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Traveling wave solutions for two nonlinear evolution
equations with nonlinear terms of any order*
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In this paper, based on the known first integral method and the Riccati sub-ordinary differential equation (ODE)
method, we try to seek the exact solutions of the general Gardner equation and the general Benjamin—Bona—Mahoney
equation. As a result, some traveling wave solutions for the two nonlinear equations are established successfully. Also
we make a comparison between the two methods. It turns out that the Riccati sub-ODE method is more effective than
the first integral method in handling the proposed problems, and more general solutions are constructed by the Riccati

sub-ODE method.
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1. Introduction

Recently, searching for exact traveling wave so-
lutions of nonlinear equations has gained more and
more popularity. Traveling wave solutions may be
very helpful in understanding various phenomena in
a number of fields, such as plasma physics, nonlinear
optics, biology, among others. Many effective meth-
ods have been presented so far. Some of these ap-
proaches are the homogeneous balance method,!) the
extended hyperbolic functions method,/? the tanh-
method,~¢ the inverse scattering transform,” the

81 the Exp-function method,!*!

Bicklund transform,!
the Hirota bilinear method,['°=12! the F-expansion
method, 3 and others.

In this paper, we study the two following nonlin-
ear equations with nonlinear items of any order.

The general Gardner equation
ug + (p + qu” + 1™y + Uppe = 0,
n>0, r<0, (1)
and the general BBM equation
uy + aug + bu"u, —

PUzzt = 0, n > 0. (2)

The Gardner equation can help us to describe
many wave phenomena in plasma and solid states.
When n = 1,q # 0,r # 0, equation (1) becomes the
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KdV-mKdV equation
w4+ (p 4 qu + ru*)uy + Ugpy = 0.

When n = 1,q # 0,7 = 0, equation (1) becomes the
known KdV equation

up + (p+ qu)ty + Ugpe = 0.

When n = 1,q = 0,r # 0, equation (1) becomes the
mKdV equation

us + (p+ ruQ)uz + Uppr = 0.

In Refs. [14] and [15], the authors established the trav-
eling wave solutions for Eq. (1) by a sub-ordinary
differential equation (ODE) method. And the tanh
method was used to construct the traveling wave so-
lutions for the Gardner equation under the condition
n = 1.116]

The general BBM equation represents the motion
of nonlinear dispersive waves, which are often encoun-
tered in a number of important physical phenomena
such as shallow water and ion acoustic plasma. When
n = 1, equation (2) becomes the known BBM equa-
tion. When n = 2, equation (2) becomes the modified
BBM equation. Many methods have been presented
to construct the traveling wave solutions for general
BBM equation (2), such as the sub-ODE method, 4
the tanh method,['7-18] the sine—cosine method, '] the
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elliptic function method,*? and an extended algebraic
method with symbolic computation,?9 the variable-
coefficient balancing-act method,/?!! the factorization

(22] g,

technique,

Our aim is to construct traveling wave solutions
for the general Gardner equation and general BBM
equation by the first integral method3=2%! and the

d[26=29] regpectively.

Riccati sub-ODE equation metho
Furthermore, we will give a summary of the compari-

son of the two methods.

2. Description of the methods

2.1. The first integral method

The main steps of the first integral method are
summarized as follows.

Step 1 Consider a general nonlinear partial dif-
ferential equation (PDE) in the form

.)=0. (3)
Using a wave variable £ = k(z — ct), we can rewrite
Eq. (3) in the following nonlinear ODE

Qu, v/, u" W, ...) =0, (4)

P(uvut7uwauww7utta Ugt, Ugzxy -+

where u = u(§).

Step 2 Suppose the solution of Eq. (4) can be
written as u(x,t) = X (), and furthermore, we intro-
duce a new independent variable Y = Y (&) such that

vie =" )

Step 3 Under the conditions of Step 2, equation

(4) can be converted to a system of nonlinear ODEs

as follows:
dX
— = XY
d¢ ’
dY
— =F(X,Y).

If we can find the integrals to Eq. (6), then the
general solutions to Eq. (6) can be solved directly.
However, in general, it is really difficult for us to real-
ize this even for one first integral, because for a given
plane autonomous system, there is neither a system-
atic theory that can tell us how to find its first in-
tegrals, nor a logical way for telling us what these
first integrals are. We will apply the so-called Divi-
sion Theorem to obtain one first integral to Eq. (6)
which reduces Eq. (4) to a first order integrable ODE.
An exact solution to Eq. (3) is then obtained by solv-
ing this equation.

Division Theorem!*®! Suppose that P(w, z),
Q(w, z) are polynomials in C(w, z) and P(w, z) is ir-
reducible in the complex domain C(w,z). If Q(w, z)
vanishes at all zero points of P(w, z), then there exists

a polynomial G(w, z) in C(w, z) such that
Q(w, z) = P(w, 2)G(w, z). (7)

2.2. The Riccati sub-ODE method

Step 1
Eq. (4) satisfy

Suppose that the solutions wu(§) for

l

u(§) = Z a;’, (8)

i=—1

where a; are constants to be determined later, [ is a
positive integer that can be determined by balancing
the highest order linear term and the nonlinear terms
in Eq. (4), ¢ = ¢(&) satisfies the known Riccati equa-
tion:

¢ =a+¢° (9)
where v # 0.

Step 2 Substituting Eq. (8) into Eq. (4), by use
of Eq. (9), we can convert the left-hand side of Eq. (4)
to a polynomial in ¢. Equating each coefficient of ¢
to zero, we obtain a set of algebraic equations.

Step 3 Solving the equations in the last step, we
can obtain the values of a;, i = —1I,...,l, k, c.

Step 4 Combining the results in Step 3 with the
various solutions of Eq. (9), we can obtain a variety
of exact solutions for Eq. (4).

Now we present some special solutions for Eq. (9).

When ay < 0,
0612 [ T (/).
gl 2l
$2(€) = — /- coth (v —“f) :
Y Y
When avy > 0,

63(6) = |5 tan (vﬂf) |
o4(6) = =% co (7\/55) |
- 5] o 450
When a =0
1

¢7(8) = T E+a)
where cg is an arbitrary constant.
In subsequent sections, the general Gardner equa-
tion and general BBM equation are considered, and
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some traveling wave solutions are obtained respec-
tively by use of the two methods.

3. The general Gardner equation

We consider the following general Gardner

equation:14—16]

Ut + (p + qun + Tuzn)ux + Ugzr = 0;

n>0,r<0. (10)
In the following, we shall construct exact traveling
wave solutions of Eq. (10) by the first integral method
and the Riccati sub-ODE method.

Suppose that
u(z, t) =u(f), & =k(z —ct),
where k and c are constants to be determined later.
Then equation (10) is converted to an ODE
—cu' + (p+ qu" + ru*)u’ + k" =0.  (11)

Integrating Eq. (11) once, and considering the zero

constant for integration, we have

q n+1
—Cc)u + ——u
(p ) n+1

2n+1 kj2 //:0. 12
mp1l TR (12)

3.1. The first integral method

Due to the difficulty in obtaining the first integral
of Eq. (12), we propose a transformation denoted by
u = v*/™. Then equation (13) is converted to

q r
=t 1 a1
k2 [vv" —0'? v, 1]
Let
X/
xX(© =@, v =" (1)
Then from Eq. (13) we have
day 1 [ . ng __nr 9
e k2 [(c p)n n+1 2(n+1)X}
Lo
-2 (15)

Suppose that X (§) and Y (§) are nontrivial solutions
of Egs. (14) and (15), and n(X,Y) is an irreducible
polynomial in the complex domain C'(X,Y") such that

n(X(€),Y(€) =Y s:(X)Y' =0, (16)
i=0
where s;(X),i =0,1,...,m are polynomials of X, and

sm(X) # 0. Equation (16) is called the first integral
of Egs. (14) and (15). According to the Division The-
orem, there exists a polynomial hi(X) + heo(X)Y in

the complex domain C(X,Y’) such that

dn  onpdX = OndY
dé 09X d¢ T oY dE
= [m(X) +ha(X)Y]) si(X)Y. (17
1=0

In this example, for the sake of computing conve-
Then by collecting all the

terms with the same power of Y together and equat-

nience, we take m = 1.

ing each coefficient to zero, we obtain a set of simul-

taneous algebraic equations as follows:

dSl(X) 1 o
X = osiX) = ha(X)s1(X),
X 410,00 4 ha(00(X),
1 ng nr 2
sl(X)ﬁ (c—p)n— n+1"  2n+1)
= hy(X)so(X). (18)

From Eq. (18) we deduce deg(he(X)) = 0, that is,
ho(X) is a constant. For simplicity, we take ho(X) =
—1/n. Then it follows deg(s1(X)) = 0. Let s1(X)
1. Also from Eq. (18) we deduce deg(hi(X))
deg(so(X)) = 1. Let hi(X) = By + B1 X, so(X) =
Ao + A1 X, where A; # 0, By # 0. Solving Eq. (18),

we obtain

rpn® + 5rpn? + 8rpn — 2¢°n — ¢® + 4rp
(n+2)(3n+ 2+ n2)r
_ qA(2n+1)
 r(n+2)

By = qgA1(2n+1)

)

Ao

)

) By = )
rn(n + 2) n

—r
2n2+3n+1 n
fp— gy 2ot
Ay

where A is an arbitrary nonzero constant. Then we

(19)

have
dX
— = XY
dg
= —XSO(X)

= A X% -
! r(n+2)

X, (20)
Solving Eq. (20), we obtain

X1(8)

_q(@2n+1) gA1(2n+1)

 2r(n+2) [t h 2r(n+2)
X5()

_ q(2n+1) [coth qA1(2n +1)
2r(n+2) 2r(n+2)

where cg is an arbitrary constant. Then

@+m—4mm>

@+%wﬂyem
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vy (z,t)
qn, | —-2n+l 3 2 2 2
_ q(2n+1) 14 tanh r(n+1) g TP" + 5rpn® + 8rpn — 2¢°n — ¢* + 4rpt ny (23)
2r(n + 2) 2(n+2) (n+2)3n+2+n2)r 0 ’
va(x,t)
qn, | —-2ndl 3 2 2 2
_ q(2n+1) 14 coth r(n+1) _ rpn” +5rpn® + 8rpn — 2¢*n — ¢° + 47"pt ‘e (24)
2r(n + 2) 2(n+2) (n+2)Bn+2+n?)r 0
So we can obtain the hyperbolic function solutions of the general Gardner equation as follows:
(5} (J), t)
gn, |—-2nEl 3 2 2 2 v
_ q(2n+1) _14 tanh r(n+1) _ rpn” 4 S5rpn” + 8rpn — 2¢°n — q° + 4rpt fe
2r(n + 2) 2(n+2) (n+2)3n+2+n2)r 0 ’
(25)
UQ(xv t)
qn, [/ —-2ntl 3 2 2 2 v
q(2n+1) 1+ coth r(n+1) _ rpn” +5rpn® 4+ 8rpn — 2¢°n — ¢ + 4rpt Yo
2r(n+2) 2(n+2) (n+2)Bn+2+n?)r 0
(26)

Remark 1 For the case of m > 2, the discussion becomes more complicated and involves the irregular
singular point theory, the elliptic integrals of the second kind and the hyper-elliptic integrals. Some solutions
in the functional form cannot be expressed explicitly. We should note here that one does not need to consider
the cases m > 5 due to the fundamental fact that an algebraic equation with a degree greater than or equal to

5 is generally not solvable.

3.2. The Riccati sub-ODE method

Suppose that the solutions of Eq. (13) can be expressed by a polynomial in ¢ as follows:

1
v(§) = Z big', (27)
i=—1
where ¢ = ¢(&) satisfies Riccati equation (9).
Balancing the order of v* and (v')? in Eq. (13), we have 4l +1+1=3l+3 = [ = 1. So equation (27) can

be rewritten as
’U(f) :b1¢+b0+b_1¢_1, bib_1 7507 (28)

where by, by, b_1 are constants to be determined later.

Substituting Eq. (28) into Eq. (13) we can obtain an equation with respect to ¢*, i = 0,1,2,.... Collecting
all the terms with the same power of ¢ together and equating each coefficient to zero, yields a set of simultaneous
algebraic equations as follows:

ot 0 rndbt 4+ rn?bt 4+ 4k2nb3y? 4 2k2n3b392 + k20342 4 5k2n2b342 = 0,

®° : 4k2n3bobiy? + qn2b3 + 4rn2bob? + 2k2nbobyy? + 4rnbob3 + 6k2n2bob1y? + 2qn3b3 = 0,

@2 1 2ntpb? — n2cb? + 6rn3b3b? + 6rn2b3b3 + 4rn2b3b_q + 3qnbob? + 4rn3b3b_1 + 8k n2b_1b1v>

+ 8k2n3b_1b19? + 6k>nbialphary + 4k*n?b3alphay + n?pb? + 6gnbob? + 2k2b3ya — 3n3cb?
— 2n4cb§ — 2k2b_1b1y? — 2k%nb_1b1y? + 3n3pb% =0,
O 47’n2b8b1 + 12rngbob%b_1 + 6n3pboby + 6qn3bgb1 + 4rn3b8b1 + 2n2pboby + 4n*pboby
+ 3qn2b%b,1 + kanboblfya — 4dn*cboby — 2n%cboby + 4k2n3b0b1'ya + 6qn3b%b,1 + 6k2n2byb1yor
— 6n3cboby + 12rn2b0b%b,1 + 3qn2b8b1 =0,
@0 3n3pb2 — 3n3ch3 + qn2by — 2ntcbg — n2cb + n?pbg + 2qn3by + 2nrpb + rn3bg + rn?b}

120202-4



Chin. Phys. B Vol. 20, No. 12 (2011) 120202

+ 12gn3bobib_1 + kaQ_ny — 4k%b1b_1ary + 16k2n2b1b_1ary — 4k2nbib_ay + 16k2n3b b oy
+ 2n2pbib_1 — 2n2cbib_1 + An*pbib_1 — Antcbib_q + 6n3pbib_1 — 6n3chbib_q + 6rn3b%b2_1
+ 6rn2b%b2_1 + ]{321)%042 + 6gn2bobib_1 + 12rnzb%b1b_1 + 127’n3b(2)b1b_1 + Zkznb2_172 + 2k2nb%a2
— 2k2n2b% |42 — 2k2nPbia? — K2n?b2a? — K2n2b? 4% =0,

¢t 2kZnbob_ oy + 4rn3b8b,1 + 3qnzblbz_1 — 4n*cbob_q1 + 4rn2b3b,1 + 6k2n260b,1a'y
+ 6n3pbob_1 — 6n3cbob_1 + 6qn3b1b31 + dnpbob_q1 + 12rn2boblb%1 + 2n2pbob_1 + 12rn3b0b1bgl
+ 4k2n3bob_1 oy + 6qn3b(2)b,1 + 3qn2b%b,1 —2n2¢cbob_; =0,

62 —2k%nbib_10® + 6k2nb%1a7 — 2n4cb%1 + 8kZn3bb_10? + 3qn2b0b%1 + 4k2n2b%1a7
+ 6rn2b3b? | + 6qnibob? | — 2k*b1b_1a2 + 2ntpb? | + 3n3pb? | + 4rn3b1b3 | + 4rn?b1b3
—n2ch? | + 6rn3b3b? | + n?pb? | — In3cb? | + 2k%0% Jay + 8kZn2bi1b_1a% = 0,

&30 2k nbob_1a? + 4rn3bob3 | + 2qn3b3 | + qn?b3 | + 4rn2beb3 | + 6k3n2bob_1a? + 4k*n3bob_1a
=0,

¢~ rndbt, +rn?bt ) + K202 0?4+ 4k%nb? | o? + 2k2n3b% [ a? + 5E*n2b? a? = 0.

Solving the above algebraic equations, under the condition of ary < 0, we obtain the following 4 cases.

Case 1
(2n+1) P
P \V rintDary M4 . rpn3 4 5rpn? 4 8rpn — 2¢°n — ¢® + 4rp
2(n+2) (n+2)(3n+2+n?)r ’
b=yt o a@etD)
-t 2r(n+2)\/—a’ 2r(n+2) '
So it follows that
q(2n+1) a
=—< -1+ . 29
v(&) 2r(n+2) ffyaqb (29)

Then combining with the special solutions of the Riccati equation we can obtain the hyperbolic function solutions
for the general Gardner equation as follows:
1/n

up(z,t) = {m {—1j:coth 2(:3- ) _iQ(ZIB (x — ct + ¢p) }} ) (30)
1/n
ug(z,t) = {m {—1j:tanh z(nnj_ 3 _ﬁZIB (x — ct + ¢p) }} ) (31)

where
rpn® + 5rpn? + 8rpn — 2¢°n — ¢% + 4rp
(n+2)(3n+ 2+ n2)r

)

and c¢g is an arbitrary constant.

Case 2
2n+1
P \ 'r((nil)o)c'ynq . rpn3 4 5rpn? 4 8rpn — 2¢°n — ¢ + 4rp
N 2n+2) T (n+2)(3n+2+n2)r ’
q(2n+1) v q(2n+1)
by =+ - bp=——=——-—=, b_1=0.
! 2r(n+2) a ° 2r(n+2)’ !
So
q(2n+1) ~
= —FL | -1£4/—— . 32
R 1 (32)

Similarly we can obtain the traveling wave solutions us(z,t) = uy (z,t), us(x,t) = us(x,t).
Case 3

2n-+1
k= + r((n+1)0)¢'7 nq o= rpn3 + 57"]?712 + 87”2?71 - 2(]271 - q2 + 47‘])
B 4n+2) T (n+2)(3n + 2 +n?)r ’
_a@ntl) oy a@nt+l) . gqa(n+l) [y
"Tartn+2)V o 0T 2rm+2) T 4+ 2) Vo
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So it follows

v(§) =

qg(2n+1) <_1+1 _1¢1_
a

23

2 \ T3
Then the traveling wave solutions for the general Gardner equation can be denoted as follows:
q(2n +1) ng (2n+1)
t) = § —=49 — 1L tanh — —ct
et {2r(n+2) b\ )
1/n
nq (2n+1)
th - —ct : 34
F co [4(n—|—2) r(n—i—l)(I ct + o) (34)
Case 4
_@ntl) 3 ) ) )
p_ VD™ rpn® 4 Srpn® + 8rpn — 2¢°n — q? + drp
ST 4nt2) (n+2)Bn+2+n2)r ’

by =

So it follows
q(2n+1)

v(§) = 2r(n +2)

Similarly we can obtain the traveling wave solu-
tion ug(z,t) = us(x, t).

Remark 2

(i) We note that solutions (30) and (31) derived
by the Riccati sub-ODE method and solutions (25)
constructed by the first integral method are exactly
the same, and they can be compared with the results
(3.11) and (3.12) in Ref. [14].

(ii) Solutions (34) have not been reported by other
authors to the best of our knowledge.

(iii) More exact solutions have been established
for the general Gardner equation by the Riccati sub-
ODE method than by the first integral method.

4. The general BBM equation

In this section, we consider the BBM equation

with nonlinear items of any order!'*17=22] as follows:
U + atly + buuy — rugLe = 0,
n>0, a#0, b£0, r#0, (36)

where a, b, and r are constants.
In order to obtain the traveling wave solutions of
Eq. (36), we suppose that
’U,(JZ, t) = u(é), E =T — Cta (37)
where c is a constant to be determined later. By using

the wave variable (37), equation (36) is converted to
an ODE

—cu' + au’ + bu™u' + cru™ = 0. (38)

Integrating Eq. (38) once, and considering the zero

q(2n+1)
2r(n +2)’

el IR
(- 1F =

e
2y 2

constant for integration we have

b
(a —c)u+ e u" ™+ eru” = 0. (39)

4.1. The first integral method

Similarly, we propose a transformation denoted

by u = v%/™

. Then equation (39) is converted to
n?(n + 1)(a — c)v? + n*bw* + 2ern(n 4 1)vv”
—2crn(n+ 1w +der(n +1)v? =0, (40)

Under the hypothesis of

X
X@=ve), Y=
from Eq. (40) it follows that
dY  (c—a)n bn 5 2 4
d& - 20 2er(n+ 1)X a EY - (42

Suppose that X (£) and Y (§) are nontrivial solutions
of Egs. (41) and (42), and R(X,Y) is an irreducible
polynomial in the complex domain C(X,Y) such that

R(X(€),Y(§) =Y s(X)Y'=0,  (43)
i=0
where s;(X),7=0,1,...,m are polynomials of X, and

sm(X) # 0. Equation (43) is called the first integral
of Egs. (41) and (42). Due to the Division Theorem,
there exists a polynomial k1 (X)+he(X)Y in the com-
plex domain C'(X,Y) such that

dR ORdX ORdY

dg  9X dg oY dg

[h(X) + hao(X i si(X (44)

1=0

120202-6
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Letting m = 1, by equating the coefficients of Y* on
both sides of Eq. (44) we have

dSl(X) 2 o
X dsg;x ) by (X)s1(X) + ha(X)s0(X),
n(c—a) bn 9
s1(X) 2r 2cr(n+1)
= By (X)s0(X). (45)

From Eq. (45) we can see deg(h2(X)) = 0, that
is, ho(X) is a constant.
ho(X) = —2/n, then it follows deg(s1(X)) = 0. Let
s1(X) = 1.
duce deg(h1(X)) = deg(so(X)) = 1. Let hi(X) =
By + B1X, so(X) = Ap+ A1 X. Solving Eq. (45), we

can obtain

For simplicity, we take

Then also from Eq. (45) we can de-

c = a, A():Bo:(),

—-b
A =+
! \/Qarn2 + 6arn + dar

—-b
By =+ 2).
! \/Zarn2 + 6arn + 4ar (n+2)

Obviously, the condition for the existence of real val-

ues of A1 and B; is denoted by "abr < 0”.
From Egs. (41) and (43) we have

dX
— = XY
d¢
= —XSO(X)
-b
= X2, 4
¥\/2arn2 + 6arn + 4arn (46)

ot 1 6ernb3y? + derb?y? + 2ernb3y2 4+ n2bbi = 0,

@ : 4n2bbob3 + dcrnboy?by + dernbyy?by = 0,

Solving Eq. (46), we obtain

X = ! D)

n(§ + co)

—b
+
\/2arn2 + 6arn + 4ar
It follows that the traveling wave solutions of the gen-
eral BBM equation can be denoted by

u(zx,t)

i\/ b n(z — at + co)

2arn? 4 6arn + 4ar

where ¢g is an arbitrary constant.

4.2. The Riccati sub-ODE method

Suppose that the solution of Eq. (40) can be ex-
pressed by a polynomial in ¢ as follows:

!
v(€) =Y bid', (49)
i=—1
where ¢ = ¢(&) satisfies Riccati equation (9).
Balancing the order of v* and (v')? in Eq. (40),
we have 4/ =2l +2 = [=1. So

v(€) =b_1¢" " + b1+ by, b_1b1 # 0, (50)

where b_1, by, by are constants to be determined later.

Substituting Eq. (50) into Eq. (40) we can obtain
an equation with respect to ¢*, i = 0,1,2,.... Collect-
ing all the terms with the same power of ¢ together
and equating each coefficient to zero, we obtain a set
of simultaneous algebraic equations as follows:

2 : n2ab? — n%cb? + Scrbiya + An?bb3b_1 + 612bb3b? + 8crnb_1v%by — 8crb_17%by + 8crnbiary

+ n3ab? — n3ch? = 0,

o' 1 — 2n3cboby + 12n2bbob3by —1 + 2n3aboby + dern?boybia + 4n2bb3by + 2n%aboby + 4ernbyyb

— 2TL2Cb0b1 = 0,

R nbeé + n3ab(2) + 12n2bb(2)b1b_1 + n2ab(2) — nQCb% — n3cbg + 2n3ab1b_1 — 2n3ch1b_1 + 2n%ab1b_q
— 2n2cbib_1 + 6n2bb3b% | + derb3y? + derb? 1% + 16crn?b1b_1vy — 2crn?b3y? — 2ern?b? |2

+ 2crnb3y? + 2crnb? 4% — 16¢rbib_1yy = 0,

¢~ dernbob_1ay — 2n3cbob_1 + 4n2bb3b_1 — 2n2cbob_1 + 12n2bbob1b* | + 2n3abob_4

+ dern®bob_1 oy + 2n2abob_1 = 0,

¢=2: 4n2bb1b3 | + 8crb? jary + 8crn?bib_102 4+ n3ab? | + 6n2bbZb%, — n3cb? | — 8crbib_10?

+ n?ab?, + 8crnb? ;ay — n?cb?, =0,

o3 4n2bb0b§1 + dern?bob_102 + 4dernbgb_1a2 = 0,

¢~ n2bb* | + 2crn?b? 1 a? + derb? 1o + 6erndb? ;a2 = 0.

Solving the above equations, we obtain
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n2a

2vara(3n + 2 + n?)

c=——>, b1 =7F ;
16rya + n? dary? + 2ary?n? + 6ary?n
b(16rya +n?)4 [ —
16brya + n2b
by = + _4ar72 + 2arvy?n? + 6ar72n, bo = 0.
16brya + n2b

From Eq. (50) we obtain

o(6) = |5 2vara(3n + 2 + n?)

dary? + 2ary*n? + 6ary®n

¢. (51)

=
4ary? + 2ary*n? + 6ary®n

16brya + n2b

b(16r70z+n2)\/ 16bry0 + n2b

Then combining with the solutions of Riccati equation (9) we can obtain the exact solutions as follows.

When « # 0, we have

Family 1 If ay < 0, then under the condition ar/[b(n? + 16rya)] < 0 we can obtain the following

hyperbolic function solution as

b(16rya + n?)

2/n

B 2arya(2 4+ n? + 3n) % a
(€)= {i\/ i [~ 26) — conny vé)}} . (52)

Family 2 If ay > 0, then under the condition ar/[b(n? + 16rya)] < 0 we can obtain the following

trigonometric function solutions as

us (€) = {i\/_Qarva(Z—i—nQ—&—?m)

b (16rya + n?)

us (€) = {i\/Qarya(2+n2+3n)

b (16rya + n?)

tan (1/2€) + cot (3, /2¢) ] }/ (53
(1o (20 /5¢) e (7\/25»1

(o of3) = (3]} -

b (16rya + n?)

s (€) = {i\/_2ar7a(2+n2+3n)

o3 ()

(o) () ) o

Among the above solutions
n%a

=r— ——t.
f=2 16rya + n2

When a = 0, under the condition ar/b < 0 and

~v # 0 we can obtain the following rational solution as

us(§)
1 2/n
Y(&§ + co) ’

_ {i
(56)

where ¢g is an arbitrary constant, ¢ = a, £ =z — at.

\/_ 2ary(2 +n? 4+ 3n)
bn?

Remark 3
(I) If we take v = 1 in Eq. (56), then the solu-

tion will be fully identical with solution (48) derived
by the first integral method. Obviously we have ob-
tained more solutions by use of the Riccati sub-ODE
method.

(IT) Considering the difference of the form of con-
stants, we note that the result Eq. (48) can be com-
pared with the result Eq. (4.6) in Ref. [14].

(ITI) Our other results Egs. (53)—(55) have not
been reported in the literature so far.

5. Conclusions

In this paper, some traveling wave solutions of
the general Gardner equation and general BBM equa-
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tion are successfully constructed by use of the first
integral method and the Riccati sub-ODE method re-
spectively. The main point of the first integral method
is to find the first integral for the reduced first or-
der integrable ordinary differential equation from the
original equation. Also it is the difficult part of the
method to find the first integral.
we have obtained, it turns out that the Riccati sub-

From the results

ODE method is more effective than the first integral
method in handling the presented problems, and more
general solutions are constructed by the Riccati sub-
ODE method.
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