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This paper analyses perturbations of Noether symmetry, Lie symmetry, and form invariance for super-long elastic

slender rod systems. Criterion and structure equations of the symmetries after disturbance are proposed. Considering

perturbation of all infinitesimal generators, three types of adiabatic invariants induced by perturbation of symmetries

for the system are obtained.
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1. Introduction

The elastic rod, as a basic model in the analysis
of mechanical properties for cable, rigging, fibre, and
bridge, has attracted much attention.' 3! Especially
when, along with the development of biology, the ap-
plication of the elastic rod model was endowed with
new content. It is clearly shown that the deoxyri-
bonucleic acid (DNA) molecule with its double-coil
structure could be looked upon as a super-long elas-
tic slender rod when its mechanical behaviors were
studied.[* Historically, many mechanical properties of
the elastic rod were studied both theoretically and ex-
perimentally. Durickovic et al. obtained the wave
solutions of movement for elastic rods.!®¢ Liu et al.
gave the analytical mechanics modeling methods of
elastic rods and discussed its properties.""12] Vas-
silev, Zhao and co-workers applied Lie group methods
to analyse the differential equations governing elas-
tic rods.['3=1% Among all the dynamical methods and
theories describing elastic rods, Kirchhoff dynamical
analogy theory plays an important role in elastic stat-
ics. This theory injects dynamical conceptions and
methods into elastic statics, thus establishing a suit
of systematic powerful tools to investigate elastic rods.
Up to the present, many works on elastic rods based on
Kirchhoff dynamical analogy theory arise intensively,
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such as studies on stability and symmetries of elastic
rods.!412

In recent years, the Lie group method as a power-
ful tool has been used to solve mechanical problems of
elastic rod models."6=2%] Within the scale of analyt-
ical mechanics, three different symmetries—Noether
symmetry, Lie symmetry, and form invariance—focus
on the invariance of the Hamiltonian, differential
equations, and dynamical functions for dynamical sys-
tems, respectively. The existence of these symmetries
could give rise to conservation laws opening out the
mechanical properties of dynamical systems.

During the last few decades, solving symmetry
disturbance problems by the perturbation method has
become an active area of research because of of the
frequent disturbances arising in practice.21=25 These
studies focus on perturbation problems of symmetries
and corresponding adiabatic invariants for different
complex nonlinear systems in practice, such as con-
trollable systems, mechanico—electrical systems, and
so on. Recently, we reported a new type of adia-
batic invariant induced by the perturbation of form
invariance for nonholonomic mechanical systems and
mechanico—electrical systems.[?627) However, to the
best of our knowledge, the perturbation of symme-
tries based on the Kirchhoff dynamical analogy for
elastic rods has not been studied. Such a study may
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provide significant insight in solving disturbance prob-  rods given in Ref. [4], we introduce the Hamiltonian
lems about mechanical behavior and properties of elas-  of the system as

tic rods, thus giving guidance to work in elastic me- 3

chanics, engineering, biology, and so on. Especially o = Z ;3717 -r

for the DNA structure, adiabatic invariants deduced i=1 9q;

from perturbation of symmetries may provide an ad- _ E[A(G’ cos ¢ + 4’ sin O sin )2

ditional method to solve mechanical equations of the 2 )
/. /.

structure of DNA under external disturbances. There- + B(=0sinp + ¢ sin 6 cos ¢)

fore, it might be useful in deformation and stability + C (¢’ cos 0 + ¢')?] + F cos 0, (1)

analysis of DNA structures.

. ;L
The aim of this paper is to analyse perturbations where we remark that any function X’ = dX/ds, I

of Noether symmetry, Lie symmetry, and form invari- is the Lagrangian of the system taking the form of

ance for super-long elastic slender rod systems. Crite- 1 , , . ] 9

rion and structure equations of the symmetries after r= §[A(9 cos ¢ + ¢ sin O sin )

disturbance are proposed. Considering perturbation + B(—0'sinp + 1 sin 0 cos ¢)?

of all infinitesimal generators, we obtain three types of + O cosf + ¢ —w)?] — Fcosh, (2)
adiabatic invariants induced by perturbation of sym-

metries for the system. where wg is the original crankle of the rod, ¢; (i =

1,2,3) are generalized coordinates introduced to de-

. . . note Euler angles v, 0, p. We have
2. Differential equations of mo-

tion for the system a= 0 ¢, (3)

) . and the generalized momentum
Important assumptions presented to describe

super-long elastic slender rod models are as follows pi— 8£
(see Ref. [4]): (i) the central line of the rod is a smooth " 0q

curve (> 2 order); (ii) the scale of the length and cur-

(1=1,2,3), (4)

) ) p; can also be given by the linear combination of ¢}
vature radius of the rod is much larger than that of

the cross section; (iii) the cross sections are rigid plate; 3
(iv) the shearing deformation and strain deformation pi = Z Cijj» (5)
of the rod should be ignored. =t

Based on the model of super-long elastic slender  where

[A(sin g3)? + B(cos q3)?](sing2)? + C(cos g2)?> (A — B)singacosgzsings C cosgo
(cij) = (A — B)sin g cos g3 sin g3 A(cos g3)? + B(sin g3)? 0 (6)
C cos ¢o 0 C
is a coefficient matrix. A and B are the bending rigidities of the rod cross sections around axis x and y

respectively. C' is the twisting rigidity of the across section around axis z. Then we can obtain the Hamilton
canonical equations of the system

, 0H ,  OH

== =_——. 7
=75 P P (7)

Equation (7) can be written in a compact form of
q: :gl(saq7p)a p; :hl(quvp)v (7’: 1a253) (8)

Taking account of Kirchhoff’s theory the radian coordinate s is looked upon as the independent variable
instead of the time coordinate. Any variable of the system is a function of radian coordinate s, generalized
coordinates, and generalized momentums. Then, one can discuss the perturbation of symmetries for super-long
elastic slender rods.
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3. Symmetries and exact invari-

ants of the system

3.1. Noether symmetry and Noether ex-
act invariant

We introduce the infinitesimal transformations of
the radian coordinate, generalized coordinates, and

generalized momentums as follows:
s* =s+e7%s,q,p),
q; (s") = ai(s) + € (s, a. p),
p; (s*) = pi(s) +eni(s, a,p),

where ¢ is an infinitesimal parameter and 79,

(1=1,2,3), (9)

0 .0
i Tl
are infinitesimal generators.

Proposition 1 For super-long elastic slender rod

system (7), if infinitesimal generators 79, ¢Y, and 7
exist to satisfy the following Noether structure equa-
tion:
d , 0H , OH ,
pldsgi - asT - aqlé—z
d d
- H—7m"+—G% =0, 10
ds " + ds N (10)

then the system possesses Noether symmetry which
can give rise to a Noether exact invariant as

Ino = pi&d — HT + G, = const. (11)
Here we have
d 0 9 )
- i hi , (1=1,2,3). 12
&~ o5 Vg Thigy U 3. (12)

Proof Taking the derivative of Iy with respect
to radian coordinate s, using Eqgs. (10) and (7), we

deriYe ) )
%[NO = 5?@1’1 trig; 50 -7 ;SH
- H%TO + %G?V
=& %pi +pi% H % — ngiTO
— gghﬂo — HdiT Py §O
+‘%Ij 0, 98 : +H%r°:0. (13)

3.2. Lie symmetry and Hojman exact in-
variant

According to Lie symmetry theory, for super-long

elastic slender rod sybtem (7), if infinitesimal gener-

0

ators 7, and 7! exist to satisfy the determining

1 ’

equations
d d
750 _gzdi'r _X(O)( )
d d
dsﬁ? hzdiTO = XéO)(h1)a (14)
where
0 0 0 O
X =702 40 I 15
0 a 8q1 77 8pz ( )

then the system possesses Lie symmetry. In the case
of 7°(s,q, p) = 0, we can give a proposition as follows.
Proposition 2 For super-long elastic slender rod
system (7), if infinitesimal generators 7°(s, q,p) = 0,
while €9, n? satisfy Lie symmetry determining equa-
tions (14) and a fuction g = uo(s, g, p) satisfies

—1 = 1
34 + i Lt 5 R Ho = 0, (16)

the existence of Lie symmetry for the system leads to

a Hojman exact invariant

(M0§)+ A(pony)
wo  Og; o Op;

Iy = =const. (17)

Proof Using Eq. (14) one can obtain the follow-
ing relationships:

ds

d on! ) (0gi , Oh;
— " =X . (18
+ ds Op; o\ 9g¢ + Op; (18)

d d
EX(SO) (In o) = X < lnﬂo) ,

d og!
ds 8(]1‘

Using Eqs. (16) and (18) we obtain the differen-

tiation of Iy with respect to radian coordinate s

d

—1

qs HO
_ A (), d o

ds dq; ds Og;

d (dlnpy d onl

+ ds( Op; m)+ ds Op;
_d d og? d o
B dsXO (In po) + ds 0q;  ds Op;

d dg;  Oh;
=xV (=1 xWO (2422 0. 1
0 (ds HMO) %0 Gy Tap ) =019
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3.3. Form invariance and corresponding
exact invariant

On account of form invariance theory, the crite-
rion determining form invariance for the super-long
elastic slender rod systems can be written as

0 0
Ip; 0q;

Proposition 3 For super-long elastic slender

X)) =0, XV (H)]=0.  (20)

rod system (7), if infinitesimal generators 79, £), and
nY of form invariance and a gauge function GY% =
G%(s,q,p) satisfy the following structure equation:

X0+ [0 0] ¢ - X0 x0 an)

d o d g
— — = 21
7 + dsG 0, (21)

the form invariance of the system gives rise to an exact

~ X(H)

invariant

Iro = X¢” (p:)& — X (H)7° + GY% = const.. (22)

Proof Taking the derivative of Irg with respect
to radian coordinate s, using Egs. (20) and (21) we

have

Irg

3
&
[ <0>pl}@+x<°><> €0

d d

—0 =Y

0
B X(g )(H) ds ds

- [(fsxéo)(H)} 70

_[d v 0 v, 1 d 0
= [dsXO (pl)} 51 +‘XO (pl) dsgi

_OXOH) 00X ()
Os ! 9q;
00X (H)
apz

- X0 - [ X )] ¢

00X (H)
Y 0g;

— hyr — x(H)—7

0 aXJ’)(H)
0s
ox" (H)
Op;

+ &

4oy, (23)

xOH
+ X5 ( >ds

+n)

4. Perturbation of

and adiabatic invariants of the

symmetries

system

According to the definition of adiabatic invariant,
for the super-long elastic slender rod system we can

give the following definition.

Definition If I.(s,q,p,¢) is a physical quantity
including € in which the highest power is z in a super-
long elastic slender rod system, and its derivative with
respect to radian coordinate s is in direct proportion
to e*t1, then I, is called a z-th order adiabatic invari-
ant of the super-long elastic slender rod system.

Suppose super-long elastic slender rod system (7)
is disturbed by small quantities

eW; = eWi(s,q,p) = <m~g‘“’,>7 (24)

i
where m is a moment of force acting on the rod and
w is the crankle vector of the system. Then the differ-
ential equations for the system become

oH OH

’ _
qliapi’ i 0g;

— SWZ'. (25)
Accordingly, equation (8) turns to

q; = gi(87q7p)7 p; = hi(quvp) - €Wi(s’q’p)' (26)

Due to the action of eW;, the original symmetries
and exact invariants of the system may vary. Sup-
pose the variation is a small perturbation based on
the symmetrical transformations of the original sys-
tem without perturbation, then 7, §;, and 7; express
the generators after disturbance, we have

T:TO+ET1+82T2+~--,
G=8 +egl +28 +
mo=n+en +eini 4 (27)

Hence, the infinitesimal transformations take the form
of

s* =s+er,
q; (s*) = qi(s) + €&,
p; (™) = pi(s) +emi. (28)

4.1. Perturbation of Noether symmetry
and Noether adiabatic invariant

After disturbance, the Noether structure equation

becomes
d OH OH d
i& — T & — H—
p ds€ Js 4 aqif dsT
d
— eWi(& — giT) + EGN =0, (29)
where
Gy =G% +eGy + 3G+ -+, (30)
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and
d 9 ) )
i hi —eW;)—. 31
ds 85+98qi+( : )api (31
In order to use Eq. (31) conveniently, we write it down
simply as
d d 0
Bl 2
ds ds W op; (32)

Substituting Eqgs. (27), (30), and (32) into Eq. (29)
and comparing the modulus of €” on both sides of

the identity, one can obtain

d . oem='\ oH . OH
n (e %, )‘asT ‘aqfi
d (97"” L e
- H (ds ) Wz — GiT )
d . aGm 1
+ 2GR - W o =0, (i,0=1,2,3). (33)

For the super-long elastic slender rod system, when it
is disturbed by small quantities eW;, if the infinitesi-
mal generators 7 (s, g, p), &M (s, q, p), and (s, q, p)
satisfy Eq. (33), the change of symmetry is called per-
turbation of Noether symmetry for the system.

Proposition 4 For the super-long elastic slen-
der rod system disturbed by small quantities eW;,
if the infinitesimal generators 7™ (s, q,p), £ (s,q,p),
N (s,q,p) as well as a gauge function GJy =
G (s,q,p) satisfy Eq. (33), perturbation of Noether
symmetry for the system gives rise to a z-th order
Noether adiabatic invariant

In. =e"(p&" — HT™ + GY),
(m=0,1,2,...,%). (34)
Proof Taking the derivative of Iy, with respect

to radian coordinate s, using Egs. (26) and (33) we
can arrive at the following identity:

d
— 1IN,
ds N
m S e oLy
=c [(hl—eWZ)ﬁi +pzd & —epiW o
d OH d
-7 1s —H +et™ W@pi H@
orm d oGT:
H  m ; N
+ e HW; — an; +d Gy — W, O
=€ 7 EWi)S; pzd i EPi lapl
_wOH 0 0H OH
T s gt Jq; ™ Ip; 3pi

or™
Opi

d . o=\ oH .
i (f o )*asT
aH d orm=1
" %4 +H<ds Wi )
+ Wi (g7 —gir™ )

oG aam}

— HiT’" 4+ eHW;
ds

+ W; —cW;

Opi Opi

or™ orm—1
m W _ W, =~
15 {(5 Wi p: W o )

" agm—1>
— zW iW i
<€p : apl R 8pl
— Wi (" —gim™) = Wi (& —gir™ )]

m m—1
) <EW oGy, 9% >}

ap’L 31%’
ar* €7
— 2+l . (€% — .77
= £ |:HW7, 6]31 - W a D - W; (gz 9iT )
0G5,
S| (35)

It shows that aINZ/ds is in direct proportion to e*+1.

When z = 0, the Noether adiabatic invariant (34) will
turn to the Noether exact invariant (11).

4.2. Perturbation of Lie symmetry and
Hojman adiabatic invariant

After disturbance, the Lie symmetry determining
equations take the form of

d
- Si iy 7X(0) 4
ST (9i)
in h'ir = XO(hy) —exO ), (36)
ds (3 st 1)
where
0 0 0
XO =746 +ni—. 37
T68+€0qi+n8pi (37)
When 7 = 0, substituting Egs. (27) and (32) into
Eq. (36) and comparing the modulus of €™ on both
sides of the identity, we obtain
dgm ot
LW i :X(O) .
s o m’ (9i);
dogr o on 0
LW = X0 (hy) = X0 (W), (38
ds l 8191 m ( 1) m—l( 1)7 ( )
where
0 0
X0 —gm — 4qgm — 39
o0 T By (39)
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For the super-long elastic slender rod system, (m=0,1,2,...,2). (41)
when it is disturbed by small quantities eW;, if the in-
finitesimal generators (s, q,p) and 7" (s, q,p) sat-

) i Proof We can obtain relationships by employing
isfy Eq. (38), the change of the symmetry is called

. i determining equation (36)
perturbation of Lie symmetry for the system.

Proposition 5 For the super-long elastic slen-

der rod system disturbed by small quantities eW;, iX(O) (In p) = x (0 ilnu 7
if the infinitesimal generator 7" (s,q,p) = 0, while ds ds
&r(s,q,p), (s, q,p) satisfy Eq. (38) and a fuction d o om; 391 oh;
. — + =x©
1= p(s,q,p,e) satisfies 0q;  Op; 8ql op;
dgi  Ohi Wi  d ©) (aw )
— =0, 40 —eX 42
dq; + Ip; c Ip; ds (40) Opi (42)
then the perturbation of Lie symmetry for the system
gives rise to a z-th order Hojman adiabatic invariant Substituting Eqs. (27) into Eq. (42) and comparing
m m the modulus of €™ on both sides of the identity, we
Iy — em 10(ug") | 19(un") ’ '
no Og; o Op; obtain

d 0 0
m)_1(1n,u) = X’r(r(t)) <dlnﬂ> - X7(n)_l (Wiﬁpilnu) )

d (ogr  onr et oy 0 (%, ) o (O
s (5% T o ) Vo Loy ( dq; = 5'pz- m \ e o m=\ op; (43)

Hence, the derivative of Iy, with respect to radian coordinate s gives

d )
—XOnp) — W,
dS m ( D,U,) ’Lapl

- — om_ = (0) i 4
Iy, =« 1 [Xm (Inw) + o4 + 3pi]

_ o[ 4 o R g oEm oy 9 [(ogn oy
—¢ [ X0 n ) — Wi XD+ o (B G D (S0, S

dg;  Oh; ow; dlnp 0 0
m| _ x(0) (0) (0) : (0) :
: |: Xm (3% 0 2) + X ( 3}72 ) + X (Wz 8}71 ) Xm 1 (Wl 3}%

0 0 o [ogrt  omt
JrWl@pi (1nu)75W8 o 6 o < 90 + o

X(O _ X( ) _ . 1 1)
* m <8Qz a Di > m-1 3p2 EWZ 6pl 5ql + 8;01

ow; oW, dln dln
—_— (0) x© O (. L) _ 50 et ad
e () it () = o ()~ ()

() + W5~

0 0 a [ogr  onr
_ . (0) . Yy (0) . i i
[eWZ o X5 (Inp) —W; o Xml(lnu)} {er an (8% + . )
a agm—l 8777'“1) :l }
_ W - 1 + 1)
lapl ( 0q; Op;
oW, olnpu 0 o [0  On?
— gt X(O) x(0) ) _ X(O) 1 i i _ 44
[ <3pz)+ : (W’ 31%) Wﬁpl (Inp) = Wlal<aQi+8pi):| 4y

Obviously, dr -/ ds is in direct proportion to e*t1. When eW, does not exist, Hojman adiabatic invariant (41)
will turn to Hojman exact invariant (17).

4.3. Perturbation of form invariance and corresponding adiabatic invariant

After disturbance the original criterion of form invariance for the super-long elastic slender rod system
becomes

0 0

%[X(O)(H)] =0, 8—%[X<0>(H)] +eXOm;) =o0. (45)
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Accordingly, after disturbance, the structure equation of form invariance becomes

d.
ds

+ | £x© (p»] & — XOXO(H)] - XO(H) Sr — XO(Wy) (6 — gi7) + <Gr =0, (46)

S

where
Gp=G% +eGy +2Go+--- . (47)

Substituting Eqs. (27) and (32) into Egs. (45) and comparing the modulus of €™ on both sides of the
identity, we obtain

0 0
(0) — 0) (0) N —
G AV () = 0, o (X ()] + X[ (W) = 0, (48)
where
m 0 0 0
0) — m
X, = 8 +& 90 +n; —api. (49)

Substituting Eqs. (27), (32), and (47) into structure equation (46) and comparing the modulus of €™ on
both sides of the identity, we obtain the following equations.
For ¢°:
d d d d
X(O) ;) — 0 7X(0) i Q_X(O) X(O) H _X(O) H)— 0 7GO =0:
o(p)dsfz+ dso(p)fz o [Xo (H)] 0()dsT+dsF ;

d ), X" (0:) ] .o
dSXl (pl) Wl 8])1 7

T
X000 (et - W) + X0 e + [ x O] +

d or° © i d o
= —xO g =
s’ VVZBp;) v )dsT

S
J 3 (0) I (0)
A O | 2 Oy _ 1w 9% @) |, |4 0X, " (pi) | 40
+ |:d 0 (pl):|£ 1 (t) Wl apl 7 + dSX2 (1) I/I/l apl 1

m (_i o agm a—1
$ xn (Lo

i orm—a-1

—_XOg —_wT ) _ x© N(em—o _ o _m—a d
o )(dST Wi o ) a1 (W) (& giT )}+dSGF W,

(m=0,1,2,...; a=0,1,2,...,m). (50)
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For the super-long elastic slender rod system disturbed by small quantities eW;, if the infinitesimal gener-

ators 7 (s, q, p), (s, q,p), and 7 (s, q, p) satisty Eq. (48

form invariance for the system.

Proposition 6 For the super-long elastic slender

infinitesimal generators 7 (s, q,p), &"(s,q,p), 7" (s, q,

), the change of symmetry is called perturbation of

rod system disturbed by small quantities eW;, if the
p) as well as the gauge function G = G% (s, q,p)

satisfy Egs. (48) and (50), the perturbation of form invariance for the system gives rise to a z-th order adiabatic

invariant

— x©)

(e

D XS

a=0

O pi)e e

-y {S

(H)Tmo‘]—FG;?}, (m=0,1,2,...,2; a=0,1,2,...,m). (51)

Proof Taking the derivative of Iy, with respect to radian coordinate s, using Egs. (48) and (50), we have

d : u d d ox " (p:)
o — m m—a_— 3 (0) (. 0) () gm—a _ o Y gm—a
Gole = S 3 | e + X000 e - em g g
aem—e _ d . _ ox\my
o X(O) ; i _.m—a_ = yv(0) H _X(O) H)—m—o @ m—a
eXy (P)Wliapl g5 Xe (H) = X3V (H) =7 +€Wl7@pl
drm—e d oG
XOHYW,— L GF —eW
+e€ «a ( ) l 3101 + F € lal
z m d d aX(O)(p) agm «
_ m X(O) ; X(O) ; m—a W v _ X(O) i
mE::OE {a_o [é} 3550 () + XL (p) & — eWi— 5= (P)Wi=5—
d d ox8" (H) orm
_ .m—a_= y(0) _ vy (0) L m—a o m—o (0)
e X0 H) - XV (H) " e W G HEXd (HYW, o
a agm a—1 B a 8X(O) ( ) 3
v @y [ 9 em—a 96 ) _m—a @ ), Ira-1\Wi) pm—a (0) (0)
X0 (45¢ o )~ g X0 + W L e (D) (X0 a)
d grm—o-1 oGpE! oGy
(0) il _ v (0) m-—a _ o _m-a F - F
+x00) (- ) X e - g |+ 2w O
= S e 3 [xounm - xounm T
m=0 a=0 : apl “ apl
m )¢, aX(O)
_ Z 5VVlaXa (pz)gznfoz _Wl a— 1(pl)£;ma:|
far om op
- o gt oGy oGt
- XO i)W, =— — XO (p )W, 22— | — eW, 4 W —E
az:;) Xa ()W i o )W Opy = oy M Opy
2 o= ax<0>(p) oc 0G5
= sZ“{ [WX(O) H —W, Yezmo —w X0 (p; } - F} 52

Evidently, dr r./ds is in direct proportion to
e+l Similarly, when ¢W, does not exist, adiabatic
invariant (51) will reduce to exact invariant (22).

For the above discussion, we note that in
Egs. (27), (30), and (47) the items with the minimum
order in 7, &, n;, Gn, and G are 79, &Y, n?, G%;, and
m—1

GY%., respectively. So when m = 0, we have T

;n 1 — 7]27’71 = G;{}_l = G?_l = O When m—oa =
0, we remark 7™~ = ¢m-a=l — ym=a=l — () and
when o = 0, we obtain 797! = ¢2~1 = 7757 = 0.

Resumptively, once 3 < 0, the items 77, ¢5, n? Gﬁ,,
and Gg will not exist.

5. An example

Take the perturbation of Noether symmetry as
an example. Choose a super-long elastic slender rod
with circular cross section, i.e. A = B in the Hamil-

ton function. Suppose the original crankle w9 = 0, we

have
1 2 2 .
I = S[A(d +d7sin® @) + C(g'y cos0 + ¢'5)%)
— Fcosqa, (53)
and

p1 = Aqj sin® g2 + C cos ga(q} cos g2 + q5),
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b2 = Aq;a
ps = C(q; cos g2 + gj). (54)
Hence the Hamiltonian of the system has the form

2 2 2

P53, (p1—p3cosqa)® | p3

H=-—"= 4+ — - - = 4+ = 4L Fcosqgy. (0D
2A+ 2 Asin? g +20+ cos qa. (55)

We can obtain the differential equations of the

system

=PI Pscosas P

! Asin? ¢o 2T A

¢ = ps  (p1—pscosga)cosge

e Asin® ¢o ’ (56)
Py =5 =0,

— P3 CO8 — p1 cos
Pl = Fsingy — (p1 —p3 qz.) (53 P1C0Sga)
Asin® go

Suppose equation (56) is disturbed by small quan-
tities
€
€W1 = EWQ = 0, EW3 = —.
b1
Let us discuss the first-order Noether adiabatic invari-

(57)

ant induced by perturbation of Noether symmetry.
Before equation (56) is disturbed, we can find its
Noether symmetry with infinitesimal generators

=p, §=g=¢&=0.

Equation (10) gives

(58)

G% =0. (59)

After disturbance, we try to find the first-order
infinitesimal generators by Eq. (33). This equation

becomes
d , o€y OH | O0H ,
i —e Wt ) - T T ]
p (dsfl lapl Os T 8q¢ gz
d 70
—H | —1' - W, - Wi(&) — gir°
(5 - W5 ) - W€l - air?)
d IGY
—GN - W, =0. 60
+d5 N ! 8])[ ( )
We choose infinitesimal generators as follows:
=1, §=§=&=0. (61)
By Eq. (60), we derive
Gy = —as. (62)

According to Proposition 4, we can obtain a first-order
adiabatic invariant of the disturbed system

INl = —le + E(—H — Q3). (63)

The first order adiabatic invariant (63) is a quasi-
invariant relative to dimensional radian coordinate s
of the system, which would reduce the order of the
mechanical equations consisting of Hamiltonian and

dimensional coordinates.

6. Conclusion

The perturbation of symmetries for the super-
long elastic slender rod on the basis of Kirchhoff dy-
namical analogy theory was studied. Three types
of adiabatic invariants deduced from perturbation of
symmetries were obtained which may provide an ad-
ditional method to solve the mechanical equations of
the system under external disturbances.

References

[1] Ulitin G M 2000 Int. Appl. Mech. 36 1380

[2] Dreiden G V, Porubov A V, Samsonov A M and Semenova
1V 2001 Technical Phys. 46 505

[3] Cao D Q and Tucker R W 2008 Int. J. Solids and Struc-
tures 45 460

[4] Liu'Y Z 2006 Nonlinear Mechanics of Thin Elastic Rod—
Theoretical Basis of Mechanical Model of DNA (Beijing:
Tsinghua University Press)

[5] Durickovic B, Goriely A and Saccomandi G 2009 Int. J.
Non-linear Mech. 44 538

Li J B and Zhang Y 2008 Appl. Math. Comput. 202 504
LiuY Z and Zu J W 2004 Acta Mechanica 167 29
Lembo M 2003 Int. J. Solids and Structures 40 317
Xue Y, Liu Y Z and Chen L Q 2004 Chin. Phys. 13 794
[10] LiuY Z and Sheng L W 2007 Chin. Phys. 16 891

[11] LiuY Z 2009 Chin. Phys. B 18 1

[12] LiuY Z and Xue Y 2004 Technische Mechanik 24 206

[13] Vassilev V M and Djondjorov P A 2003 Int. J. Solids and
Structures 40 1585

[14] Lauderdale T A and O’Reilly O M 2007 Eur. J. Mech. A:
Solids 26 701

[15] Zhao W J, Weng Y Q and Fu J L 2007 Chin. Phys. Lett.
24 2773

[16] Cui J X, Gao H B and Hong W X 2009 Acta Phys. Sin.
58 7426 (in Chinese)

[17] Fu J L, Zhao W J and Weng Y Q 2008 Chin. Phys. B 17
2361

[18] Crampin M and Mestdag T 2008 J. Geom. Phys. 58 874
[19] Mei F X and Wu H B 2008 Phys. Lett. A 372 2141

[20] FuJ L, Chen BY and Chen L Q 2009 Phys. Lett. A 373
409

[21] Schipper P E and Rodger A 1986 Chem. Phys. 109 173

[22] Bajaj A K and Sethna P R 1991 J. Fluids and Structures
5 651

[23] Zhang Y 2002 Acta Phys. Sin. 51 2417 (in Chinese)

[24] Fu J L and Chen L Q 2004 Phys. Let. A 324 95

[25] Chen X W, Li Y M and Zhang Y H 2005 Phys. Let. A
337 274

[26] Ding N and Fang J H 2009 Acta Phys. Sin. 58 7440 (in
Chinese)

ERCINES =N

2 ing N, Chen , Fang and Liu 2009 Phys. Lett.
7] Ding N, Chen X F, F: JHand Liu CZ Phys. L
A 373 3005

120201-9



