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The method of splitting a plane-wave finite-difference time-domain (SP-FDTD) algorithm is presented for the

initiation of plane-wave source in the total-field / scattered-field (TF/SF) formulation of high-order symplectic finite-

difference time-domain (SFDTD) scheme for the first time. By splitting the fields on one-dimensional grid and using the

nature of numerical plane-wave in finite-difference time-domain (FDTD), the identical dispersion relation can be obtained

and proved between the one-dimensional and three-dimensional grids. An efficient plane-wave source is simulated on

one-dimensional grid and a perfect match can be achieved for a plane-wave propagating at any angle forming an integer

grid cell ratio. Numerical simulations show that the method is valid for SFDTD and the residual field in SF region is

shrinked down to −300 dB.
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1. Introduction

The finite-difference time-domain method is one
of the most convenient tools for solving electromag-
netic field problems.[1,2] In the finite-difference time-
domain (FDTD), plane-wave sources are often used for
a variety of simulations where the scattered field is of
interest. For the efficient simulation of a plane-wave,
the total-field/scattered-field (TF/SF) formulation as
outlined in Ref. [3] is such a well-developed and pop-
ular method for introducing arbitrary incident fields
into FDTD. Based on the equivalence principle, the
whole computational domain is divided into two re-
gions: a TF region where both incident and scattered
fields reside, and an SF region where only the scat-
tered fields exist. Therefore, in theory, the fields in the
SF region are identically zero when no scatters exist
in the TF region. Incident field in the TF region can
be introduced simply by applying a tangential source
field to the boundary between the two regions, which
is often called the Huygens’ surface. The Huygens’
surface works by adjusting the value of nodes adja-
cent to the boundary, i.e., nodes whose neighbouring
nodes lie on the other side of the boundary.

Although this formulation is advantageous, in
practice, the TF/SF formulation suffers field leakage
in the SF region in the case of oblique incident plane-
wave. A lot of work in reducing the leakage error has
been done in the past decade.

To accomplish the TF/SF formulation, a com-
putationally efficient one-dimensional (1D) auxiliary
propagator called the incident field array (IFA)[3,4] is
often used to propagate a plane-wave source concur-
rent with the main simulation domain in time domain,
which is used as a lookup table to populate the Huy-
gens’ surface. Unfortunately, because of interpolation
and dispersion mismatches between the 1D propaga-
tor and two-dimensional (2D)/three-dimensional (3D)
main grids, the incident field always leaks into the SF
region to disturb the scattered field. Improvement on
the IFA has been made by researchers, if the correc-
tion technique of either Ref. [5] or Ref. [6] is employed,
the leakage error can be suppressed by almost −70 dB.

In frequency domain, the analytic field propa-
gator (AFP) method[7] where the discrete Fourier
transform-based wave injection is utilized, improves
the error dramatically (−180 dB). However, one of
its primary drawbacks is its demand of vast computa-
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tional resources. In addition, 1D multipoint auxiliary
source propagator[8] describes an efficient perfectly
matched FDTD plane-wave source in time domain de-
rived directly from the wave equation for 2D problems
with −300 dB of leakage error. A versatile split-field
1D propagator[9] in which Maxwell’s equations in their
split-field form are used, also achieves machine level
field isolation, but it is still in 2D implementations. It
is noticeable that Tan and Potter[10] reported on an
optimized AFP (O-AFP) technique which extends its
applicability to 3D and FDTD-DPW (FDTD discrete
planewave)[11] that is fully implemented in 3D simu-
lations and extends its applicability to non-standard
FDTD methods, both of which maintain the accuracy
(−300 dB).

The other problems with FDTD are its demand of
vast computational resources, and the significant accu-
mulated errors from numerical instability and disper-
sion. Fortunately, new schemes which are named the
symplectic schemes[12,13] are widely studied because of
their great advantages in recent years. For overcom-
ing the shortcomings of the FDTD mentioned above,
the symplectic FDTD (SFDTD) scheme[14] and its im-
proved schemes[15,16] are proposed, owing to its higher
stability, lower dispersion and nondissipation. When
this scheme is used for practical applications such as
radar cross-section (RCS) determination, near or far
field scattering, etc., it is of vital importance to illu-
minate the objects by a plane-wave. However, how to
apply a perfect plane-wave source to SFDTD scheme
in 3D, especially to high-order SFDTD scheme, is still
an unsolved problem.

In what follows, we provide the details of how
the SP-FDTD technique can be adjusted to make the

technique practical for the application to high-order
SFDTD scheme in 3D problems and its feasibility is
confirmed by the nature of numerical plane-wave in
FDTD.

2. Background information

2.1.Nature of numerical plane-wave in

FDTD

Let p = (px, py, pz) = (sin θ cos ϕ, sin θ sinϕ, cos θ)
be a unit vector defining the normal direction of a pla-
nar wavefront, with θ and ϕ being the polar and the
azimuthal angles, respectively. The electric field for
a plane-wave propagating along the p direction is of
the form E(r, t) and the magnetic field is in the form
of H(r, t) on 1D grid, where the scalar r is measured
along a line parallel to p and r = p·x = pxx+pyy+pzz

with x = (x, y, z).
The fields in discrete FDTD grids exist at loca-

tions defined by Xd = (ix∆x, iy∆y, iz∆z), with ix,
iy and iz being integers, likewise, rd = pxix∆x +
pyiy∆y+pziz∆z. Let g(rd, t) and g(Xd, t) denote field
components in discrete spaces R1 and R3, respectively.
In order to have equivalent plane-waves in both spaces,
it is required that ∂ξg(Xd, t) = ∂ξrd∂rdg(rd, t), ξ = x,
y or z. As stated in Ref. [11], it is expressed as

g(Xd + ∆ξ
2 , t) − g(Xd − ∆ξ

2 , t)
∆ξ

=
g(rd + pξ∆ξ

2 , t) − g(rd − pξ∆ξ
2 , t)

∆ξ
. (1)

Here, we concentrate on the fourth-order space differ-
ence scheme, such as

∂ξg(Xd, t) =
9
8
·
g(Xd + ∆ξ

2 , t) − g(Xd − ∆ξ
2 , t)

∆ξ
−

g(Xd + 3∆ξ
2 , t) − g(Xd − 3∆ξ

2 , t)
24∆ξ

, (2a)

thus according to Eq. (1), we have

∂ξg (Xd, t) =
9
8
·
g(ir∆r + mξ∆r

2 , t) − g(ir∆r − mξ∆r
2 , t)

∆ξ
−

g(ir∆r + 3mξ∆r
2 , t) − g(ir∆r − 3mξ∆r

2 , t)
24∆ξ

, (2b)

where rd = ir∆r, ir is an integer and

pξ∆ξ = mξ∆r. (3)

Equation (3) is the rational angle condition[8,9] which

restricts the plane-wave to the propagation at an an-

gle determined by tanϕ = my∆x/mx∆y and tan θ =√
m2

x/∆x2 + m2
y/∆y2/(mz/∆z).

2.2.Review of SFDTD scheme

The Maxwell’s equations in an isotropic, lossless

and sourceless medium can be rewritten as

∂t

 H(x, t)

E(x, t)

 = (P + Q)

 H(x, t)

E(x, t)

 , (4)
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where

P =

 {0} −R/µ

{0} {0}

 , Q =

 {0} {0}
R/ε {0}

 , (5)

in which {0} is the 3× 3 null matrix and R is the 3D
curl operator in Ref. [16].

Since the matrices P and Q do not commute, the
symplectic integrator is applicable to Maxwell’s equa-
tions. The solution of the electromagnetic field during
the time-step ∆t can be exactly expressed by the ex-
ponential operator e∆t(P+Q). Using the product of
elementary symplectic mapping, the operator is ap-
proximated as[14−16]

e∆t(P+Q) =
m∏

l=1

eDl∆tQ eCl∆tP + O
(
∆tw+1

)
, (6)

where Cl and Dl are constant coefficients of the prop-
agator and w is the order of the approximation. Ac-
cordingly, the m stage and wth-order SFDTD scheme
is constructed. Note that, in this paper, the five-
stage fourth-order SFDTD scheme has been used. The
relevant coefficients under the condition of the time-
reversible constraint are the same as those in Ref. [16].

The expressions of the update equations about
field components at the l-stage can be expressed as

Hn+l/5 = Hn+(l−1)/5 − Cl∆t

µ
· R × En+(l−1)/5, (7a)

En+l/5 = En+(l−1)/5 +
Dl∆t

ε
· R × Hn+l/5. (7b)

For example, the further expression of the electric field
Ez at the second stage is as follows:

En+2/5
z

(
i, j, k +

1
2

)
=En+1/5

z

(
i, j, k +

1
2

)
+

D2∆t

ε∆x
×

{
1
8

[
9Hn+2/5

y

(
i +

1
2
, j, k +

1
2

)
− 9Hn+2/5

y

(
i − 1

2
, j, k +

1
2

)]

− 1
24

[
Hn+2/5

y

(
i +

3
2
, j, k +

1
2

)
− Hn+2/5

y

(
i − 3

2
, j, k +

1
2

)]}

− D2∆t

ε∆y
×

{
1
8

[
9Hn+2/5

x

(
i, j +

1
2
, k +

1
2

)
− 9Hn+2/5

x

(
i, j − 1

2
, k +

1
2

)]

− 1
24

[
Hn+2/5

x

(
i, j +

3
2
, k +

1
2

)
− Hn+2/5

x

(
i, j − 3

2
, k +

1
2

)]}
. (8)

According to Eqs. 2(a), 2(b) and (3), Eq. (8) takes a new form

En+2/5
z

(
ir +

mz

2

)
=En+1/5

z

(
ir +

mz

2

)
+

D2∆t

ε∆x
×

{
1
8

[
9Hn+2/5

y

(
ir +

mx + mz

2

)
− 9Hn+2/5

y

(
ir −

mx − mz

2

)]

− 1
24

[
Hn+2/5

y (ir +
3mx + mz

2
) − Hn+2/5

y

(
ir −

3mx − mz

2

)]}

− D2∆t

ε∆y
×

{
1
8

[
9Hn+2/5

x

(
ir +

my + mz

2

)
− 9Hn+2/5

x

(
ir −

my − mz

2

)]

− 1
24

[
Hn+2/5

x

(
ir +

3my + mz

2

)
− Hn+2/5

x

(
ir −

3my − mz

2

)]}
. (9)

A plane-wave in FDTD is anisotropic because each propagation direction p has a unique dispersion relation.
Specifically, the dispersion relation of the five-stage fourth-order SFDTD scheme is given in Ref. [14] as(

sin
ω∆t

2

)2

+
1
4

5∑
p=1

gp

[
− 1

µε
∆t2

(
η2

x + η2
y + η2

z

)]p

= 0, (10)

where

gp =
∑

1≤i1≤j1<i2≤j2<···<ip≤jp≤5

Ci1Dj1Ci2Dj2 · · ·CipDjp +
∑

1≤i1<j1≤i2<j2≤···≤ip<jp≤5

Di1Cj1Di2Cj2 · · ·DipCjp ,

(11)
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ηξ =
27( e

−jk̄ξ∆ξ

2 − e
jk̄ξ∆ξ

2 ) − ( e
−3jk̄ξ∆ξ

2 − e
3jk̄ξ∆ξ

2 )
−24j∆ξ

,

(12)
with k̄ξ(ξ = x, y, z) being the component of the nu-
merical wavenumber.

3. Formulation

Considering that the subspace r is a linear func-
tion of x, Maxwell’s equations for the incident plane-
wave can be expressed as

∂t

 H inc(r, t)

Einc(r, t)

 =

 0 1
µ∂r

1
ε∂r 0

  H inc(r, t)

Einc(r, t)

 .

(13)
The incident fields H inc(r, t) and Einc(r, t) on 1D grid
are split, respectively, into

H inc(r, t) = exH inc
x (r, t) + eyH inc

y (r, t) + ezH
inc
z (r, t),

(14a)

Einc(r, t) = exEinc
x (r, t) + eyEinc

y (r, t) + ezE
inc
z (r, t).

(14b)
As shown in Fig. 1, the auxiliary 1D grid of the pro-
posed scheme uses a uniform ∆r spacing specified
by Eq. (3) and the electromagnetic fields on 1D grid
are staggered and the distance between the co-located
electric field and the co-located magnetic field is ∆r/2.
As a result, each field component in 3D grids has a
value available directly from the 1D grid, for exam-
ple, Einc(Xd, t) = Einc(rd, t). Furthermore, mξ is
restricted to odd integers[9] and any choice other than
mx = my = mz = 1 means more than one node on 1D
grid needs to be enforced correctly for the hard source
initiation (see Ref. [9] for explanation in detail).

O       ↼↪↪↽ 

E
inc

E
inc

H
inc

k
inc
TZ

k
inc

 

 

 

Ex

mxDr
ϕ

θ

 

Hx 

Ez 

Z

Y

X 

D grid 

ψ

Fig. 1. Perspective view of the fields in main 3D grids,

and the field splitting on 1D grid with mx = 1. The pro-

jection of the field on the 1D grid is also shown. The

orientation angle ψ for Einc relative to the incident-wave

polarization is specified.

Utilizing the relationship and the invariance in
both spaces, Eq. (13) can be indicated as

∂t

 H inc(r, t)

Einc(r, t)

 = (P + Q)

 H inc(r, t)

Einc(r, t)

 . (15)

Similarly, the expressions of the 1D incident plane-
wave are obtained for a 5-stage and 4-order SFDTD
scheme as

H inc,n+ l
5 = H inc,n+

(l−1)
5 − Cl∆t

µ
· R × Einc,n+

(l−1)
5 ,

(16a)

Einc,n+ l
5 = Einc,n+

(l−1)
5 +

Dl∆t

ε
· R × H inc,n+ l

5 .

(16b)

In view of

∂ξg(rd, t) =
g(rd + pξ∆ξ/2) − g(rd − pξ∆ξ/2)

∆ξ
, (17)

the detailed expressions of the incident fields can be
obtained, for example, the update equation of the in-
cident electric field Einc

z (r, t) at the second stage can
be expressed as

Einc,n+2/5
z

(
ir +

mz

2

)
=Einc,n+1/5

z

(
ir +

mz

2

)
+

D2∆t

ε∆x

{
1
8

[
9H inc,n+2/5

y

(
ir +

mx + mz

2

)
− 9H inc,n+2/5

y

(
ir −

mx − mz

2

)]

− 1
24

[
H inc,n+2/5

y (ir +
3mx + mz

2
) − H inc,n+2/5

y

(
ir −

3mx − mz

2

)]}

− D2∆t

ε∆y

{
1
8

[
9H inc,n+2/5

x

(
ir +

my + mz

2

)
− 9H inc,n+2/5

x

(
ir −

my − mz

2

)]

− 1
24

[
H inc,n+2/5

x

(
ir +

3my + mz

2

)
− H inc,n+2/5

x

(
ir −

3my − mz

2

)]}
. (18)
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Note that update equations for the other fields
components (Ex, Ey, Hx, Hy, Hz) are also necessary.
The update equation (18) on 1D grid has the same
form as the update equation (9) on 3D grids, so do
the update equations for other fields components in
both spaces. Therefore, the plane-waves simulated by
both sets of update equations and the corresponding
dispersion relations are the same.

In order to construct a projection operator, the
anisotropy is considered, which is needed for hard-
wiring the initial 1D grid nodes.[9] Letting

Dξ =

√√√√−
m∑

p=1

gp

(
−

∆t2η2
ξ

µε

)p

, (19)

the associated FDTD polarization angles ϕ̄ and θ̄

should be derived from the dispersion relation and
given by

tan ϕ̄ = Dy/Dx, tan θ̄ =
√

D2
x + D2

y/Dz. (20)

It should be noted that our method presented here
can be directly extended to the standard high-order
FDTD(S24) and the standard FDTD algorithm by let-
ting m = 1 and g1 = 1.0.

4. Numerical validation

In this section, to validate the performance of the
proposed method for the high-order SFDTD scheme,
two numerical examples are presented. The same sim-
ulated parameters are used for both examples as fol-
lows. The size of computational domain is 120∆ ×
60∆ × 60∆ (∆x = ∆y = ∆z = ∆) with PEC around
the computational domain. The TF region measures
100∆×40∆×40∆ surrounded by an additional 10∆ of
SF region on each side. In order to measure the leak-
age error in the SF region, the background is selected
as free space without scatters in the TF region. For
minimizing the numerical errors, the magnetic field
is normalized by wave impedance of free space and
the source Einc is renormalized to its maximum value.
The incident plane-wave is designed with mx = 3,
my = 5, mz = 7 (ϕ ≈ 59.03◦, θ ≈ 39.79◦) and polar-
ization angle ψ = 20◦.

In the first example, a sine wave source s(t) =
sin(2πf0t) is used with f0 = 4.5 GHz. The simula-
tion is performed 400 time steps (nmax = 400) with
∆t ≈ 3.33 × 10−12 s and the spatial discretization
∆ ≈ 3.3 mm. Cross-sectional plots of the electric field
Ey in the xz -plane and the magnetic field Hy in the
xy-plane are provided in Fig. 2, and it is evident from
the figure that there is no field leaking into the SF
region.
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Fig. 2. (colour online) Distributions of electric field Ey

in the xz-plane (a) and magnetic field Hy in the xy-plane

(b) for 400 time steps with sine wave source.
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/


↩


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-0.5

0

0.5

nDt
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Fig. 3. (colour online) Electric field Ex values at QS1,

QS2 and QS3 in the SF region (a), and electric field

Ex values at QT1, QT2 and QT3 in the TF region (b).

nmax = 400.

The leakage errors can be measured by examining
the scattered field in the SF region due to no scat-
terer in the TF region. The values of electric field
Ex at six measuring points are recorded. There are
three measuring points in the SF region (subscript S)
at QS1 = (8∆, 8∆, 8∆), QS2 = (60∆, 20∆, 8∆) and
QS3 = (112∆, 20∆, 20∆), one near the source and two
further away, as well as three measuring points in the
TF region (subscript T) at QT1 = (12∆, 12∆, 12∆),
QT2 = (60∆, 20∆, 12∆) and QT3 = (108∆, 20∆, 20∆)
to demonstrate the level of accuracy of the incident
field. As shown in Fig. 3(b), the curves for the inci-
dent electric field Ex in the TF region plotted by QT1,
QT2 and QT3 clearly show that those fields are delayed
with respect to each other but with small phase error.
Furthermore, because of several boundary points that
are hard-sourced to initiate the wave on 1D grid, the
beginning of the waveform has a small distortion but
it turns quite well later. The exciting result is that
the fields in the SF region are 15 orders of magnitude
smaller than those in the TF region (around −300 dB).
As shown in Fig. 2 and Fig. 3(b), the signal seems to
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have undergone significant attenuation when propa-
gating through the computational domain due to the
incident-wave polarization.

The second example is to investigate the prop-
erty of the method over a wide frequency band. We
consider a frequency modulated gaussian pulse trav-
eling on 1D grid. The time waveform of the pulse is
described as

s(t) = sin (2πf0t) e−4π( t−t0
τ )2

with f0 = 1 GHz, τ = 2× 10−9 s and t0 = 6× 10−9 s.
Figure 4 shows the intensities of the electric field Ex

against time for QT1 and QT3 and the leakage errors
of QS1 and QS3 in the SF region, respectively. The
simulation is run for 900 time steps with ∆ = 1.5 cm
and ∆t = 1.5× 10−11 s. The maximum leakage errors
of QS1 and QS3 are about −302.4 dB and −306.7 dB
respectively. Similar leakage errors have also been ob-
tained when they are tested in a larger range of angles
with different sources. Therefore, −300 dB incident
field isolation error is obtained.

0 200 400 600 800
-5

0

5

0 200 400 600 800

-0.5

0

0.5 QT1

QS1 QS2

QT2

nDt

nDt

E
x
/


↩



E
x

(a)

(b)

Fig. 4. (colour online) Electric field Ex values at QS1 and

QS3 in the SF region (a), and electric field Ex values at

QT1 and QT3 in the TF region (b). nmax = 900.

5. Conclusions

The use of the SP-FDTD for the excitation of
plane-wave is presented for a high-order SFDTD

scheme. By studying the nature of the numerical
plane-wave in FDTD, the rationality and feasibility
of the method are discussed and proved. The method
can achieve the perfect dispersion matching between
1D grid and 3D grids, and numerical results show that
the method holds true for both single frequency and a
wide frequency band with −300 dB of leakage error.
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