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Mobile user forecast and power-law acceleration

invariance of scale-free networks∗
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This paper studies and predicts the number growth of China’s mobile users by using the power-law regression. We

find that the number growth of the mobile users follows a power law. Motivated by the data on the evolution of the

mobile users, we consider scenarios of self-organization of accelerating growth networks into scale-free structures and

propose a directed network model, in which the nodes grow following a power-law acceleration. The expressions for the

transient and the stationary average degree distributions are obtained by using the Poisson process. This result shows

that the model generates appropriate power-law connectivity distributions. Therefore, we find a power-law acceleration

invariance of the scale-free networks. The numerical simulations of the models agree with the analytical results well.
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1. Introduction

Tremendous changes have taken place in mobile
communications in China over the past two decades.
The explosive growth of mobile users is therefore of in-
terest from a network science perspective, as it offers
a source of data. In mainland China, the mobile users
were less than 3000 by the end of 1988, while over
640 million by the end of 2008. The contact among
the mobile users can be studied by using networks. In
fact, most of the interactions between individuals in
the real world can be described by networks, including
the Internet, cell interaction networks, supply chain
networks and social networks. Complex networks lie
in everywhere in our daily life and have attracted the
great interest of scholars.[1−11] It is necessary to study
the topology of complex networks.

From the 1960’s to the end of the twentieth cen-
tury, studies on complex networks were based on the
random graph theory. However, empirical results
show that the topology of most real networks is dif-
ferent from that of the random graph. Real networks,
such as technological and social networks, show vari-
ous degree distributions,[1,3] and many networks have
some common properties, such as the power-law de-

gree distribution and the small-world effect. In order
to depict real networks, Watts and Strogatz proposed
a small-world model in 1998 and Barabási and Albert
(BA) proposed a scale-free network in 1999. From
then on, a new era of complex network studies began

Barabási and Albert pointed out that the growth
and the preferential attachment are two important
mechanisms for scale-free networks and proposed a
model with the two mechanisms. The growth of net-
works includes two aspects, the growth of nodes and
the addition of new edges. Dorogovtsev et al. stud-
ied a model with an accelerating growth of edges. At
every step, a new node was added to the network,
which received n incoming edges from random nodes
in the network. Additionally, c0t

θ new edges were
distributed, each of them being directed from a ran-
domly selected node to a node with a high incoming
degree with asymptotically linear preferential attach-
ment Π(kin) ∝ A+kin.[1] Although Dorogovtsev et al.
showed that the accelerating growth did not change
the scale-free nature of the degree distribution, and
its degree exponent was controlled by exponent θ. We
know that edges of new nodes have an impact on the
scale-free property.[11] So far, networks with an accel-
erating growth of nodes are rarely studied. In the real
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world, there are many networks with an accelerating
growth of nodes. A large directed network has been
constructed from the mobile telephone call patterns,
where nodes are the phone numbers and every com-
pleted phone call is an edge directed from the caller to
the receiver. We can prove that this is a network with
an accelerating growth of nodes. Then we may ask:
what effect does the accelerating growth have on the
structure of the network? Which kind of acceleration
can produce a scale-free network? What is the form
of the degree distribution in such a network?

In this paper, some concepts related to complex
networks are first introduced. In Section 2, we col-
lect data on mobile phone users from 1997 to 2010
in mainland China and use those data to study the
growth law of the mobile phone users. The regression
method is applied to predict the development trend
of the mobile phone users in mainland China. We
find that the number of the mobile phone users grows
with a power-law acceleration. In Section 3, we pro-
pose a network model with a power-law accelerating
growth on the basis of the growth law of the mobile
phone users and study analytically the effect of the
accelerated growth on the degree distribution using
the Poisson process. In Section 4, we give the simula-
tion results. Our findings from the numerical simula-
tions and the analytical arguments conclude that this
scale-free network follows the power-law acceleration
invariance. The conclusions are given in Section 5.

Let (V (t), E(t)) be a complex network, where
V (t) denotes a set of nodes at time t, E(t) denotes
a set of edges. The N(t) is the number of nodes at
time t, E[N(t)] denotes the average number of nodes
at time t, ki(t) denotes the degree of node i at time t,
and P{ki(t) = k} (k = 0, 1, 2, . . .) denotes the degree
distribution of node i at time t. Related definitions
and theorems are as follows (see Ref. [8]).

Definition 1 If lim
t→∞

P{ki(t) = k} = Pi(k) exists

for k = 0, 1, 2, . . ., and
∞∑

k=0

Pi(k) = 1, the limit is said

to be a stationary degree distribution of node i.

Definition 2 P (t, k) = 1
E[N(t)]

∑
i∈V (t)

P{ki(t) = k}

is the average degree distribution of the network at
time t. If lim

t→∞
P (t, k) = P (k) exists for k = 0, 1, 2, . . .,

and
∞∑

k=0

P (k) = 1, the limit is said to be a stationary

average degree distribution of the network.

Theorem The Nk(t) denotes the number of

nodes with degree k at time t in the network, then

P (t, k) =
E[Nk(t)]
E[N(t)]

.

2. Growth law of mobile phone

users

In recent years, mobile communications develope
rapidly, and the number of mobile phone users in
China is increasing at a high speed.[12−16] The pop-
ularity rate of mobile phone in China reaches over
41.6%, which shows a great growth potential. The
data in Table 1 are taken from Refs. [12]–[16].

Table 1. Number of mobile phone users in mainland China.

Sequence No. Year Size/103

1 1997 13100

2 1998 24980

3 1999 43300

4 2000 85300

5 2001 144812

6 2002 206616

7 2003 268693

8 2004 334824

9 2005 393428

10 2006 461082

11 2007 547286

12 2008 641245

13 2009 747384

14 2010 859004

We try to fit mobile phone users in mainland
China by using the power regression method and
then assume that the relationship between the mobile
phone users and the time is given by

z = dtb, (1)

where d and b are two fitting parameters. Let y = lgz,
x = lgt, and a = lgd, then

y = a + bx. (2)

From the linear regression, we obtain

a ≈ 4, b ≈ 1.69, rxy ≈ 0.98,

where rxy is the correlation coefficient. The corre-
lation coefficient measures the linear correlation be-
tween variables x and y. Since rxy ≈ 0.98 is very close
to 1, y and x are strongly linearly correlated. Thus,
the power regression function is given by

z = 10000t1.69. (3)
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Figure 1 is a fitting with Eq. (3) shown in the
double-logarithmic coordinates. It shows that the
growth law of the mobile phone users approximates
to a power law.

Fig. 1. (colour online) Comparison between Eq. (3) and

the original data in the double-logarithmic coordinates.

As Table 2 shows, the relative errors between the
predicted and the actual data are acceptable. In par-
ticular, the errors after the year of 2000 are very small,
and the relative error is only 0.006795 in 2010. Due
to the Markov property of the growth of the mobile
phone users, we can use the power regression function
to forecast the number of mainland China’s mobile
phone users in the future. From Eq. (3), we can fore-
cast the number of China’s mobile phone users, which
should be 971.838 million in 2011.

Table 2. Comparison between actual and predicted data.

Year Actual users/103 Predicted users/103 Relative error

1997 13100 10000.000 0.310000

1998 24980 32265.670 0.225803

1999 43300 64022.838 0.323679

2000 85300 104107.348 0.180653

2001 144812 151795.643 0.046007

2002 206616 206573.978 0.000203

2003 268693 268049.924 0.002399

2004 334824 335909.339 0.003231

2005 393428 409892.376 0.040168

2006 461082 489778.819 0.058591

2007 547286 575378.511 0.048824

2008 641245 666524.789 0.037928

2009 747384 763069.799 0.020556

2010 859004 864881.047 0.006795

A large directed network has been constructed
from the mobile phone call patterns, where nodes
are the mobile phone numbers and every completed
phone call is an edge. As noted in the previous result,
the network is in the accelerated growth. Based on
Eq. (3), at time t, 104t1.69 new nodes will be added
into the network. We will discuss this kind of power-
law growth network in the following section.

3. Networks with power-law

growth

3.1.Model

From the previous section, we know that the net-
work of the mobile phone users grows following a
power law. A node in the network, a phone num-
ber, represents a mobile phone user. A node receives
an incoming edge only if there is a new call to this
phone number from a different mobile user, and sends
an outgoing edge only if there is a new call from this
phone number to another user. Thus, the mobile
phone users form a directed network with a power-
law growth. Motivated by the social network, we can
establish a power-law growth model. The algorithm
of the model is as follows. (i) Initial state: At t = 0,
the network is a directed graph with m0 nodes. (ii)
Random growth: The arrivals of nodes occur in accor-
dance with a Poisson process N(t) having rate λ = 1.
When N(t)-th batch nodes arrive at the system at
time t, ctθ new nodes are added to the system, where
c > 0, and θ ≥ 0. All the new nodes are not con-
nected to each other, and each new node is individu-
ally linked to m (m ≤ m0) different existing nodes in
the system. The incoming and the outgoing edges of
the new nodes respectively obey the binomial distri-
butions B(m, q) and B(m, 1− q), with q ∈ (0, 1). (iii)
Preferential attachment: When choosing old node i

to which a new node connects, we assume that the
probability that node i receives an incoming edge is
proportional to the incoming degree Ii of node i, while
the probability that node i gets a new outgoing edge
is proportional to the outgoing degree Oi of node i.

3.2.Degree distributions of nodes

Next, we analyse the transient degree distribution
of a node. Let ti denote the time that the i-th batch
nodes are added to the system. Iij the incoming de-
gree of the j-th node in the i-th batch at time t. We
assume that Iij is a continuous real variable, the rate
at which Iij changes is expected to be proportional
to incoming degree Iij . Consequently, Iij satisfies the
dynamical equation

∂Iij

∂t
= (1 − q)mctθ

Iij∑
i,j

Iij
. (4)
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According to the Poisson process theory,[17] we know
E[N(t)] = t, thus∑

i,j

Iij =
∫ t

0

mctθ dt =
1

1 + θ
mct1+θ,

and
∂Iij

∂t
=

(1 − q)(1 + θ)Iij

t
. (5)

The solution of the above equation for the initial con-
dition that the i-th batch nodes at their introduction
have Iij(ti) is

Iij(t) = Iij(ti)
(

t

ti

)(1−q)(1+θ)

. (6)

From Eq. (6), we obtain

P{Iij(t) < k}

= P

{
ti >

(
Iij(ti)

k

) 1
(1−q)(1+θ)

t

}

=
m∑

l=0

(
m

l

)
ql(1 − q)m−lP

{
ti >

(
l

k

) 1
(1−q)(1+θ)

t

}
. (7)

The nodes batch arrival process is a Poisson pro-
cess having rate λ = 1, therefore the nodes at time ti
follow the Γ distribution. Thus

P{Iij(t) < k}

=
m∑

l=0

(
m

l

)
ql(1 − q)m−l

× e−( l
k )

1
(1−q)(1+θ) t

i−1∑
h=0

1
h!

[(
l

k

)
1

(1−q)(1+θ) t

]h

. (8)

Further, the incoming degree distribution of the
j-th node in the i-th batch at time t is given by

P{Iij(t) = k}

=
∂P{Iij(t) < k}

∂k

=
tk−[1+ 1

(1−q)(1+θ) ]

(1 − q)(1 + θ)

m∑
l=0

(
m

l

)
l

1
(1−q)(1+θ) ql(1 − q)m−l

× e−( l
k )

1
(1−q)(1+θ) t

[(
l

k

) 1
(1−q)(1+θ)

t

]i−1

(i − 1)!
,

i = 1, 2, . . . , t > ti. (9)

The outgoing degrees (Oij) are similar to the in-
coming ones (Iij), so we obtain the outgoing degree
distributions of the j-th node in the i-th batch at time
t as

P{Oij(t) = k} =
tk−[1+ 1

q(1+θ) ]

q(1 + θ)

×
m∑

l=0

(
m

l

)
l

1
q(1+θ) (1 − q)lqm−l

× e−( l
k )

1
q(1+θ) t

[(
l

k

) 1
q(1+θ)

t

]i−1

(i − 1)!
,

i = 1, 2, . . . , t > ti. (10)

3.3. Stationary average degree distribu-

tions of the network

The previous section discusses the transient de-
gree distributions of a node in the network. We next
describe a method to calculate analytically the sta-
tionary average degree distribution, allowing us to de-
termine exactly the scaling exponent. From Eqs. (9)
and (10), at time t, we obtain the transient average
incoming and outgoing degree distributions of the net-
work as

P{I(t) = k}

=
k−[1+ 1

(1−q)(1+θ) ]

(1 − q)tθ

m∑
l=0

(
m

l

)
l

1
(1−q)(1+θ) ql(1 − q)m−l

× e−( l
k )

1
(1−q)(1+θ) t

t−1∑
i=0

1
i!

tθi+1

[(
l

k

) 1
(1−q)(1+θ)

t

]i

, (11)

P{O(t) = k}

=
k−[1+ 1

q(1+θ) ]

qtθ

m∑
l=0

(
m

l

)
l

1
q(1+θ) (1 − q)lqm−l

× e−( l
k )

1
q(1+θ) t

t−1∑
i=0

1
i!

tθi+1

[(
l

k

) 1
q(1+θ)

t

]i

. (12)

Since λ = 1, we assume that node i is added to
the network at time ti = i. If θ = n is a non-negative
integer, we obtain the stationary average incoming de-
gree distribution as

P (k)

= lim
t→∞

1
(1 − q)k

m∑
l=0

(
m

l

)(
l

k

) 1
(1−q)(1+n)

ql(1 − q)m−l

× e−( l
k )

1
(1−q)(1+n) t 1

tn

t−1∑
i=0

(i + 1)n[( l
k )

1
(1−q)(1+n) t]i

i!

= lim
t→∞

1

(1 − q)k1+ 2
(1−q)(1+n)

m∑
l=0

(
m

l

)
l

2
(1−q)(1+n)

× ql(1 − q)m−l e−( l
k )

1
(1−q)(1+n) t 1

tn−1

×
t−1∑
i=0

(i + 1)n−1

[(
l

k

) 1
(1−q)(1+n)

t

]i

i!
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≈ 1

(1 − q)k1+ 1
(1−q)

m∑
l=0

(
m

l

)
l

1
1−q ql(1 − q)m−l. (13)

For any given θ ≥ 0,

P (k)

≥ lim
t→∞

1
(1 − q)k

m∑
l=0

(
m

l

)(
l

k

) 1
(1−q)(1+θ)

ql(1−q)m−l

× e−( l
k )

1
(1−q)(1+θ) t 1

tdθe

×
t−1∑
i=0

(i + 1)dθe
[(

l

k

) 1
(1−q)(1+θ)

t

]i

i!

≈ 1

(1 − q)k1+ 1
1−q

m∑
l=0

(
m

l

)
l

1
1−qql(1 − q)m−l.

On the other hand,

P (k)

≤ lim
t→∞

1
(1−q)k

m∑
l=0

(
m

l

)(
l

k

) 1
(1−q)(1+θ)

ql(1−q)m−l

× e−( l
k )

1
(1−q)(1+θ) t 1

tbθc

×
t−1∑
i=0

(i + 1)bθc
[(

l

k

) 1
(1−q)(1+θ)

t

]i

i!

≈ 1

(1 − q)k1+ 1
1−q

m∑
l=0

(
m

l

)
l

1
1−qql(1 − q)m−l.

Thus, for any given θ ≥ 0, we obtain the sta-
tionary average incoming degree distribution of the
network as

P (k) ≈ 1

(1 − q)k1+ 1
1−q

×
m∑

l=0

(
m

l

)
l

1
1−q ql(1 − q)m−l. (14)

Similarly, we can also obtain the stationary aver-
age outgoing degree distribution of the model as

P (k) ≈ 1

qk1+ 1
q

m∑
l=0

(
m

l

)
l
1
q (1 − q)lqm−l. (15)

It can be concluded that the incoming and the
outgoing degree distributions of the network with
the power-law growth are two power-law distribu-
tions with power-law exponents γin = 1 + 1

(1−q) and
γout = 1 + 1

q , respectively. The results show that the
network is a scale-free network and the degree expo-
nent is independent of power-law growth parameter θ.
The property is said to be the power-law acceleration
invariance of the scale-free networks.

4. Simulations

4.1.Undirected network model and nu-

merical simulation

Above we discussed the degree distribution of di-
rected networks with a power-law accelerating growth.
For an undirected network with a power-law accelerat-
ing growth, we establish the following model: (i) Ini-
tial state: At t = 0, the network is an undirected graph
with m0 nodes. (ii) Random growth: The arrivals of
nodes occur in accordance with a Poisson process N(t)
having rate λ = 1. When N(t)-th batch nodes arrive
at the system at time t, ctθ new nodes are added to
the network, where c > 0, and θ ≥ 0. All the new
nodes are not connected to each other, and each new
node is individually linked to m (m ≤ m0) different
nodes already present in the system. (iii) Preferen-
tial attachment: When choosing the nodes to which
the new node connects, we assume that probability
Π with which a new node will be connected to node i

depends on the degree ki of node i, i.e., Π(ki) = ki
P

j
kj

.

Undirected networks with a power-law acceler-
ating growth can be regarded as special cases of di-
rected networks with a power-law accelerating growth
if q = 1

2 . From Eq. (15), we can obtain the degree dis-
tribution of an undirected network with a power-law
accelerating growth

P (k) ∝ 1
k3

. (16)

For m0 = 60, m = 8, and c = 1, if θ = 1, 2, 3,
we respectively simulate the degree distributions and
compare them with the theoretical values obtained
with P (k) ∝ 1

k3 . The results of the numerical sim-
ulations are shown in Figs. 2, 3 and 4.

Fig. 2. (colour online) Degree distribution of the model

with θ = 1.
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The theoretical results are in good agreement
with the computer simulations (see Figs. 2, 3, and
4). From the simulation results, we find that the de-
gree distribution of the undirected network model with
a power-law accelerating growth follows a power-law
distribution with degree exponent γ = 3.

Fig. 3. (colour online) Degree distribution of the model

with θ = 2.

Fig. 4. (colour online) Degree distribution of the model

with θ = 3.

4.2.Numerical simulation of directed

network model

For m0 = 6, m = 4, and c = 1, if θ = 0, 1
2 ,

q = 0.25, 0.35, 0.5, we respectively simulate the out-
and in-degree distributions of the directed network
model and compare them with the theoretical values
obtain from Eqs. (14) and (15). To reduce the noise in
the tail, we use the complementary cumulative distri-
bution. The results of the numerical simulations are
shown in Figs. 5–14.

Fig. 5. (colour online) Log–log plot of complementary

cumulative out-degree distribution for θ = 0 and q = 0.25,

which follows power-law form k1−γout with γout = 5.

Fig. 6. (colour online) Log–log plot of complementary

cumulative in-degree distribution for θ = 0 and q = 0.25,

which follows power-law form k1−γin with γin = 2.34.

Fig. 7. (colour online) Log–log plot of complementary

cumulative out-degree distribution for θ = 0 and q = 0.35,

which follows power-law form k1−γout with γout = 3.86.

Fig. 8. (colour online) Log–log plot of complementary

cumulative in-degree distribution for θ = 0 and q = 0.35,

which follows power-law form k1−γin with γin = 2.54.

Fig. 9. (colour online) Log–log plot of complementary

cumulative out-degree distribution for θ = 0 and q = 0.5,

which follows power-law form k1−γout with γout = 3, the

log–log plot of complementary cumulative in-degree dis-

tribution follows power-law form k1−γin with γin = 3.
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Fig. 10. (colour online) Log–log plot of complemen-

tary cumulative out-degree distribution for θ = 1/2 and

q = 0.25, which follows power-law form k1−γout with

γout = 5.

Fig. 11. (colour online) Log–log plot of complemen-

tary cumulative in-degree distribution for θ = 1/2 and

q = 0.25, which follows power-law form k1−γin with

γin = 2.34.

Fig. 12. (colour online) Log–log plot of complemen-

tary cumulative out-degree distribution for θ = 1/2 and

q = 0.35, which follows power-law form k1−γout with

γout = 3.86.

Fig. 13. (colour online) Log–log plot of complemen-

tary cumulative in-degree distribution for θ = 1/2 and

q = 0.35, which follows power-law form k1−γin with

γin = 2.54.

Fig. 14. (colour online) Log–log plot of complemen-

tary cumulative out-degree distribution for θ = 1/2 and

q = 0.5, which follows power-law form k1−γout with

γout = 3, the log–log plot of complementary cumulative

in-degree distribution follows power-law form k1−γin with

γin = 3.

Computers can only simulate the finite time be-
haviour, while equations (14) and (15) are obtained
at time t → ∞. Although the front of the degree
distribution curve is slightly curved in the simulation
figures, the main body of the simulated curves agrees
with the analytical results well.

5. Conclusion

We have collected the data of mobile phone users
in mainland China from 1997 to 2010. We obtain
a prediction function for the number of the mobile
phone users and find that the growth of the mobile
phone users follows a power law. According to the
growth law and the rules of the batch arrival queue, we
have proposed a directed network model with nodes
of power-law accelerating growth and numbers of new
incoming and outgoing edges being both random vari-
ables following the binomial distributions. We obtain
analytical expressions for the transient degree distri-
bution and the stationary average degree distribution.
For any given θ ≥ 0, the in- and the out-degree expo-
nents are γin = 1+ 1

(1−q) and γout = 1+ 1
q , respectively.

The main contribution of this paper is to offer an ex-
tension of the BA model for the power-law accelerat-
ing growth networks. We have found the power-law
acceleration invariance of the scale-free networks. For
both undirected and directed networks, our model is
verified by means of simulations, and the invariance is
also demonstrated by the numerical simulations.
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