of the vacuum projector

00) (00] = : e~'a=bb (27)
as well as e—"ta'agt entala — ot o= , we have the compact expression of density operator
oo
Tln+m K
P (t) = sech2)\ Z il efnt(a“ajtbfb) tanth )\Hm,n (1 aT7 i bT tanh )\) eCLerT tanh \
m,n=0

|00> <00| abtanh /\H (_ ia, —ibtanh )\) efmt(afaijTb)
=T (Tt h2 A
= sech?\ Z n'j:' ) ‘Hpn (i ate ™ ibf e " tanh )\)

m,n=0

X Hpp (—iae™™, —ibe " tanh \) e(a'd'+ab)e ™" tanh A—ala—bls ,
sech?\ _ T’ tanh? \ e~ 2%t

= 2 2, - &P 92 2 [(a’a’

1 — T2 tanh” \ 1 —T"? tanh® \

4+ b'b) + 7" tanh A (ab + a'd')]
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+ (aTbJr + ab) e 2 tanh A — aa — bTb} :

sech®)\ . T'tanh® \ — 1 e~ 25t tanh A

_ t t Tt .
=~ exp{————(aa" +b'b) + ————— (ab+a'b")} , 28
e P T )t T T et )} (28)

which is a mixed state. Where we have used 77 = 1 — e~ 2%,
For checking the validity of the above derivation, we calculate Tr p(t) to see if it is equal to 1. In fact using

2 2
the coherent state completeness relation [ % |z122) (2122] = 1, we have

h2\ d2z,d? T’ tanh? X\ — 1
Trp(t) = sec /\/ zl7r 29 (z120] : exp {an (aat + b'b)

1 —T"tanh? 1 — T"2tanh? A

e~ 2" tanh \
——— (ab+a'd } 21z
T T | )il
sech?\ d2?z1d%2 { T'tanh® \ — 1 9 5
= ex z1|” + |z
lfT’QtanhQ/\/ w2 17T’2tanh2/\(| i 22F%)
e 2" tanh A
+ (2725 + 2120) ————— ¢, 29
(12 12)1T’2tanh2)\} (29)
where
/d%1 . {T’tanh2>\1 P 4 (2725 + 212) e~ 25 tanh \ }
X z 2z + ) —————————
T 1—T2tanh2 )" L2 T 2 tanh® A
1 — 7" tanh? \ 1 1—T")% tanh? \
= exp{ 5 ( ) 5 ZQ|2}. (30)
1 — T’ tanh” A 1 —T'tanh“ A 1 —T"2tanh* \
\
Substituting Eq. (30) into Eq. (29) we obtain evolves the squeezing effect decreases whereas deco-
2 2 herence increases. Using Eq. (32) one can calculate
sech”\ d®zg . . ) .
Trp(t) = 5 the corresponding Wigner function evolution, etc.
1 —T"tanh” A m

2\ In summary, for the first time we have investi-
X exp <sec2 | 22 |2> =1,(31) gated how a two-mode squeezed pure state evolves into
1 —T'"tanh” A

a mixed state upon undergoing a two-mode amplitude
as expected. Further, using dissipative channel.

erala — . exp [(e’\ — 1) aTa] :;

we can rewrite Eq. (28) as References
sech2 )\ e~26t tanh \ [1] Takahashi Y and Umezawa H 1975 Collecive Phenomena
) = T s P (1 T a2 T) 29
a tan o tQaIl [2] Memorial Issue for Umezawa H 1996 Int. J. Mod. Phys.
¥ T T’ tanh” e ~2r¢ B 10 memorial issue and references therein
X exp (aa+bb)1n— .
1 — T2 tanh? \ (3] Loudon R and Knight P L 1987 J. Mod. Opt. 34 709
0—26t tanh \ [4] Gardiner C W and Zoller P 2000 Quantum Noise 2nd edn.
X exp <2ab) . (32) (New Yok: Springer-Verlag)
1 —T"2tanh” A 5] Orszag M 2000 Quantum Optics (Berlin: Springer)

6] Fan H'Y 2008 Ann. Phys. 323 500
7] Jiang N Q and Zheng Y Z 2006 Phys. Rev. A 74 012306

[
Comparing Eq. (32) with the initial state expres- %
[8] Jiang N Q, Jing B Q, Zhang Y and Cai G C 2008 FEuro-

sion Eq. (19) we see the squeezing amount

e—2nt phys. Lett. 84 14002
tanh A\ — tanh )\ﬁ. [9] Jiang N Q, Fan HY and Hu L Y 2011 J. Phys. A: Math.
1 =17 tanh” A Theor. 44 195302
DuetoT' =1 — e_QHt, and T' > T'2 tanh? A, S0 [10] Fan HY, Ren G, Hu L Y and Jiang N Q 2010 Chin. Phys.
B 19 114206
e 2kt [11] Fan H'Y and Jiang N Q 2010 Chin. Phys. B 19 090301
1— T2 tanh2 \ <1 [12] Fan HY and Hu L Y 2008 Mod. Phys. Lett. B 22 2435
[13] Fan HY and Klauder J R 1994 Phys. Rev. A 49 704
this implies that the squeezing amount decreases in [14] Fan H'Y and Ren G 2010 Chin. Phys. Lett. 27 050302
the process of dissipation. Thus we know that as time [15] Fan HY 2010 Chin. Phys. B 19 050303

120302-4



