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Using the nonequilibrium Keldysh Green’s function technique, the Fano effect of a parallel-coupled triple Rashba

quantum dot system is investigated. The conductance as a function of electron energy is numerically calculated.

Compared with the case of a parallel-coupled double quantum dot system, two additional Fano resonance peaks occur

in the conductance spectrum. By adjusting the structural parameters, the two Fano resonance peaks may change into

the resonance peaks. In addition, the influence of Rashba spin–orbit interaction on the conductance is studied.
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1. Introduction

Electronic transport through a coupled quantum
dot system has been studied by many researchers.[1−7]

Coupled quantum dots enables the investigation of
various important transport phenomena, such as
quantum interference,[8,9] Kondo effects[10−12] and
Fano effect[13−17] for its tunable parameters. In re-
cent years, much attention has been paid to the Fano
effect.[13−17] The Fano effect, originating from the in-
terference between a discrete state in the quantum
dots and a continuum in the lead, is a good probe
for phase coherence in mesoscopic devices and shows
a typical asymmetric line shape in the conductance
spectra.

The Aharonov–Bohm interferometer with double
quantum dots has been designed for the quantum
information applications, the fundamental studies of
quantum molecular effects, and the exploitation of
nanospintronic functionalities. In Ref. [18], de Gue-
vara et al. found that the conductance in a double-
dot interferometer can be separated into one Breit–
Wigner resonance centred in the bonding state and
one Fano resonance at the antibonding energy. By ad-
justing the dot-lead coupling strength, the magnetic
flux parameter, the positions and the widths of the res-

onance peaks in the bonding and antibonding states
can be manipulated or even interchanged,[19] which
may be of importance in device design and quantum
computation. In this paper, the Fano effect through
a parallel-coupled triple Rashba quantum dot system
(see Fig. 1) is investigated. Our formalism is based
on the nonequilibrium Green’s function proposed by
Jauho et al.[20] The electron–electron Coulomb inter-
action, external magnetic flux and Rashba spin-orbit
interaction are considered. The change of the con-
ductance with electron energy level and the influence
of Rashba spin–orbit interaction on conductance are
discussed.

The rest of the present article is organized as fol-
lows. Section 2 is devoted to a model Hamiltonian
and the formula of the current. Numerical results and
analyses are given in Section 3. We draw the main
conclusions in Section 4.

2. Model

We consider three single-level quantum dots form-
ing a triple quantum dot system coupled in parallel to
two leads as shown in Fig. 1.
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Fig. 1. Schematic setup of the parallel-coupled triple

quantum dot system.

The full system can be described by the following
Hamiltonian:

Htotal = Hlead + Hdots + HT, (1)

where the first term on the right-hand side, Hlead, de-
scribes the leads in the noninteracting quasiparticle
approximation

Hlead =
∑
k,σ

∑
α=L,R

εkαC+
kασCkασ, (2)

with C+
kα(Ckα) being the creation (annihilation) op-

erator of the electron in lead α, and εkα denoting the
corresponding single particle energy.

The second term of Hamiltonian describes the
triple quantum dot system

Hdots =
∑
iσ

εiσd+
iσdiσ +

∑
i

Uid
+
i↑di↑d

+
i↓di↓

− (TAd+
1σd2σ + TBd+

2σd3σ + H.C.), (3)

where d+
i (di) represents the creation (annihilation)

operator with the energy level εiσ in the ith quantum
dot, TA(TB) is the tunneling coupling between the 1st
(2nd) and the 2nd (3rd) dots, and Ui expresses the
Coulomb repulsion energy in dot i.

The last term on the right-hand side in Eq. (1),
HT, describes electron tunneling between dots and
leads, and takes the form of

HT =
∑

i

∑
kσ

∑
α=L,R

(tαiσC+
kασdiσ + H.C.), (4)

where tαiσ describes the dot-lead tunneling coupling,
which is assumed to be independent of k. For the
sake of simplicity, tαiσ are set to be in the fol-
lowing forms, tL1σ = |tL1| e iϕ/4 e−iσφR1/2, tL2σ =
|tL2| e−iσφR2/2, tL3σ = |tL3| e−iϕ/4 e−iσφR3/2, tR1σ =
|tR1| e−iϕ/4 e iσφR1/2, tR2σ = |tR2| eσφR2/2 and tR3σ =
|tR3| e iϕ/4 e iσφR3/2, where ϕ is the magnetic flux-
induced phase factor. The phase factors φR1 , φR2

and φR3 denote the Rashba spin-orbital interactions
in dots 1, 2 and 3, respectively. In the following cal-
culations, we define the line-width matrix elements as
Γα

ijσ = 2π
∑

k tαiσt∗αjσδ(ε− εkα), and then the matrix
Γα

σ can be written as

ΓL
σ =


ΓL

1

√
ΓL

1 ΓL
2 e

iϕ
4 e−

iσ
2 (φR1−φR2)

√
ΓL

1 ΓL
3 e

iϕ
2 e−

iσ
2 (φR1−φR3)√

ΓL
1 ΓL

2 e−
iϕ
4 e

iσ
2 (φR1−φR2) ΓL

2

√
ΓL

2 ΓL
3 e

iϕ
4 e−

iσ
2 (φR2−φR3)√

ΓL
1 ΓL

3 e−
iϕ
2 e

iσ
2 (φR1−φR3)

√
ΓL

2 ΓL
3 e−

iϕ
4 e

iσ
2 (φR2−φR3) ΓL

3

 , (5a)

and

ΓR
σ =


ΓR

1

√
ΓR

1 ΓR
2 e−

iϕ
4 e

iσ
2 (φR1−φR2)

√
ΓR

1 ΓR
3 e−

iϕ
2 e

iσ
2 (φR1−φR3)√

ΓR
1 ΓR

2 e
iϕ
4 e−

iσ
2 (φR1−φR2) ΓR

2

√
ΓR

2 ΓR
3 e−

iϕ
4 e

iσ
2 (φR2−φR3)√

ΓR
1 ΓR

3 e
iϕ
2 e−

iσ
2 (φR1−φR3)

√
ΓR

2 ΓR
3 e

iϕ
4 e−

iσ
2 (φR2−φR3) ΓR

3

 , (5b)

where Γα
i is short for Γα

ii (i = 1, 2, 3).
To describe the non-equilibrium states in the sys-

tem, we introduce the retarded, advanced and ‘lesser’
Green functions as follows:

Gr
AB(t, t′) = 〈〈A(t), B(t′)〉〉r

= −iθ(t − t′)〈[A(t), B(t′)]+〉, (6)

Ga
AB(t, t′) = 〈〈A(t), B(t′)〉〉a

= iθ(t′ − t)〈[A(t), B(t′)]+〉, (7)

G<
AB(t, t′) = 〈〈A(t), B(t′)〉〉<

= i〈B(t′)A(t)〉. (8)

Our calculations are limited to the steady state

where the Green functions depend only on the vari-
able ∆t = t−t′. By Fourier transforming with respect
to variable t − t′ in 〈〈A(t − t′), B(0)〉〉, we can obtain
〈〈A,B〉〉ω. In the present investigations, the knowl-
edge of the Green functions 〈〈di, d

+
i 〉〉ω (i = 1, 2, 3)

enables us to determine all the transport character-
istics of the system. In order to calculate them, we
use both the Dyson equation and the equation of mo-
tion for each Green’s function. By employing the
Hartree–Fock approximation to truncate the higher-
order Green’s function, the retarded (advanced) one
can be written as
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Gr
σ (ε) = (Ga

σ (ε))+ =


S1 +

i
2
(ΓL

11 + ΓR
11) TA +

i
2
(ΓL

12 + ΓR
12)

i
2
(ΓL

13 + ΓR
13)

TA +
i
2
(ΓL

21 + ΓR
21) S2 +

i
2
(ΓL

22 + ΓR
22) TB +

i
2
(ΓL

23 + ΓR
23)

i
2
(ΓL

31 + ΓR
31) TB +

i
2
(ΓL

32 + ΓR
32) S3 +

i
2
(ΓL

33 + ΓR
33)



−1

, (9)

where

Sj =
(ε − εjσ)(ε − εjσ − Uj)
ε − εjσ − Uj + Uj〈njσ〉

with 〈njσ〉 being the average occupation number that
needs to be calculated by using the self-consistent

〈njσ〉 = −i
∫

dε

2π
G<

jσ,jσ(ε).

The formula of the currents can be derived as[20]

Jσ =
e

~

∫
dε

2π
[fL(ε) − fR(ε)] Tr

×
[
Ga

σ(ε)ΓR
σ Gr

σ(ε)ΓL
σ

]
, (10)

where fα(ω) = {1 + exp [(ε − uα) /kBT ]}−1 is the
Fermi distribution function.

The conductance at zero temperature reads

Gσ(εF) =
e2

~
Tr

[
Ga

σ(ε)ΓR
σ Gr

σ(ε)ΓL
σ

]∣∣
ε=εF

, (11)

where εF is Fermi level.

3. Numerical results

Using the formulae obtained above, one can nu-
merically calculate the basic transport characteristics
of the system. In the following numerical analysis, the
levels of the dots are identical (ε1σ = ε2σ = ε3σ = ε0)
and the intradot Coulomb interactions are also taken
to be the same (U1 = U2 = U3 = U). For simplicity,
assume that φR2 = φR3 , then ΓL,R

σ will depend only
on φR12 = φR13 = φR1 − φR2(3) = φR, which is the
difference between φR1 and φR2(φR3). In addition, we
presume that Γα

1 = Γα
2 = Γ (α ∈ L,R), and take Γ as

energy units in the following discussion.
For the parallel-coupled double quantum dot

(DQD) system, once one quantum dot impurity cou-
ples with the system, the influence of the coupling
strength between the quantum dot impurity and the
system on the conductance should be studied. Here,
the quantum dot 3 can couple with one of the parallel-
coupled DQDs and also couple with two leads.

We first consider the cases of the conductance ver-
sus electron energy for several values of TB , when the

quantum dot 3 is decoupled from the leads. Electron–
electron interaction (assume U = 4), the magnetic flux
(assume ϕ = 0), and the Rashba spin-orbital interac-
tion (assume φR = π/4) are considered. Figures 2(a)–
2(d) show that the conductance spectrum is divided
into two groups of resonant peaks, which is due to the
coulomb interaction in the quantum dot. At the same
time, one can find clearly that the trends of two groups
of the resonant peaks are similar and the widths of
the conductance peaks located at Coulomb counter-
parts are narrower. For comparison, the solid line in
Fig. 2(a) represents the conductance spectrum of the
parallel-coupled DQD system. Here, we consider the
Rashba interaction in the quantum dots, which can
induce a spin-dependent phase factor. By the action
of this phase factor, the transport through dot 1 and
dot 2 will provide one nonresonant channel and one
resonant tunnel, respectively, which leads to the Fano
resonance. As shown by the solid line in Fig. 2(a),
the conductance spectrum is composed of two Breit–
Wigner and two Fano resonances, centred at bonding
energy (ε0 − TA), antibonding energy (ε0 + TA) and
their Coulomb counterparts, respectively. The results
are in good agreement with those obtained in Ref. [14].
When the coupling strength between quantum dot 3
and dot 2 is small enough, i.e., TB = 0.01 (the dashed
line in Fig. 2(a)), the conductance spectrum shows
mainly the transport properties of the parallel-coupled
DQD system. An interesting phenomenon is that for
the dashed line in Fig. 2(a), two sharp resonance peaks
appear at the energy levels ε = ε0 and ε = ε0 + U ,
respectively. One can see clearly that the solid and
dashed curves are consistent with each other except
for the two sharp resonance peaks. It means that
the influence of the weak coupling between the quan-
tum dot 3 and dot 2 on the conductance through the
parallel-coupled DQD system is very small. One can
take the weak coupling between the quantum dot 3
and dot 2 as feeble perturbation. With the increase
of the coupling strength TB , the two additional Fano
line shapes appear with the narrowing of the Breit–
Wigner linewidths (see Figs. 2(b)–2(c)). For the suffi-
ciently large TB , two additional Fano resonance peaks
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change into the resonance peaks (see Fig. 2(d)). More-
over, the positions of the conductance peaks corre-
sponding to the bonding, antibonding energies and
their Coulomb counterparts are modulated due to the
coupling of the quantum dot 3 to 2. It is obvious that
as TB becomes big, the distance between two reso-
nance peaks corresponding to the bonding and the an-
tibonding energies increases, so does the distance for
their Coulomb counterparts. In addition, for the two
Fano anti-resonance peaks located at the antibonding
energy and the corresponding Coulomb counterpart,
one can find that the positions of the anti-resonance

point step up and the two Fano resonance peaks also
evolve into resonance peaks gently as TB increases. As
shown in Fig. 2(d), six resonance peaks appear in the
conductance spectrum. We consider that the reason
for the appearance of these phenomena above is that
when the coupling strength TB is doughty enough, the
quantum dot 3 and dot 2 form a new quantum state,
which affects the quantum interference of the electron
waves passing through the parallel-coupled DQD sys-
tem. Therefore, two Fano anti-resonance points dis-
appear. This leads to the transition from four Fano
peaks to four resonance peaks.

Fig. 2. Conductances versus electron energy for several values of TB , with parameters being U = 4, TA = 1, ϕ = 0,

φR = π/4, ε0 = 0 and ΓL,R
33 = 0.0. (a) TB = 0.0 (solid line), TB = 0.01 (dashed line); (b) TB = 0.1; (c) TB = 0.5; (d)

TB = 3.0.

The density of states is another physical quantity
underlying these transport properties and provides a
clear physical picture. The total density of states is de-
fined as ρ(ε) =

∑3
i=1 ρi(ε) = −(1/π)

∑3
i=1 ImGr

ii(ε).
Figure 3 shows the total density of states ρ(ε) with
the same parameters in Fig. 2. The solid line in
Fig. 3(a) shows ρ(ε) of the parallel-coupled DQD sys-
tem. Two Lorentzian peaks and two peaks with fi-
nite widths are found. The dashed line corresponds to
TB = 0.01 and shows two δ function types at ε = ε0

and ε = ε0 + U , respectively. Comparing this fea-
ture of density of states with the linear conductance
shown by the dashed line in Fig. 2(a), the appear-
ance of two δ function types indicates the formation
of two additional sharp resonance peaks. When TB

increases from 0.1 to 3.0, the widths of two δ func-
tion types broaden little by little. It is consistent with

the conductance spectrum, in which two Fano reso-
nance peaks turn into familiar resonance peaks. Six
resonances with finite widths and heights presented in
Fig. 3(d) correspond to the six resonance peaks shown
in Fig. 2(d).

Next, we consider the cases of the conductance
versus electron energy for several values of the cou-
pling strength between the quantum dot 3 and the
leads, when the quantum dot 3 decouples with dot
2. For comparison, the solid curve in Fig. 4(a) still
represents the conductance spectrum of the parallel-
coupled DQD system. As dot 3 weakly couples with
the leads, i.e., ΓL,R

3 = 0.01, the dashed line in Fig. 4(a)
denote two new Fano resonance peaks appearing at
the energy levels ε = ε0 and ε = ε0 + U , respec-
tively. The others parts are the same as the conduc-
tance spectrum through parallel-coupled DQD. This
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is because the influence of the coupling strength be-
tween the quantum dot 3 and the leads on the trans-
port through parallel-coupled DQD is tiny for a small
coupling ΓL,R

3 . When the coupling strength between
dot 3 and the leads is assumed to be ΓL,R

3 = 0.1, the
widths of the two new Fano resonance peaks broaden.
As ΓL,R

3 further becomes large as shown in Figs. 4(c)
and 4(d), two new Fano resonance peaks evolve into
familiar resonance peaks gradually. In addition, it can

be seen that the positions of two Breit–Wigner and
two Fano anti-resonance peaks located at the bonding
energy, the antibonding energy and the corresponding
Coulomb counterpart always keep unchanged no mat-
ter how ΓL,R

3 changes. The reason is that the branch
for the lead L-dot 3-lead R is an isolated path with-
out coupling the quantum dot 3 to dot 2. Therefore,
the intrinsic properties of the parallel-coupled DQD
system are reserved.

Fig. 3. Densities of state versus the electron energy for several values of TB . The same parameters are chosen as those in

Fig. 2. (a) TB = 0.0 (solid line), TB = 0.01 (dashed line); (b) TB = 0.1; (c) TB = 0.5; (d) TB = 3.0.

Fig. 4. Conductances versus electron energy for several values of ΓL,R
33 , with parameters being U = 4, TA = 1, ϕ = 0,

φR = π/4, ε0 = 0 and TB = 0.0. (a) Γ33 = 0.0 (solid line), Γ33 = 0.01 (dashed line); (b) Γ33 = 0.1; (c) Γ33 = 0.5; (d)

Γ33 = 1.0.

Figure 5 shows the total density of states ρ(ε) with the same parameters as those in Fig. 4. As shown by
the dashed line in Fig. 5(a), there are two ultranarrow peaks appearing at ε = ε0 and ε = ε0 + U , respectively.
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Two ultranarrow peaks correspond to two new Fano resonance peaks of the dashed line in Fig. 4(a). With the
increase of ΓL,R

33 , the enlarging of the width for two ultranarrow peaks implies that two new Fano resonance
peaks in the conductance spectrum become familiar resonance peaks little by little.

Fig. 5. Densities of state versus electron energy for several values of ΓL,R
33 . The same parameters are chosen as those in

Fig. 4. (a) Γ33 = 0.0 (solid line), Γ33 = 0.01 (dashed line); (b) Γ33 = 0.1; (c) Γ33 = 0.5; (d) Γ33 = 1.0.

Fig. 6. Conductances versus electron energy for several values of TB , with parameters being U = 4, TA = 1, ϕ = 0,

φR = π/4 and ε0 = 0. (a) Γ33 = 0.0, TB = 0.0 (solid line), Γ33 = 0.1, TB = 0.1 (dashed line); (b) Γ33 = 0.1, TB = 0.3; (c)

Γ33 = 0.1, TB = 0.5; (d) Γ33 = 0.1, TB = 1.0.

We also calculate the conductances each as a func-
tion of the electron energy for several values of TB ,
when the quantum dot 3 weakly couples with the
leads (ΓL,R

33 = 0.1). The solid line in Fig. 6(a) still
represents the conductance spectrum of the parallel-
coupled DQD system. As dot 3 weakly couples with
dot 2, i.e., TB = 0.1 (the dashed line in Fig. 6(a)),
two sharp resonance peaks appear at the energy levels
ε = ε0 and ε = ε0+U , respectively. However, the solid

and dashed curves in Fig. 6(a) are not entirely consis-
tent with each other. We consider that the branch
for the lead L-dot 3-lead R is no longer an isolated
path when the dot 3 couples with the dot 2 and the
leads, simultaneously. The interference of the elec-
tron waves passing through the system becomes more
complicated. Hence, the transport properties of the
parallel-coupled DQD system are perturbed. When
TB = 0.3, the two additional resonance peaks pre-
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sented in Fig. 6(a) become two Fano resonance peaks,
which seem like Fano antiresonance peaks. When
TB = 0.5, two Fano resonance peaks become small. If
dot 3 doughtily couples with dot 2, i.e., TB = 1.0, two
Fano resonance peaks change into familiar resonance
peaks. These behaviours can be understood from the
corresponding density of states.

Figure 7 shows the total density of states ρ(ε)
with the same parameters as those in Fig. 6. As shown
by the dashed line in Fig. 7(a), there are also two
peaks with very narrow widths appearing at ε = ε0

and ε = ε0 + U , respectively. The two narrow peaks

correspond to two sharp resonance peaks in the dashed
line in Fig. 6(a). With the increase of TB , as shown
in Figs. 7(b) and 7(c), the line shape of the peak lo-
cated at ε = ε0 resembles that located at the anti-
bonding energy. This coincides with the appearance
of the additional Fano resonance peak in the conduc-
tance spectrum. As TB = 1.0, the widths of the two
peaks corresponding to the energy levels ε = ε0 and
ε = ε0 + U broaden, which indicates that the two
additional Fano resonance peaks in the conductance
spectrum turn into familiar resonance peaks.

Fig. 7. Densities of state versus electron energy for several values of TB . The parameters are chosen as those in Fig. 6. (a)

Γ33 = 0.0, TB = 0.0 (solid line), Γ33 = 0.1, TB = 0.1 (dashed line); (b) Γ33 = 0.1, TB = 0.3; (c) Γ33 = 0.1, TB = 0.5; (d)

Γ33 = 0.1, TB = 1.0.

Fig. 8. Conductances versus electron energy for several values of ϕR with parameters being U = 2, TA = TB = 1.0,

ϕ = π/2, ε0 = 0 and ΓL,R
3 = 0.01. (a) φR = 0; (b) φR = π/4; (c) φR = 5π/4; (d) φR = 9π/4.
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Finally, the influence of Rashba spin-orbit inter-
action on the conductance is discussed. The correla-
tive parameters are given by U = 2, TA = TB = 1.0,
ϕ = π/2, ε0 = 0 and ΓL,R

3 = 0.01. The peak shape of
each spin is sensitive to the φR. As observed from
Fig. 8, the main characteristics of the spin polar-
ized conductance can be summarized as follows: 1) in
Figs. 8(a)–8(d), one can clearly see that the conduc-
tance spectrum is also divided into two groups by an
antiresonance point, which is caused by the coulomb
interaction in the quantum dot. It is noticeable that
for the conductance of the spin up component, an in-
sulating band forms around the energy level ε = 1.0
when φR = 5π/4; 2) when φR = 0, the spin-dependent
phase factor satisfies the relation φ↑ = φ↓, so that the
conductance is spin-independent as shown in Fig. 8(a);
3) when φR 6= 0, Figs. 8(b)–8(d) show that the Fano
resonance for each spin component is clearly mani-
fested by the asymmetric peak in the conductance
spectrum. That is to say, the conductance is spin po-
larized; 4) for the conductance of spin up component,
Fig. 8(b) shows that two Breit–Wigner resonances and
four Fano resonances occur in the conductance spec-
trum. A flip effect can be seen by comparing Fig. 8(b)
with Fig. 8(d). It is indicated that the role of the
quantum states can be interchanged by controlling the
extra phase φR.

4. Conclusion

We investigate nonequilibrium quantum trans-
port through the parallel-coupled triple Rashba quan-
tum dot system under dc bias voltage. The conduc-
tance G(ε) as a function of electron energy ε is anal-
ysed. Some significant results are obtained as fol-
lows: 1) two additional Fano resonance peaks occur
in the conductance spectrum when the quantum dot
3 couples with two leads or one of the parallel-coupled
DQDs; 2) two new Fano resonance peaks can also be

observed in the conductance spectrum when the dot 3
couples with the leads and dot 2, synchronously, which
seems like Fano antiresonance peaks for special value
of the coupling strength between the quantum dot 3
and dot 2; 3) the Rashba spin–orbit interaction plays
an essential role in spin transport through the system;
4) the role of the quantum states can be interchanged
by controlling the extra phase φR. These results are
expected to be useful in device design and quantum
computation in future.
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[3] Sánchez D and López R 2005 Phys. Rev. B 71 035315

[4] Ye S J, He Z L and Li H 2009 Phys. Scr. 79 035702
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