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Entropy and weak solutions in the lattice
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We derive the entropy functions whose local equilibria are suitable to recover the Euler-like equations in the

framework of the lattice Boltzmann method. Numerical examples are also given, which are consistent with the above

theoretical arguments.
oscillations are captured.

In all cases, we observe a negative entropy range existing near the shock, while numerical
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1. Introduction

In recent years, the lattice Boltzmann method
(LBM) and the
(LBGK) model have aroused considerable interest for

lattice Bhatnagar—Gross—Krook

the simulation of complex hydrodynamic phenom-
ena, and has been proved successful in simulating
nearly incompressible and isothermal fluid flows, for
which it is a viable alternative to conventional nu-

(1-4] However, applications to flows

merical methods.
with substantial temperature fluctuations have been
proved problematic. Many schemes are subjected to
instabilities,®! often attributed to the use of polyno-
mial approximations for the equilibrium distributions.
These equilibria may become negative, which violates
the assumptions of a discrete H-theorem and may per-
mit instability.[!l This has spurred recent work on
constructing non-polynomial equilibria which remain
positive, and often arises from some existing entropy
functions.l”) To date, there are still several directions
where the LBM theory calls for substantial progress
and upgrades, the Galilean invariance and the thermo-
hydrodynamics of LBM.18~12 One of the most inter-
esting problems is the H theorem in LBGK model.
Another interpretation of the lattice Boltzmann
approach is as a discretized version of the continuum
Boltzmann equation. The governing equations of gas-
dynamics are expressions of conservation and the sec-
ond law of thermodynamics. Conservation requires
that the three fundamental quantities, mass, momen-
tum, and energy, are neither created nor destroyed but
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are only redistributed or, excepting mass, converted
from one form to another. A companion principle to
conservation, known as the second law of thermody-
namics, requires that a fourth fundamental quantity
called entropy should never decrease. The second law
of thermodynamics restricts the redistributions and
conversions of conserved quantities otherwise allowed
by the conservation laws. As another supplement to
conservation, the equations of state and the second
law of thermo dynamics collectively constitute the Eu-
ler equations. An interesting problem we encounter is
how to realize this counterparts in LBGK model.

2. BGK Boltzmann equation and
its hydrodynamics

We begin with the Bhatnagar—Gross—Krook
(BGK)[*¥! Boltzmann equation, which is a model ki-

netic equation widely studied

Wf+&-Vf=—-w(f—-g), (1)

where the single particle distribution function f =
f(x,&,1) is a time-dependent function of particle co-
ordinate & and velocity &, w is the relaxation param-
eter which characterizes the typical collision process,
and g is the local Maxwellian equilibrium distribution
function defined by

9(p,u,0) = p(20) PP exp [(§ —w)?/26] . (2)
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where D is the dimension of the velocity space &, p,
w and 0 = kgT/m are the mass density, macroscopic
velocity and normalized temperature per unit mass,
respectively, kg, T and m are the Boltzmann constant,
temperature and particle mass respectively. The mass
density p, velocity u and temperature 6 (or internal
energy density) are the hydrodynamic moments of f
or g4l

o= [acr= [ ae (3)

pu= [ ages = [ ageo. (1
grt = [dgse- s = [dge-ure @

At equilibrium f = g, the Boltzmann equation (1)
becomes
Dtg = Oa (6)

where

The Euler equation can be easily derived from the
above equation by evaluating its hydrodynamic mo-

ments

9 (pu) + V(puu + pf) =0, (9)
D 1, D+2 1,0\

O <2p9+2pu ) +V (2p9u+ ol u) =0,

(10)

where uwu denotes a second rank tensor u,ug and
u? = w - u. The momentum equation can also be

rewritten as
pou + pu - Vu = —V P, (11)

where

P =pf (12)

is the equation of state for ideal gas.

3. Lattice Boltzmann equation

and its hydrodynamics

The lattice Boltzmann equation can be derived
by discretizing the continuous BGK equation in both
time and phase space. The obtained lattice Boltz-

mann equation is

fit+ 1L x+¢)— filt,x) = —w[fi(t,z) — (¢, )],

(13)

where f{4 is the discretized equilibrium function and
{¢;} is the discrete velocity set.

For the sake of explicitness, we use the nine-bit

lattice Boltzmann equation in two-dimensional space

in what follows, and the equilibrium distribution func-
tion of the nine-bit model is

3(e; - 9(ei-u)?  3u
(ci-u) | Ofeiw? 3u

[ = wip |1+ c? 2c4 2c2 |’ (14)
where
4/9, =0,
w; =% 1/9, i=1,...,4, (15)
1/36, i=25,...,8,
and
(070), i =0,

ci =4 (cos((i — 1)7w/2),sin((i — 1)7/2)) i=1,...,4,
(cos((i — B)m/2),sin((i — 5)7/2)) i=5,...,8,
(16)

are the associated weight coefficient and discrete ve-

COS
COS

locity set respectively. The hydrodynamics moments
of the lattice Boltzmann equation are given by

p=2_fi=3 1" (17)
pu = Zcifi = Z Ciffq, (18)

i
D 1 2, 1 2 req
§p9—22(61 ’LL) fz—z2(cz ’LL) fz .
i i (19)
Through the Chapman-Enskog!'! analysis (see Ap-
pendix A),
Difit = —w i, (20)

the moments of the zeroth order of Eq. (20) in the
discrete momentum space lead to the Euler equations

dp+V - (pu) =0, (21)
d¢(pu) + V(puu + pf) = 0, (22)
Oy (12‘)/)0 + ;Pu2> +V- <D2+2p0u> =0. (23)

Note that equation (23) differs from its counterpart
Eq. (10), which is derived from the continuous BGK
Boltzmann equation.!*® The energy flux % puu due to
the advection of fluid is missing. Thus, shock waves
across which the entropy of fluid particles decreases
may occur in the numerical results. However, we be-
lieve that such shock waves will not consistent with
the real physical solutions.

4. The derivation of the entropy

equation

The derivation of the entropy equation from
Egs. (21)-(23) in the one-dimensional problem is as
follows. Rewrite Eqs. (21)—(23) as

Dup + 0, (pu) =0, (24)
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8; (pu) + 9, (pu® + P) = 0, (25)
1
where 1

From Egs. (24) and (26), we have

POLE + pu0y E + 0y (Pu) = 0, <;pu3) . (28)

Then substituting Eq. (27) into Eq. (28), we have

Oie + udze = % [(% (%pu3> — poy (%UQ)

L o
— pudy <§u ) — &APU)} . (29)
Based on the definition of entropy
dS =dQ/T, (30)

1
0,5 + ud,S = L [agc

_ 1 3 2
0SS + u0,S = 25T (u”0pp + 3pud,u). (36)
Now we could compute
C = u30,p + 3pu,u

to demonstrate the entropy preservation condition in
the LBGK calculation.

We use the one-dimensional three and five veloc-
ity model (D1Q3, D1Q5) to numerically study the en-
tropy in LBGK calculation. In Figs. 1 and 2, the en-
tropy profiles are presented at different times for D1Q3
and D1Q5, and different w ranging from 1.2 to 1.5. In

all cases, we observe a negative entropy range existing

and the well known equation
P
p
we obtain

P
TdS = de — p—zdp. (32)

At this stage, we have

1

P
OuS +ud,S = [(ate +udhe) = 5 (@ + uazp)} .

(33)
Substituting Eq. (24) into Eq. (33), we obtain

1

WS +ud,S = T (@6 +udge + ];&cu) . (34)

At last, we could deduce the entropy equation as fol-
lows:
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Fig. 1. The density and entropy profiles with different
values of relaxation parameter for D1Q3 model.
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Fig. 2. The density and entropy profiles with different
values of relaxation parameter for D1Q5 model.

5. Conclusions

We reported in this paper the entropy calculation
in LBGK model. Great care has been paid to the links
between the oscillation solution and the negative en-
tropy. An explicit relation is obtained and confirmed
by the numerical simulation, which must be in accor-
dance with the second law of thermodynamics. The
entropy condition for general LBGK method is a quite
interesting and debatable question.

Appendix A Chapman—Enskog

procedure

A1l. Taylor expansion for the LBGK
equation

The Chapman-Enskog method is the standard
procedure used in statistical mechanics to solve an

equation such as Eq. (13) with a perturbation param-
eter

filt+1x+ci) = fi(t, @) = —w(fi(t, @) — f7(t, @)].

Equation (13) can be Taylor expanded up to the sec-
ond order. A straightforward calculation gives

(01 + Ciada) i + (00 + ciada) fi = 0 (5 fi).
(A1)

A2. Multiscale expansion

Introduce two time scales t; = et, to = €%t and

one spatial scale 1 = ex, and expand in the multi-

scale for time, spatial and f;,[1%]

8,5 = Eatl + 528t2,
6& = 581(17
fi = ffq + sfi(l) +52fi(2) +...

Substituting them into Eq. (A1), we obtain

e 1 €
(€8s, + €20y, + cindria) (0 +ef N + 2P 4 + 5 (€0n +%0,, + cCiadia)’ (fz- Upef®M 4 e2f® 4 )

—w (ffq _ fz‘eq - Efi(l) o 52f¢(2) .. ) c (atl + Cmam) ffq +e2 [athfq + (atl + Cmam) fi(l)}

1
225 (O + ciadia)” [0 (2) =w (f0 = et —efM = 2P ).

Comparing the coefficients, we obtain

el (Btl + Ciaala) ffq = _wfi(2)7

{1 1 €
1 O fi 5 O+ ciadia)” [+ (O + ciadia) J1 = —wf?.

A3. The derivation of Eq. (23)

For the derivation of Euler equation, only &' scale is studied,

(8t1 + ciaala) f,beq = _wfl(l)

Based on Egs. (17), (18), and (19), we obtain

D Lo e, 1.
5P9—25(c1 u) fz—zz(cz u)

i

eq
) )

Dot = > S NEDS Sl fi= > SEF - ONAEDY S

gpﬂ = ;;szfz *Uazcmfi + ;UZZZ:]Q’ = ;;C?ffquaz:cmfqur ;U2zi:ffq7

%

%

114702-4



Chin. Phys. B Vol. 20, No. 11 (2011) 114702

Tph=3 1~ e E o IEDY ST e S+ S >

A i

D _ 12 2 1 2 12eq 2 1 2
09—Z2cifz pu +5put =) S = pu® + S pu?,

A i

D 1, 1 1 oeq 1 o
5/)9:;501‘]%—5:0“ :Z§C¢ i TPt

i

Then we obtain

D 1 1 1
§P9 + 5/)“2 = Z §C?fi = Z 5012 P (A3)

1
0=3 5", (A1)

Take the D2Q9 model for example, based on Eq. (14), we obtain

9(c; - u)? 3u?
c? 2ct 2c?

fit = wip

Then the calculation is as follows:

eq __ 3 eq __ 2 _ 2
E CiaCiBCin [; = E c’eintigin f; = § 3pciwieiaeigeiyeigly = 3¢ pE W€ €i3Ci~Ci0UP

? 2

1 1 1
= 3C2p{§ X 2(5&/@7911,9 + % X 4 ((5065579 + (5045,@9 + (5a9575) Uy — % X 85aﬁ,y9u€]

1
= gcgp (5@3&,9 + (5a75,39 + 50495%3) ug = pb (ua(5ﬁ7 + uﬁ(Sw + uy(sag) .

Then we obtain [2] Chen S and Doolen G D 1998 Annu. Rev. Fluid Mech. 30
329
20 s - : : : ?q =
Z Ci Cw‘fi Z Cw‘cwclﬁfl (D +2) phua. [3] QianY H, d’Humieres D and Lallemand P 1992 Europhys.
K3 K3
Lett. 17 4
. 4] Benzi R, Succi S and Ve la M 1992 Phys. Rep. 222
Based on Eq. (A1)> we obtain [4] Benzi R, Succi S and Vergassola ys. Rep
R5339
(6t + Cmaa) fieq = —wfi(l), [5] Succi S, Karlin I V and Chen H 2002 Rev. Modern Phys.
1 1 74 1203
y (Z 5612 fq> + D4 (Z 56?%“ ffq> (6] Ansumali S and Karlin IV 2002 J. Stat. Phys. 107 291
i i [7] Renda A, Bella G, Succi S and Karlin I 'V 1998 Europhys.
1o Lett. 41 279
=—w Z —ci f; . . 4
— 2 [8] Deng MY, Tang G N, Kong L J and Liu M R 2011 Chin.
i

Phys. B 20 020510
Ran Z 2007 Chin. Phys. Lett. 24 3332

D+2 10] Ran Z 2008 Chin. Phys. Lett. 25 3867
2> Lo < + ) _o (AG) [10] Ran n ys. Le

Based on Egs. (A3), (A4), (A5), we obtain [

—pbu

g PUla [11] Ran Z 2009 Chin. Phys. B 18 2159
[12] Ran Z and Xu Y P 2009 Int. J. Modern Phys. C 20 1493
[13] Bhatnagar P L, Gross E P and Krook M 1954 Phys. Rev.

2
Multiplying Eq. (A6) by &, we can obtain Eq. (23).

D 1
O <209 + Spu

94 511
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