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We show that the matrix (or more generally tensor) product states in a finite translation invariant system can be

accurately constructed from a same set of local matrices (or tensors) that are determined from an infinite lattice system

in one or higher dimensions. This provides an efficient approach for studying translation invariant tensor product states

in finite lattice systems. Two methods are introduced to determine the size-independent local tensors.
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1. Introduction

Periodic boundary conditions are useful for simu-
lating a large system by modeling a small part that is
far away from its edges. In particular, a periodic sys-
tem is free of boundary effects. It is easier to carry out
finite size scaling analysis from the results obtained on
periodic systems. This makes the extrapolation to the
thermodynamic limit more transparent and smaller
systems are needed in the simulations. Moreover, the
energy—momentum dispersion of excitation states can
be better studied in translation invariant periodic sys-
tems.

However, many numerical renormalization group
methods, such as the density-matrix renormalization
group (DMRG),[" works better in systems with open
boundary conditions than those with periodic bound-
This is because the DMRG wave-
function does not have the right entanglement struc-

ary conditions.

ture in a periodic system. The criterion for the ba-
sis truncation in the DMRG is governed by the the
bipartite entanglement entropy, which is bounded by
the logarithm of the basis number D retained in the
truncation.[?! To calculate the bipartite entanglement
entropy, we need to split the system into two parts
by cutting one bond in an open chain, but two bonds
in a periodic chain. Thus the entanglement entropy
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in a one-dimensional (1D) periodic system is about
twice that in the corresponding open system. In the
DMRG calculation with open boundary condition, the
computational cost scales as O(LD?) for a system of
size L. However, to achieve the same accuracy, a
periodic system needs roughly D? states per block.
The computational cost scales roughly as O(LDS). In
two or higher dimensions, the entanglement entropy
grows faster with the system size. The number of
states needed scales exponentially with the number of
boundary sites if periodic boundary condition is im-
posed.

The DMRG can be rephrased as a varia-
tional method over a class of matrix product states
(MPSs).B] The matrix product states and the related
algorithms have been actively explored. In 2004, Ver-
straete et al. pointed out that the matrix product
wavefunction can also be used to cure the problem met
in the DMRG with periodic boundary condition.*
They proposed a variational approach to evaluate the
matrix product state and showed that the local matrix
elements can be determined by solving a generalized
eigenvalue problem of dimension D2. The computa-
tional cost of their algorithm scales as O(LD?).

Recently, Pippan et al. proposed an approximate
scheme to evaluate the variational matrices used in the
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generalized eigenvalue equation in terms of a singu-
lar value decomposition.[’] Their scheme reduces the
computational effort from O(LD?) to O(LD?), which
is comparable to that of DMRG with open boundary
condition. More recently, Pirvu et al. showed that the
efficiency for evaluating matrix product states with
periodic boundary condition can be further improved
if the system is translation invariant.l’! The cost of
their method scales as O(mD?), where m is a number
much smaller than L and becomes a constant for very
large system size. A O(D3) cost can be also achieved
by applying the variational Monte Carlo to a matrix
product state.!”]

In this work, we further explore physical prop-
erties of translation invariant matrix or tensor prod-
uct states in one or higher dimensions. We will show
that we can use a set of size-independent local ma-
trices to approximately but accurately represent the
translation invariant ground states of all finite periodic
systems. The similar approximation has appeared in
the study of the transfer matrix.!8! Here we apply the
approximation to the periodic systems and provide a
systematical study of the algorithms under the ap-
proximation. The performance of the algorithms for
translational invariant systems explored in this work
is improved over the other algorithms by dropping the
size dependence in the calculation of the wave func-
tion. The ground state wavefunctions of all finite size
systems can be obtained simply from the local matri-
ces that are determined from an infinity lattice.

To understand this, let us consider the following
translation invariant matrix product state in a 1D bi-
partite system

|¥) = Tr(Afo1]Bloa] -~ AloL1]Blog])|oy -+ o1),
(1)
where |0;) is the local basis state at site ¢ and L is the
lattice size. Given o, A[o] and Blo] are D x D matri-
ces. The trace in Eq. (1) ensures periodic boundary
condition. In the ground state, if we determine the lo-
cal matrices by minimizing the energy, then A and B
should in general be L dependent. However, in many
cases, such as in the valence bond solid state proposed
by Affleck et al.,[”) the local matrices can be L inde-
pendent. In the following, we will show that we can
always use matrix product states with L-independent
A and B to approximately but accurately represent
the ground state wavefunctions in finite periodic sys-
tems.
The matrix product wavefunction of the ground
state can be found by applying the projection operator

exp(—BH) to an arbitrary initial state |¥p).
W) = lim exp(—BH)|%). (2)
B—o0

This projection, which is equivalent to taking an imag-
inary time evolution, can be done iteratively. To do
this, we divide 3 into N steps with a small incremental
time 7 = 3/N and decompose the projection operator
at each step using the Trotter—Suzuki formula

e—TH _ e—THodd e—THeven +O(T2), (3)
where

H = Hodd + Hevena
Hoqqa = Z hai—1,2i,
[

Heven = E h2i,2i+1-
[

At each iteration, the projection can be done in
two successive steps, using projection operators
exp(—7Hogq) and exp(—7Heven), respectively. Since
all the terms in Hyoqq or Heven commute with each
other, these projections can be done by perform-
ing only local operations. For example, by applying
exp(—THoad) to Eq. (1), the matrix product wave-

function will become

|W/> _ efTHodd|!p>
=Te(Mloy,09] - M[op—1,0L])|o1--0oL), (4)

where M[o1,09] is a local matrix defined by

Maﬁ [017 02]

:Maal,ﬁag
=Y Aas[08]Bysloh)(or, o2l e T2 (0], 0h). (5)
0105

By using the singular value decomposition (SVD), we
can decompose M to

Maal,ﬁa‘g = Z UOIL\gl,l)\{V[‘/Z%UQ’ (6)
l

where UM and VM are unitary matrices, AM is a
semipositive vector. From this we can rewrite M as
a product of two matrices

Moy, 03] = A’[01]B[03], (7)
Lo = UM ()2, (8)

1/2

B gloa] = (\) " Vilhon (9)

where A’[o1] is Dy x dDy matrix and B'[os] is a
dDs x Dq matrix. Thus the wavefunction after the

117501-2



Chin. Phys. B Vol. 20, No. 11 (2011) 117501

projection has the same matrix-product form as |¥).
The only difference is that A and B in Eq. (1) are now
replaced by A’ and B’, respectively. Given A and B,
clearly the values of A’ and B’ are determined purely
by the local Hamiltonian hi2 no matter how many
sites in the system.

In the limit of 7 — 0 and 8 = N7 — o0, the
matrix product state obtained through the above pro-
jection should approach the exact ground state. If
there is no truncation to the matrix dimension, then
the final site matrices A and B such obtained should
be size independent. This means at least in the limit
the bond dimension being infinity, the matrix product
wavefunction of the ground state can be represented
by the same local matrices, A and B, no matter how
large the system size is.

Of course, in practical calculation, we have to
truncate the matrix dimension in order to carry out
the projection for sufficiently many times. Otherwise,
the matrix dimension will blow up exponentially with
the projection steps. Upon truncation, the matrix
product state (1) with size-independent A and B will
generally not be the rigorous ground state wavefunc-
tion. Nevertheless, it should still be a good approx-
imation to the true ground state wavefunction. In
particular, in the limit that the bond dimension ap-
proaches infinity, it should approach to the exact re-
sult. In the projection methods, the accuracy is lim-
ited only by the Trotter error controlled by 7 and the
truncation error controlled by the matrix dimension.

A side evidence for the size independent construc-
tion of wavefunctions is provided by the infinite size
DMRG method. In the infinite size DMRG method,

sl10:11) show that the wavefunction

the previous studie
for different sizes are closely related, as the wavefunc-
tions for sizes L — 1 and L can used to provide a
good predication for the wavefunction of size L + 1.
Especially in the large size limit, the basis transfor-
mation matrices in the infinite size DMRG method
converge.l'? So in the large size limit, the wavefunc-
tions in the MPS form can be given by the size inde-
pendent converged basis transformation matrices. We
show in next section that the converged basis transfor-
mation matrices’ application goes beyond the the large
size limit and the wavefunctions for finite, even small
size periodic systems can also be constructed. The ac-
curacy of such obtained wavefunctions is limited only
by the truncation error controlled by the matrix di-
mension. So the infinite size DMRG provides another
way to determine the local matrices. Our theory thus

goes beyond the previous studies!'%] by showing an
even closer relationship among the wavefunctions for
different sizes (not limited to the large size), as the
accurate wavefunctions for different sizes can be con-
structed with a single set of matrices.

The above projection argument can be readily ex-
tended to the tensor-network states in two or higher
dimensions. Tensor-network wavefunctions, for exam-
ple, can be determined using the entanglement mean-
field projection approach introduced in Refs. [13] and
[14]. Thus accurate ground state wave functions for all
finite systems can be constructed by a few size inde-
pendent local tensors. In higher dimensional systems,
the lattice sizes that can be treated are generally very
small due to the rapid growth of the Hilbert space
with the system size. The simplification of the prob-
lems to find a few tensors as suggested in this study
is a big step towards solving the problems in two or
higher dimensions.

The matrix product state in one dimension can
be also obtained using several other methods.[*¢ In
an infinite lattice system, the local matrices obtained
with different methods are equivalent. They can be
gauged into a canonical form® by certain unitary
transformations.

2. Determination of local matri-

ces

In this section, we introduce two approaches to
evaluate the local matrices. One is an entanglement
mean field projection approach. This is an approach
that was first proposed for evaluating a matrix prod-
uct state in an infinite lattice via the imaginary time
evolution in 1D (Ref. [16]) and 2D (Refs. [13] and [14]).
The other is the standard DMRG method with open
boundary condition. This approach is applicable only
in 1D.

For the discussion below, we will take the Heisen-
berg spin chain as an example to show how accurate
a translation invariant matrix product state with size
independent local matrices can be. It is straightfor-
ward to extend the qualitative results to other quan-
tum lattice models with short range interactions. The
Hamiltonian of the Heisenberg model is defined by

H=> hii,

where S; is the SU(2) spin operator.

hiig1 = Si - Sita, (10)
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2.1. By projection

Since local matrices A and B are size indepen-
dent, we can always use the methods that have been
developed for studying a matrix product state in an in-
finite lattice to evaluate these matrices. In an infinite
lattice, open boundary condition can be imposed with-
out breaking the translation invariance of the matrix
product state. In this case, the two ends of the lattice
are always disentangled and it is sufficient to perform
just local transformation to convert a matrix product
state into its canonical form. This can dramatically
reduce the computational cost in the determination of
local matrices.

In this regards, a commonly adopted approach
is to take all matrix elements of A and B as vari-
ational parameters and determine them by minimiz-
ing the ground state energy. This, as discussed in
Refs. [4]-]6], can be achieved by solving a generalized
eigenvalue problem. Since there is no entanglement
between the two ends of the lattice, the dimension of
the boundary matrix reduces to 1 and the cost of this
algorithm![®%! will scale as D3.

Another kind of approach is to find the local ma-
trices by performing the imaginary time evolution as
defined by Egs. (2)—(7).

eral framework for evaluating a matrix product state

These equations set a gen-

if no truncation is needed. However, in practical cal-
culation, we have to truncate the matrix dimension
at each step of projection. If we truncate the matrix
dimension just using the singular value decomposition
of M-matrix defined by Eq. (7), the matrix product
state will generally not converge to the true ground
state. This is because M is purely a local matrix and
the contribution from the environment matrix has not
been considered in the basis truncation.!'*17]

The interplay between M and the environment
matrix can be properly and accurately handled by per-
forming a number of transformations to enable A and
B to satisfy the following canonical conditions

> A[o]ATo] =1, (11)
ZU:B[J]BT[J} =1, (12)
Z;T[J]A%A[a} =% (13)
iB*[a]AiB[o} =i, (14)

where A, and Ay, are semipositive diagonal matrices.
The square of the diagonal matrix element of A, or

Ap is the eigenvalue of the reduced density matrix for
the two semi-infinity blocks separated by AB or BA
bond.

two blocks and is equal to the possibility of the cor-

It measures the entanglement between these

responding basis vector in the matrix product state.
The truncation can be done by just keeping the largest
D eigenvalues of A, , and the corresponding basis vec-
tors. This can minimize the truncation error at each
project step,['8] same as in the DMRG. The matrix
product state such obtained is believed to be the most
accurate one within the Trotter error. The cost of this
algorithm also scales as D3. But this method is not
applicable to a tensor-network state in two or higher
dimensions.

A more efficient and easy to implement approach,
which will be used in the calculation below, is to
evaluate the environment contribution by taking a
mean field approximation. This is a generalization
of the poor-man’s approach of second renormalization
of tensor-network states introduced in Ref. [14]. The
mean field parameters are the bond vectors that are in-
troduced to approximately measure the entanglement
between the matrix to be decomposed and rest of the
other matrices. No canonical transformation needs to
be done in this algorithm. At each step of projection,
the truncation error is larger than that obtained by the
canonical transformation. However, the truncation er-
ror is not accumulated in the process of iterations.
The results obtained with this approach can reach
the same accuracy as those obtained by the canonical
transformation.['* This approach converges fast and
is highly reliable, provided that the short imaginary
time evolution operator is sufficiently close to a uni-
tary operator.['¢l It can be used not just for studying
matrix-product states in one dimension,'® but also
for studying tensor-network states in two or higher
dimensions.['31417 A detailed introduction to this
method can be found in Ref. [16] for one-dimensional
and in Refs. [13] and [14] for two-dimensional systems,
respectively.

To consider the renormalization effect of environ-

ment on M-matrix, let us redefine A and B as

=
Q.
I

I'*[o]Aa, (15)
Blo] = I'"[0]A, (16)

where A, and Ay, are positive diagonal matrices (also
called bond vectors) defined on the bonds connecting
two neighboring sites. A, 1, do not depend on o. In the
canonical representation of the matrix product state,
they are just the diagonal matrices defined in Eqgs. (13)
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and (14). In general, they can be considered as an ap-
proximation to the diagonal matrices in the canonical
form. They measure the entanglement between the
left and the right blocks connected by A, or Ay, in an
infinite system. The gauge degrees of freedom of the
matrix product are also partially fixed by these bond
vectors.

If the basis states of the left and the right blocks
connected to the M-matrix defined by Eq. (7) are or-
thonormal, as in a canonical form, then the environ-
mental contribution to M is proportional to Ap from
the left side of the environment and 1 from the right
side of the environment. Thus the entanglement field
on the bond for M is given by the singular values of
the following environment modified M-matrix

M[O’hdg] = AbM[Jl,Jg]
= Ao Aa TP [02] M. (17)

In the mean-field calculation, however, the basis states
on both the left and the right blocks are not orthog-
onalized. In this case, A, are just an approximate
measure of the entanglement. Nevertheless, they still
provide an efficient and good account of the renormal-
ization effect of the environment. The reason for this
is that in the projection method, the truncation error
is not accumulated and there is no need to minimize
the truncation error at every step of iteration.

By SVD, we can decompose M as a product of
matrices

Maﬂ[alvo—ﬂ = Maahﬁfm = OéU,lAlVl,ﬁGz’ (18)

where U and V' are unitary matrices, and A is a semi-
positive diagonal matrix. If Moy, 03] is D x D matrix
for given o1 and o9, then U, A and V are all dD x dD
matrices. To proceed the iteration, the matrix di-
mension needs to be truncated. This can be done
by keeping the largest D singular values of A and the
corresponding vectors. After this, we can rewrite the
matrix-product wavefunction back to the form defined

by Eq. (1) by updating I'*? and X, with the formula

¢ [U] = >\_1 Uaa,la

a,l b,aa

b -1
I‘l,a[o] = W,a,a)\b7aa7

Aap = Aig,

while A, remains unchanged. This completes one step
of imaginary time evolution with H,qq. Similarly we
can carry out the imaginary time evolution with Heyen
and update all site matrices and bond vectors. The

converged matrices from the iterated projections are
used to construct ground state wavefunctions for all
system sizes.

One is the
truncation error and the other is the Trotter error

The error comes from two sources.

arisen from the Trotter-Suzuki decomposition. The
Trotter error does not depend on the system size and
can be reduced by using a smaller 7 or using higher or-
der Trotter—Suzuki decomposition formula. The trun-
cation error is controlled by the matrix dimension D.
It can be reduced by increasing the matrix dimension.

Figure 1 shows the relative error of the ground
state energy as a function of matrix dimension D for
the spin-1/2 Heisenberg model on finite lattice sys-
tems obtained from the matrix product wavefunction
with size-independent A and B. We only show the
results of relatively small system sizes, as the success
of this method in the large system size limit is well
documented. In the regime of small D, the trunca-
tion error dominates, the error drops quickly with the
increasing D. The error stops dropping when D be-
comes larger than certain critical bond dimension Dy,
beyond which the truncation error becomes smaller
than the Trotter error. The value of D. depends on
the small time interval 7 and the order of Trotter—
Suzuki decomposition formula used in the imaginary
time evolution. But it does not depend much on the
system size. This is probably because the same lo-
cal matrices are used in the calculation of the ground
state energy no matter how large the system size is.
In obtaining the results in Fig. 1, we have used the
first order Trotter—Suzuki decomposition formula. In
this case, the Trotter error scales approximately as 72.
This is consistent with the numerical results shown in
Fig. 1.
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Fig. 1. Relative error of the ground state energy (E —
Eoy)/Ep as a function of the matrix dimension D for the
spin half Heisenberg model with L = 30 and L = 100 sites,
respectively. The Ejy is the exact ground state energy. The
results for other system sizes are similar.
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Figure 2 shows the lattice size dependence of the
relative error of the ground state of the S = 1/2
50. The values of Ej
are from the exact diagonalization results published

Heisenberg model with D =

in Ref. [19]. For the given 7, D = 50 are larger than
the critical Dy, the errors are controlled by the Trotter
errors and almost do not depend on the system size.

4| D=50 o 7=8x10"%2 a 7=2x10"2
10 g o 7=4X10"%2 v 7=1x10"2 é
S 8 0o o o o o o o o o
=
=
L?10*4:—c:)ogcac>c:>¢:>¢:>c>¢.c,‘:
EJ/ £
2 A a A s A A A & A a
Vv
1075 F | VV.VVTVV,VV'-
10 20 30
L

Fig. 2. Size dependence of the relative error of the ground
state energy for the S=1/2 Heisenberg spin chain obtained
with the matrix product state of bond dimension D = 50.

The matrix dimension dependence of the relative
errors of the ground state energy behaves similarly for
the S = 1 Heisenberg spin chain, as shown in Fig. 3.
Unlike the S = 1/2 Heisenberg model whose excita-
tion spectrum is critical, the S = 1 Heisenberg model
has a finite excitation gap and its ground state en-
ergy converges quickly with the increasing D. Again
the error is dominated by the truncation error in the
small D regime and by the Trotter error when D is
larger than a 7-dependent critical D..
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Fig. 3. Relative error of the ground state energy, (F —
Ey)/Eo, as a function of matrix dimension D for the spin
one Heisenberg model. The Ey is the exact ground state

energy.

The above results show unambiguously that
the matrix product states constructed with size-
independent local matrices provide an accurate and

unified description of ground states irrespective of the
system size. The accuracy of the wavefunction can
be systematically and reliably improved by increasing
matrix dimension D to reduce the truncation error
and by using a smaller 7 or a higher order Trotter—
Suzuki decomposition formula to reduce the Trotter

error.

2.2. By the DMRG

In a translation invariant system, we can also use
the DMRG method for open boundary systems to find
the local matrices A and B defined by Eq. (1). To
understand this, let us consider the ground state gen-
erated by the DMRG with open boundary condition

w) =3 > W(so,01,00,€2)ls0010262),  (19)
0102 Sp€2

where we have used 1 and 2 to denote the coordinates
of two middle sites of the chain, |sg) and |es) are the
basis states of the system and the environment blocks,
respectively. By singular value decomposition, we can
decompose ¥ (sg, 01,02, €2) as

Z Ay @
500'1 l l ,02€2

(1
Z USo l

In the above expression, the singular value A(Y) is

W(SO) 01,02, 62

AV on]. (20)

nothing but the square root of the eigenvalue of the
reduced density matrix. The U and V are the uni-
tary (or isometric after truncation) basis transforma-
tion matrices. The basis states of the system and the
environment blocks are transformed according to the
following equations

\Si>= Z Us(l)l,sl[ai]lsiflo'i% (21)

$i—104
lei) = > VO, [oialloiiei). (22)
€i+10i+1
Substituting Eq. (20) into Eq. (19), we obtain
=22 22 Ul Vi2llozllseoiozea). (23)
0102 80,€2,l
By using the basis transformation formulas (21) and
(22), we can further express the wavefunction as

Z Z U 180[ ]Us(;,)l[al])‘l(l)

00010203 s_180€2€3,l

V(2) [UQ]V(B) [0’3]|8_10'00'10'20'3€3>. (24)

Lea €2,€e3

If the system is reflection symmetric with respect to
the middle bond of the chain, V® and V) should
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be the Hermitian conjugate of UM and U® | respec-
tively. In the DMRG iteration, the two local unitary
matrices on the system block besides the middle bond,
U®© and UM, will converge alternatively in a bipar-
tite lattice model when the system size becomes suf-
ficiently large.l'?] If we use these two converged iso-
metric matrices to form a translation invariant matrix
product state, i.e.

Alo] =U o],

we expect that it will be a good approximation to the
ground state of the Hamiltonian with periodic bound-
ary condition. This is because in an infinite system,
the wavefunction in the middle of the chain should be
the same no matter what kind of boundary condition
is used.

The local matrices such obtained are Trotter—
Suzuki decomposition error free. Figure 4 compares
the relative error of the ground state energy for the
S = 1/2 Heisenberg model obtained by the DMRG
method to that obtained by the entanglement mean-
field projection method. In the entanglement mean-
field projection calculation, we have chosen a small
7 so that the Trotter error is much smaller than the
We find that the errors obtained
with these two methods are of the same order.

truncation error.

® L =100
1072
°  L=30 ° o by DMRG
o © by projection
s 3 T=8x10"2
$ 1078 3
- o °
= ° &
S & P
| 1075 L % ® 4
N Q)nn nﬂtr_,& %ﬂ?
— on@{& mn nm > B,
)
105k %@%'
25 50 75 100 25 50 75 100
D D
Fig. 4. (colour online) Comparison of the relative er-

ror of the ground state energy of the spin-half Heisen-
berg model as a function of D obtained using the matrix
product states whose local matrices are determined by the
DMRG with those determined by the poor-man’s projec-
tion.

Constructing the translation invariant matrix
product states using the DMRG is generally less ef-
ficient than the entanglement mean-field projection
method. However the DMRG calculation can be com-
bined with the conventional DMRG study with open

boundary condition. No extra cost is needed in or-
der to calculate the local matrices used by the matrix
product state.

In the above discussion, we have assumed that
the isometric matrices U®) and UM would converge
for sufficiently large chain. This is literally correct.
However, if there are degeneracy or nearly degeneracy
within computer machine error in the singular values
A in Eq. (20), U-matrices may not be uniquely fixed,
since the ground state is unchanged by swapping any
pair of these degenerate states. Consequently, the col-
umn index of B[o] may not perfectly match the row
index of A[o] (there is no mismatch between the row
index of BJo] and the column index of A[o]). In this
case, the local matrices defined by Egs. (25) and (26)
may not be a good description of the ground state.

3. Conclusion

We have shown that the local matrices (tensors)
obtained from an infinite lattice can also be used to
accurately represent the matrix product states (or
tensor-network states) in finite translation invariant
lattice systems. This provides an efficient way to de-
termine the matrix product states or tensor-network
states in one- or higher-dimensional periodic systems.

The size-independent local matrices can be de-
termined by the approximate entanglement projection
with a poor-man’s treatment to the environment lat-
tice. This method can be applied not only in 1D,
but also in two or higher dimensions. The accuracy
of the wavefunction such obtained is controlled by
both the truncation and the Trotter—Suzuki decom-
position errors. For small D, the truncation error
dominates. This error, however, can be reduced to
below the Trotter—-Suzuki decomposition error simply
by increasing the bond dimension D. In that case,
the accuracy of the matrix product wavefunction is
purely determined by the Trotter—Suzuki decompo-
sition error. This error can be reduced by using a
small Trotter—Suzuki parameter 7 or using a higher
order Trotter—Suzuki decomposition formula. One can
also find the size-independent local matrices using the
DMRG with open boundary conditions. The matrix
product states such obtained do not have the Trotter—

Suzuki decomposition error.
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