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Acoustic bands are studied numerically for a Lamb wave propagating in an anti-symmetric structure of a one-
dimensional periodic plate by using the method of supercell plane-wave expansion. The results show that all the bands
are pinned in pairs at the Brillouin zone boundary as long as the anti-symmetry remains and acoustic band gaps
(ABGs) only appear between certain bands. In order to reveal the relationship between the band pinning and the
anti-symmetry, the method of eigenmode analysis is introduced to calculate the displacement fields of different plate
structures. Further, the method of harmony response analysis is employed to calculate the reference spectra to verify
the accuracy of numerical calculations of acoustic band map, and both the locations and widths of ABGs in the acoustic
band map are in good agreement with those of the reference spectra. The investigations show that the pinning effect is
very sensitive to the anti-symmetry of periodic plates, and by introducing different types of breakages, more ABGs or

narrow pass bands will appear, which is meaningful in band gap engineering.
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1. Introduction

The studies of acoustic meta-materials and
phononic crystals (PCs) of different structures have
been reported extensively over the past decade.l' 6!
Unlike the surface acoustic wave-based PC structures
that can suffer obvious loss due to coupling with
the substrate, the PC plates hold better performance
for implementing PC functionalities because the wave
energy is totally restricted between the upper and
the lower stress-free boundaries regardless of the air
damping and self-dissipation. The existence of acous-
tic band gaps (ABGs) and the ability to confine and
guide elastic waves with low loss make the PC plates
excellent candidates for the implementation of acous-
tic resonators, filters, wave guides, etc. in chip-scale
integrated wireless devices.>~7) However, the mech-
anism of formation of ABGs is very complicated and
still incomplete, because the elastic waves in PC plates

can be scattered by not only the periodic inclusions
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but also the two stress-free boundaries. In general,
Lamb wave modes in homogeneous plates can be sep-
arated into two independent sets: the symmetric and
the anti-symmetric modes, named S and A modes, re-
spectively. However, for plates with inclusions (peri-
odic, quasi-periodic or random) embedded, the cou-
pling happens between the same or different mode
sets, which induces a separation or splitting of their
dispersion curves.®) Increased coupling is therefore the
cause of the increased separation, which will finally
lead to the formation of ABGs. Many researchers!6:7-%]
have studied the formation of ABGs in different plate
structures through the band structure evolution or
mode coupling and shown that in PC plate with a
mirror midplane, the S mode is completely decoupled
with A mode so that the coupling can happen only be-
tween the same mode sets (S or A modes). However,
in plate with an asymmetric midplane, the amplitude

distribution of displacement field is also asymmetric
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with respect to the midplane for any eigenmode, which
implies that the coupling will happen between S and
A modes as well. With the above-mentioned informa-
tion, it is clear that the amplitude distribution of dis-
placement field of each eigenmode is notably related
to the plate structure.l”!

In this article, we first study the propagation of
Lamb waves in an anti-symmetric structure of one-
dimensional periodic plate by using the method of
supercell plane-wave expansion. The anti-symmetric
structure is characterized by the structural invariance
after translating along the plate for half a lattice con-
stant and mirroring to its midplane, which has rarely
been studied elsewhere to the best of our knowledge.
The results show that all the bands are pinned in pairs
at the Brillouin zone boundary as long as the anti-
symmetry remains and ABGs appear only between
certain bands. Note that the pinning phenomenon is
very common in condense physics, such as flux pinning
in superconductor and Fermi level pinning in semi-
conductor. The acoustic band pinning is somewhat
different from others in principle. Then, the eigen-
mode analysis is employed to reveal the relationship
between the band pinning and the anti-symmetry by
calculating the displacement fields of different plate
structures. Finally, the method of harmony response
analysis (HRA)['Y is employed to calculate the refer-

ence spectra to verify the accuracy of numerical calcu-

lations of acoustic band map, and both the locations
and widths of ABGs in the acoustic band map are
in good agreement with those of the reference spec-
tra. The investigations show that the pinning effect is
very sensitive to the anti-symmetry of periodic plates
and, by introducing different types of breakages, more
ABGs will appear, which is meaningful in band gap
engineering.

The rest of the present article is organized as fol-
lows. In Section 2, the numerical model is proposed,
which is employed to study the PC plates with differ-
ent topological structures in a simple one-dimensional
case. In Section 3, some numerical results are obtained
and a topological explanation to the band pinning is
given. Finally, some conclusions are drawn from the

present study in Section 4.

2. Numerical model

The anti-symmetric structure of one-dimensional
periodic plate is presented in Fig. 1(a) and in each
unit cell, a is the lattice constant, ¢ the horizontal
shift between the two neighbouring inclusions, hy, hs
and by, by the heights and the widths of the upper and
the lower inclusions, respectively. Throughout the ar-
ticle, the lattice constant a and the plate thickness

h = hq + ho are constants and set to be 2 mm.
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Fig. 1. (a) Scheme of the anti-symmetric structure of one-dimensional periodic plate with inclusion material A

(tungsten) and matrix material B (silicon). (b) The configuration of the composite PC plate in HRA calculation,

with the superlattice composed of 100 unit cells.
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Figure 1(b) shows the configuration of the com-
posite PC plate in HRA calculation. The one-
dimensional PC superlattice with 100 cells of 200 mm
in length is bounded by two 10-cm-long silicon ma-
trixes on two sides. In our numerical simulations, the
Lamb waves are excited at x = 0, y = 2 and received
at point 2 mm away from the superlattice (z = 204,
y = 2), with absorbing boundaries employed at two
ends to suppress the Lamb wave reflections. The point
exciting source is a harmony frequency force load and,
by calculating the received displacements of the PC
plate and a reference homogenous plate under different
frequency loads, we can obtain the normalized trans-
mitted power spectra directly in frequency domain.
The elastic constants and the densities of the mate-
rials used in the numerical calculations are given in
Ref. [11].

3. Numerical results and discus-
sion

Acoustic band pinning is defined by the phe-
nomenon that acoustic bands are pinned in pairs at
the Brillouin zone (BZ) boundary. In order to un-
derstand the band pinning in depth, we perform a
series of numerical calculations by traditional plane-
wave expansion (PWE) method. Figures 2 and 3 show
the band structures of the anti-symmetric plate struc-
tures with inclusions of different widths and heights,
respectively. By comparison with the band structure
of a homogeneous plate in Fig. 2(a), we can find that
the couplings happen only between S and A modes in
the lower frequency region. For example, in Fig. 2(b),
mode couplings (marked by the elliptic circles) hap-
pen between Ay and Sg, Ag and Sy, A and Sy, Ag and
So, separately, and in Fig. 2(c), between Sy and Aj.
In Fig. 3(b), mode couplings happen between Ay and
So, Ag and S1, A; and S1, Sg and Ay, separately, and
in Fig. 3(c), between Ay and Sy. During the band evo-
lution [Figs. 2(a)-2(d) or 3(a)-3(c)], all the bands are
pinned in pairs at the BZ boundary, which makes the
ABGs exist only between certain bands. To be spe-
cific, in Fig. 2(d) or 3(c), there are four ABGs which
exist between bands 2 and 3, 4 and 5, 6 and 7, 8 and 9,
respectively. It is noted that the ABG between bands
2 and 3 may always exist when the inclusions of high-
contrasted acoustic impedance are introduced in this

anti-symmetric structure as shown in Figs. 2(b)-2(d)

or 3(a)-3(c). Since it is theoretically impossible to
open a gap between the bands 1 and 2, we believe that
the lowest-order ABG in this anti-symmetric structure
provides a low-frequency limitation for band gap en-

gineering in the PC plates.
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Fig. 2. (colour online) Band structures of one-

dimensional periodic plates of the anti-symmetric struc-
tures with inclusions of different widths: (a) homogeneous
plate, (b) by = b2 = 0.01a, (c¢) b1 = bz = 0.1a, and (d)
b1 = by = 0.2a; Horizontal shift ¢ = 0.5a, and inclusion
heights h1 = ha = 0.5h.
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Fig. 3. (colour online) Band structures of one-

dimensional periodic plates of the anti-symmetric struc-
tures with inclusions of different heights: (a) h1 = hy =
0.01h, (b) h1 = ho = 0.5h, and (c) h1 = hy = 0.5h. Hori-
zontal shift ¢ = 0.5a, and inclusion widths b1 = bs = 0.2h.
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Fig. 4. (colour online) Band structures of one-

dimensional periodic plates with three types of break-
ages (a) Type-I: by = 0.3a, bo = 0.la, ¢ = 0.5a, and
hi = ha = 0.5h; (b) Type-II: by = b = 0.2a, ¢ = 0.5a,
h1 = 0.75h, and ho = 0.25h; (c) Type-III: by = by = 0.2a,
c = 0.35a; and h1 = ha = 0.5h.
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Detailed calculation shows that the acoustic band
pinning is very sensitive to the plate structure and
will vanish when the plate structure is modified, which
may produce more ABGs due to the opening of criss-
crossing points (especially at the BZ boundary) in
the band structure. For convenience in analysis, we
define three modified plate structures by introducing
different types of breakages, named Type-I, Type-I1
and Type-III breakages respectively. In Type-I break-
age, the width of upper inclusion increases with de-
creasing (by = 0.3a and by = 0.la). In Type-II
breakage, the height h; of upper inclusion increases
with ho decreasing (h; = 0.75h and he = 0.25h).
In Type-III breakage, the horizontal shift ¢ decreases
(¢ = 0.35a). For each type of breakages, we calcu-
lated the band structure as shown in Figs. 4(a)—4(c),
and the results show that ABGs in the modified plates
are plentiful and more complicated. To be specific,
for Type-I breakage, there are six ABGs (0.788 MHz-
0.991 MHz, 1.112 MHz-1.204 MHz, 1.304 MHz-
1.402 MHz, 1.967 MHz-2.045 MHz, 2.364 MHz—
2.431 MHz and 2.708 MHz-2.787 MHz), and the
number increases to seven for Type-II and Type-
III breakages (0.812 MHz—0.951 MHz, 1.093 MHz-

1.149 MHz, 1.245 MHz-1.333 MHz, 1.762 MHz-
1.888 MHz, 1.989 MHz-2.059 MHz, 2.276 MHz-
2.480 MHz and 2.814 MHz2.866 MHz; 0.802 MHz—
0.947 MHz, 1.084 MHz-1.167 MHz, 1.281 MHz—
1.379 MHz, 1.768 MHz-1.974 MHz, 2.230 MHz-

2.261 MHz, 2.289 MHz-2.396 MHz, and 2.459 MHz—
2.506 MHz).

In order to study the relationship between the
band pinning and the plate structure intuitively, we
calculate the displacement fields of eight selected
eigenmodes at points a; and ag in Fig. 3(c); points

min

by and be in Fig. 4(a); points ¢; and ¢y in Fig. 4(b);
points d; and dy in Fig. 4(c) as shown in Figs. 5(a)-
5(d) where the panels on the left-hand side show the
displacement fields of the modes at points ay, b1, c1,
and dj; the panels on the right-hand side show the
displacement fields of the modes at points as, ba, c2,
and ds. It is clear that the amplitude distributions
of displacement fields are closely related to the plate
structure. When the plate structure is anti-symmetric
with respect to the midplane, the displacement fields
of the modes at points a; and ay are actually the same
(see Fig. 5(a)) (translating one field by half a lattice
constant along the plate and mirroring to the mid-
plane, we can obtain the other), so the two modes can
be regarded as the same one (see Fig. 3(c)). However,
when the plate structure is modified by Type-I break-
age, the displacement fields of the modes at points
by and by are different from those in Fig. 5(b) (we
can never obtain one field from the other by trans-
lating and mirroring), which means the two modes
are different as shown in Fig. 4(a). The same conclu-
sion can be obtained in Figs. 5(c) and 5(d), when the
plate structure is modified by Type-II and Type-III
breakages, respectively. Moreover, in the calculation
of band structures by traditional PWE method, we
employ the Bloch theory and the default that the pe-
riod of displacement field (u) in PC plate is the same
as the period of the inclusion array, which equals the
However, in the anti-symmetric
structure, the period of displacement field (u) can be
regarded as a/2 as mentioned above, which will lead

lattice constant a.

to the band pinning at BZ boundary when we use the
lattice constant a to do the Fourier expansion with
respect to u in the supercell PWE method.

max

Fig. 5. (colour online) Displacement fields of eigenmodes with (a) ka/m =1, fi = 0.655 MHz at point a; in Fig. 3(c),
f2 = 0.655 MHz at point a2 in Fig. 3(c); (b) ka/7m = 1, fi = 0.613 MHz at point by in Fig. 4(a), fo = 0.718 MHz at
point by in Fig. 4(a); (¢) ka/7 = 1, f1 = 0.602 MHz at point ¢ in Fig. 4(b), fo = 0.754 MHz at point ¢z in Fig. 4(b); (d)
ka/m =1, fi1 = 0.691 MHz at point d; in Fig. 4(c), fo = 0.714 MHz at point d2 in Fig. 4(c). The left fields correspond
to points a1, b1, c1, d1, respectively; the right to points ag, b2, c2, da, respectively.
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In order to demonstrate further the increase of
band gaps after different types of breakages are in-
troduced, the HRA is employed to calculate the ref-
erence spectrum which is defined by the ratio of the
spectrum calculated in the PC plate to that calcu-
lated in a homogeneous plate with the same thickness
(2 mm). The reference spectra of three modified plate
structures are shown in Figs. 6(a)-6(c), where six ob-
vious ABGs exist for the Type-I breakage (marked by
gray bars), ranging from 0.788 MHz to 0.986 MHz,
1.112 MHz to 1.200 MHz, 1.303 MHz to 1.397 MHz,
1.967 MHz to 2.060 MHz, 2.395 MHz to 2.445 MHz,
and 2.740 MHz to 2.807 MHz, respectively, and the
gap number increases to seven for Type-II and Type-
IIT breakages (0.814 MHz-0.951 MHz, 1.093 MHz—
1.147 MHz, 1.243 MHz-1.327 MHz, 1.791 MHz-
1.888 MHz, 1.990 MHz-2.060 MHz, 2.289 MHz-
2.503 MHz and 2.825 MHz-2.906 MHz; 0.806 MHz—
0.947 MHz, 1.080 MHz-1.166 MHz, 1.277 MHz-
1.371 MHz, 1.768 MHz-1.980 MHz, 2.237 MHz-
2.289 MHz, 2.314 MHz-2.409 MHz, and 2.460 MHz—
2.546 MHz), which is consistent with the results in the

band structure calculation as shown in Figs. 4(a)—4(c).
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Fig. 6. (colour online) Reference spectra of one-

dimensional periodic plates with three types of break-
ages (a) Type-I: b1 = 0.3a, bo = 0.la, ¢ = 0.5a and
h1 = hg = 0.5h; (b) Type-II: by = by = 0.2a, ¢ = 0.5a,
h1 = 0.75h and ha = 0.25h; (c¢) Type-III: by = b2 = 0.2a,
¢ = 0.35a and hy = ho = 0.5h.

4. Conclusion

We demonstrated the existence of acoustic band
pinning in an anti-symmetric structure of one-
dimensional PC plate, which is defined by the phe-
nomenon that all the bands are pinned in pairs at
the BZ boundary. Band structures of different PC
plates were calculated by supercell PWE, in which
the pinning phenomenon is clearly observed for the
anti-symmetric structure and the couplings can occur
only between S and A modes in the lower frequency
region. However, with three types of breakages intro-
duced into this structure, the band pinning instantly
vanishes and the couplings happen between the same
mode sets as well, which may produce more ABGs
or narrow pass bands. Using eigenmode analysis, we
revealed the close relationship between band pinning
and plate structure and pointed out that the pinning
phenomenon can exist only in the PC plates of anti-
symmetric structures. Finally, the reference spectra
of different PC plates were calculated by HRA, which
are consistent with the band structures in the loca-
tions and widths of band gaps. Those characteristics
based on the band pinning provide much significance
in the application of Lamb wave insulation or filtering.
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