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Linear and nonlinear excitations in complex plasmas

with nonadiabatic dust charge fluctuation and
dust size distribution™
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Both linear and nonlinear excitation in dusty plasmas have been investigated including the nonadiabatic dust

charge fluctuation and Gaussian size distribution dust particles. A linear dispersion relation and a Korteweg—de Vries—

Burgers equation governing the dust acoustic shock waves are obtained. The relevance of the instability of wave and

the wave evolution to the dust size distribution and nonadiabatic dust charge fluctuation is illustrated both analytically

and numerically. The numerical results show that the Gaussian size distribution of dust particles and the nonadiabatic

dust charge fluctuation have strong common influence on the propagation of both linear and nonlinear excitations.
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1. Introduction

Recently, there has been a great deal of interest
in understanding wave propagation in dusty plasmas
because of its vital role both in space and in labora-
tory experiments.[! 3 Dusty plasmas consist of ions,
free electrons and micro-sized negatively charged dust
particles. In reality, the dust grains have variable
charge and mass due to fragmentation and coales-
cence. Therefore, the dust charge becomes a new dy-
namic variable and affects the characteristics of the
collective motion of the plasmas. Its dynamic nature is
of crucial importance in understanding dusty plasma
waves. In the linear theory, it is known that the
non-adiabatic (7., /74 is small but finite) dust charge
variation results in the damping of the linear wave
mode,[*=8] where 7, is the charging time scale indicat-
ing the speed of charging and 74 is the hydrodynami-
cal time scale indicating the speed of the change of the
hydrodynamical character. However, in the nonlinear
analysis, the non-adiabatic dust charge variation leads
to an anomalous dissipation in plasmas, which causes
the generation of shock waves in dusty plasmas.!9~11]
The effect of dust charge fluctuation on the dust acous-

tic waves or instabilities in dusty plasmas has been
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studied by several researchers previously. For exam-
ple, Xuel'? investigated the nonlinear dust acoustic
wave governed by the Kadomtsev—Petviashvili (KP)—
Burgers equation and proved that the dust acoustic
shock waves can exist in the KP-Burgers equation due
to the non-adibatic dust charge variation. Ghosh et
al.13] studied the properties of nonlinear dust acous-
tic waves in magnetized dusty plasmas with variable
charges. The combined effects of the non-adiabatic
dust charge fluctuation and nonthermally distributed
ions on three-dimensional (3D) dust acoustic shock
waves in dusty plasmas have been investigated.'*
On the other hand, in a real case, the dust grains
have many different sizes both in space plasmas and in
laboratory experiments. It has been widely accepted
that the dust size distribution can be described by
a power law distribution in space plasmas.'®~18] Re-
cently, Duan and Shil'” studied the dust size distribu-
tions in an unmagnetized dusty plasma. They found
that the soliton velocity is greater than that of mono-
sized dusty plasmas. Duan and Parkes[?! studied the
dust size distribution for dust acoustic waves (DAWS)
in a magnetized multi-dimensional dusty plasma. In
the laboratory, the dust size distribution is usually

different for different cases. Usually, it has been
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widely accepted that the dust size distribution can
be described by a Gaussian distribution in laboratory
plasmas.?!] For charged dust grains with radii in a
given range [amin, @max), the differential Gaussian dis-
tribution is of the form

n(a)da = De #(=0)%qq, (1)

where amin < a < amax and D can be determined by

Amax
Niot :/ n(a)da, (2)
QAmin
where Niot is the total number density of dust grains.
Outside the limits a < amin and a > amax, W€
use n(a) = 0; p' can be found by requiring that
N(@min) = N(amax) = €n(a), where a is the average
radius of dust size, for some small values of €. We
usually use ¢ = 0.01. Duan et al.*? investigated the
effect of the Gaussian dust size distribution on the
propagation of dust acoustic solitary waves in dusty
plasmas; however, their studies did not consider dust
charge fluctuation. In general, the combined effects of
non-adiabatic dust charge fluctuation and the Gaus-
sian dust size distribution on the dust acoustic waves

are not studied in previous investigations.

In this paper, under the assumption that 7., /74 is
small but finite, we investigate the combined effects of
the non-adibatic dust charge fluctuation and Gaussian
dust size distribution on linear and nonlinear excita-
tion in hot dusty plasmas. We obtain the linear disper-
sion relation and a Korteweg—de Vries (KdV) Burgers
equation governing the dust acoustic shock waves. It
is discussed in great detail how the dust charge fluctu-
ation and Gaussian dust size distribution modify the

properties of dust acoustic shock structures.

2. Physical model

We consider a three-component dusty plasma sys-
tem, which consists of extremely massive, micron-
sized, negatively charged hot dust fluid, nonthermally
distributed ions and Boltzmann-distributed electrons.
Charge neutrality at equilibrium requires that n;y =
Z;\le Z4;Mdoj + Neo, Where nig, ngo; and neg are the
unperturbed ion, the jth dust grain and electron den-
sities, respectively, and Zq; is the number of electrons
residing on the jth dust grain. The dust acoustic
shock wave dynamics can be described by the follow-

ing set of continuity, momentum, pressure, and Pois-

son’s equations:

Ong; 0
Btj + %(ndjudj) =0,
6'Uzd_j ‘8udj ﬁ% B 4 @
ot Ty Ty o T LT Wi ()
82
oz Z;‘V:1(1 — Gdj)Ndj + Ne — N,

where uq; is the dust fluid velocity normalized to

the dust acoustic speed Cq = y/ZaoT}/Mq, with

T; being the ion-temperature (in energy units),
Mg = Zjvzl Md;Ndo;/Nioy being the average mass
of negatively charged dust particles, and Z49 =
Z;.V:l Z40jNdoj/Niot, being the average charged num-
ber residing on a dust grain. The dust grain num-
ber density is normalized by Ni.. the ion den-
sity is normalized by ni. o3 = Ti/Te, with T, be-
ing the electron-temperature (in energy units); pu =
neo/Mio- 04 = Ta/(ZaoT:), with Ty being the dust-
temperature (in energy unit); ¢ is the electrostatic
potential normalized to Tj/e, with e being the mag-
nitude of the electron charge. The time and space

variables are normalized by the dust plasma period
w;dl = \/md/élewt?iOeQ and the Debye length

)\Dd = Cd/wpd.
Because observation of space plasmas very often

indicates the existence of ion distribution that is far
from thermodynamic equilibrium, the occurrence of
nonthermal ions is considered to be a very common
feature in such environments. Nonthermal ions from
the Earth’s bow-shock have been observed by the Vela

(23] The distribution function that was cho-

satellites.
sen by Cairns et al.l*¥ is chosen in order to model an
ion distribution with a population of nonthermal par-
ticles. Therefore, the ion density n; is directly given

by

m= A+ o0 ()

where § = 4a/(1 + 3a), o is a parameter determining
the number of fast (nonthermal) ions,

exp(0i¢). (5)

Me = 7 /J

When the charging time scale indicating the speed
of charging is much larger than the hydrodynamical
time scale indicating the speed of the change of the
hydrodynamical character, the dust charge is assumed
to be a constant. However, when the charging time
scale and the hydrodynamical time scale are compara-
ble, the dust charge fluctuation should be considered.
The dust charge Qq; = —Zaoje + qa;, where qq; is the
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fluctuating part of the charge associated with the jth
species of the dust grain, is normalized in units of the
equilibrium dust charge Zgpje. To determine the nor-
malized charge variable gq;, we consider the follow-
ing orbital motion-limited®® charge current balance
equation. In the normalized form, it reads

Teh (04aj 9qd; \ _ Ten :
( ot +u Udj O = Zd()e(Ie_'_Il)v (6)

where I, and I; are the electron and ion currents, re-
spectively. We assume that the dust grain radius (a)
< the electron gyroradius (p.). The charging char-
acteristics are not significantly influenced by the ex-
istence of external magnetic field, since for a < pe,
the curvature effect of the trajectory of an electron
(ion) impinging on a dust grain of radius a can be
neglected.[?6:27] Thus, considering the nonthermally
distributed ions, the normalized expressions for the
electron and ion currents of spherical dust grains with

radius a are given by[28]

I, = —ma?e 7Tmeneo exp(oi¢) exp[z(ga; — 1)], (7)
24
=m0 5)
16“¢+4 #) - a1

<<1 N 85“) vl 4a¢2)] exp(=6), (8)

where z = zqoe?/4negaT,, 4mepa is the capacitance
1

of the spherical dust grain of radius a; 7q(= W;:d)
is the dust hydrodynamical time scale, and 7.,[~

(dQq/dt)~!

| is the charging time scale given as

2
a Wy 54 8a
Tc}l—[ P 142+

1
5+ 24 )
V27 Vini 5 + 15a ' ’

o
5+ 8a

(9)
where wp; and Vip; are the ion plasma frequency and
the ion thermal velocity, respectively.

3. Linear excitation

In order to investigate the linear excitation in
dusty plasmas, we shall carry out a normal analy-
sis. We first express the dependent variables ug;,
¢ and nq; in terms of their equilibrium and per-
turbed parts as na; = nao; + ng;, ua; = 0+ ug;,
¢ = 0+ ¢ and the perturbed quantities are propor-
tional to exp[i(kxz — wt)]. Then, substituting Eqgs. (4)
and (5) into Eq. (3), and linearizing Eqs. (3) and (6)

with these perturbations, we obtain the following lin-

ear dispersion relation:

(w2 04 >
— -
k? Zj:l Ndoj
1 B n 18— poi —
k21 —iwX k2 1—p
%(20i+z)7(5”i+z)(1+‘7i) (5 _ 5+24a)

z(1+z+d0i) 548«
Equation (10) represents a dispersion relation for lin-

11)+10, (10)

where 31 =

ear excitation in dusty plasmas consisting of extremely
massive, micron-sized, negatively charged dust fluid
Gaussian distribution, non-thermally distributed ions
and Boltzmann-distributed electrons. It is seen from
Eq. (10) that the dispersion relation is dependent
on the dust size distribution, the nonadiabatic dust
charge fluctuation and non-thermally distributed ions.

We consider the continuous dust size distribution
instead of the N-species of dust grain. As is widely ac-
cepted in laboratory plasmas, dust size distribution is

described by a Gaussian distribution, as in by Eq. (1).

It is obtained from Eq. (1) that n(a) = D, n(amin) =
n(amax)a Le., eXp[_#,(amax - a)Q] = exp[_.ul(amin -
a)Q] — EI.[22] Then, Gmax — a = a — Amin = dO and
u o= d%lnelf/ are gained. For the Gaussian distribu-
0

tion, we obtain the following quantities:

@max B
Niot :/ De # (=0 qq, (11)

Qmin

[@m Dae~r (a=0)" dq
a = “—tmin . 12
Ntot ( )

Now, we substitute Eq. (11) into Eq. (10) and investi-
gate the effects of the non-adiabatic dust charge fluc-
tuation and Gaussian dust size distribution on the fre-
quency and the damping rate of the linear excitation,
respectively. All results obtained here are for the fixed
parameters z = 2, o3 = 0.1, 04 = 0.01, o = 0.5 and
@ = 0.3. Figure 1 illustrates the numerical solutions
of Eq. (10) for both the frequency w, and the damp-
ing rate w; for different dy against k. Figures 1(a)
and 1(b) show the frequency and the damping rate of
the linear excitation, respectively. It is obvious from
Fig. 1(a) that the frequency decreases with dy but
increases with k. It is seen from Fig. 1(b) that the
damping rate is independent of dy, but the variation
of the damping rate with %k is nonlinear. There ex-
ists a critical k, dented by k., and when k < k., the
damping rate decreases significantly. However, when
k > k., the damping rate increases slowly. In Fig. 2,
we display the effect of A on the frequency and the
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damping rate. Figure 2(a) shows the frequency is in-
dependent of A. It is illustrated from Fig. 2(b) that
the damping rate decreases with A. Figure 2(b) also

0.84 1 do = 0.85
--------- dy=0.90 o
0.80 | == dg=095 "
0.76
072} (a) 4
0.6 0.7 0.8 0.9 1.0
k
Fig. 1. The frequency (a) and the dampi
08t ®
0.6 f
3
041
0.2t
0 L L L L
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k

shows that for smaller values of k, the damping rate
decreases with A slowly, but for larger values of k, it

decreases significantly.
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Fig. 2. The frequency (a) and the damping rate (b) aganinst k for different A.

4. Nonlinear excitation

In order to investigate the nonlinear propagation
of dust acoustic shock waves in dusty plasmas, we em-
ploy the standard reductive perturbation techniquel?*!
to obtain the KdV-Burger equation. The independent
variables are ¢ = €'/2(z — vgt) and 7 = €3/%t, where
€ is a small parameter measuring the strength of non-
linearity and vy is the phase velocity of wave. Sub-
stituting nq; = nqo; + €nai; + e2nd2j + o ugy =
€uqj + Eudgy + -0, ¢ = €p1 + €dy + -+, qq;
€qa1; + E2Qd2j + - % = pel/? (for non-adiabatic
charge variation, 7e,/7q is small but finite®) into
Egs. (3) and (6), and collecting the terms in the dif-

b

ferent powers of € to the lowest order in €, we ob-

. N
tain war; = F2=B¢1, 35y na; = Boy, a1 = figu,
N .
v =04 — @, where
N
B — po; — 1
B= naoj + ——HA"2
B Z d0j 1=
j=1
%(20;—&-2)—(601—%2)(1—%0;) 5424
_ 15424«a —
and §; = 122 (177501 (6= 5+80‘j‘). The

variable 31 stands for the dust charge fluctuation ef-
fect.

To the next higher order in €, for the continuity
equation, the momentum equation, Poisson’s equation
and charge balance equation, we obtain

8nd1j 8nd2j 8Ud2j 8nd1jud1j .
- + Ndoj =0,

or ¢ o o€
Quq . Quqz; ‘u Ouar; | oq Onaz; 1 " Ona;  I¢a g1 0

or ag d1j aé’ 1do; aé' n(QjOJ dlj a&- af qdij 85 ’

13)
78%)1 S S S poi =1 5  B—poi—1 (
5 ;nd%‘ +;nd1de1j +;nd0de2j “on e . ¢ =0,
2 2 0qa1j

—B192 + qazj + P2qa1j¢1 + B3¢1 + Baqyy; — vvo o€ 0,
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where

L (ot -tk
2 do;+2z+1 ’

g, — (2 +d603) (02 — 1) + 15%8;‘40‘ (oi — 2)
° 2z(60; + 2+ 1) ’

z(00; + 2)
fo= 2001 HE)
2(00;+ 2+ 1)

Now, one obtains the KdV-Burgers equation as

6¢1 8¢1 PPy 0%y
A —F = 14
where ¢ = ¢ and
A = 3 B’UO B
2 Z =1 ndOJ Vo Z —1 Ndoy
/81 Z] 1 Mdoj 1 ,LLO'12 -1
+ 2By _ﬁlvo_F% 1—pu
v n4o;
FOLIO g, g A, (15)
__Y%
=2, (16)
2 N
_ UOﬁIVijl Ndoj
E = - 58 (17)

The terms (; and Zjvzl ndo; present in the ex-
pressions (15) and (17) are due to the dust charge
variation and the dust size distribution, respectively.
From Eq. (17), it is seen that the Burgers term is pro-
portional to v, arising due to the non-adiabatic dust
charge variation. F is also modified by E _1 Ndoj. We
can expect that the shock structures will be modified
by the dust charge variation, the presence of nonther-
mally distributed ions, the temperatures of ion and
dust, and the ratio of electron to ion density. As we
expect, numerical solutions also show that «, v, u, o;
and o4 have significant effects on the shock structures.

The Burgers term in Eq. (14) due to non-adiabatic
charge variation of the dust particles implies the pos-
sibility of the existence of shock structures. On trans-
forming to the wave frame

n=Vr—=g, (18)

the KdV-Burgers equation (14) reduces to

o (19)

The second-order equation (19) can be written as a
system of two first-order equations

d¢ _

o= (20)

do V 2
T (21)
The equations of the system (19) and (20) have two
fixed points (¢7,®7)=(0,0) and (¢}, ®5)=(2F,0). It
is easy to analyse that the first one (¢7, ®7) is a saddle
point while the second one (¢35, ®3) is a stable focus
or a stable node according to

E? <4VC or E?*>4VC. (22)

This means that there is a heteroclinic orbit
connecting the saddle-focus or saddle-node point in
Eq. (20) and (21).
shock wave or monotonic shock wave exists in the sys-
tem according to E? < 4V C or E? > 4V C.

To reveal the shock structures clearly, ¢(n) is ob-

On the other hand, oscillatory

tained by numerical integration of Eq. (19) subject to
the boundary conditions ¢ — 0 at n — —oo. Thus,
for any x, the potential ¢ builds up from zero value
at long pass t — oco(n — o) to a steady value 2V/A.
Figures 3 and 4 show how the structures of the dust
acoustic shock waves change with parameters v and
dg for £ =0.3, 04 = 0.01, 0 = 0.1, 2 = 2 and a = 0.5.
It is clear from Fig. 3 that the amplitude of the oscil-
latory shock waves does not vary with v. Figure 3(a)
shows that the oscillatory frequency and the steep-
ing of the shock waves decreases when v increases.
It is shown from Fig. 3(b) that when the values of v

(a)

-
v=0.3
......... v=0.2
————————— v=0.1
20 30
n
<

Fig. 3. Profile of the shock wave for different v.
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Fig. 4. Profile of the shock wave for different dg.

increase to a fixed value, the oscillation of the shock
waves vanishes, that is, the oscillatory shock waves are
changed into the monotonic shock waves. Figure 4 il-
lustrates that the amplitude of the oscillatory shock
waves increases with dg. Figure 4(a) shows that the
oscillatory frequency of the shock waves increases with
dy, but the steeping of the shock waves varies with dy
weakly. It is illustrated that when dg increases to a
fixed value, the oscillatory shock waves are changed
The effects of the
dust temperature (o4), the ion temperature (o;) and

into the monotonic shock waves.

the number of the fast particles («) on the structures
of the shock waves is similar to the results in Ref. [14].

5. Conclusion

In summary, the linear dispersion relation and
the KdV-Burgers equation describing the dust acous-
tic shock waves in dusty plasmas with non-adiabatic
dust charge fluctuation and Gaussian dust size distri-
bution are derived. We analysed mainly the effects
of non-adiabatic dust charge fluctuation and Gaus-
sian dust size distribution on the frequency and the
damping rate of linear excitation and the shock struc-
tures in great detail. It is shown that the properties
of shock structures and the transition between oscil-
latory shock waves and monotonic shock waves are

influenced significantly by non-adiabatic dust charge
fluctuation and Gaussian dust size distribution. With
reference to the present study, we can obtain a deeper
understanding of the properties of dust acoustic shock
wave. Furthermore, we expect that the present inves-
tigation would be worthy for future experiments on
dust acoustic shock waves.
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