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We present three families of soliton solutions to the generalized (3+1)-dimensional nonlinear Schrödinger equation

with distributed coefficients. We investigate the dynamics of these solitons in nonlinear optics with some selected

parameters. Different shapes of bright solitons, a train of bright solitons and dark solitons are observed. The obtained

results may raise the possibilities of relevant experiments and potential applications.
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1. Introduction

Since the discovery of soliton by Kruskal and
Zabusky,[1] there have been many significant theoret-
ical and numerical contributions to the development
of the solitons theory.[2−6] In general, a precise def-
inition of the soliton is not easy to find. However,
the soliton can be defined as a solution of a nonlinear
partial differential equation (PDE) that exhibits the
following properties:[6] (i) the solution should demon-
strate a wave of a permanent form; (ii) the solution
is localized, which means that the solution either de-
cays exponentially to zero, such as the solitons pro-
vided by the KdV equation, or converges to a constant
at infinity, such as the solitons given by the Sine–
Gordon equation; (iii) the soliton interacting with
other solitons preserves its character (for more detail,
see page 459 and part II in Ref. [6]). With the devel-
opment of the soliton theory, some powerful methods,
such as the inverse scattering method,[3] the Darboux
transformation,[4] the Hirota bilinear method,[5] the
variational iteration method,[6] and the Adomian de-
composition method,[6,7] have been proposed in the
literature to examine exact solutions (especially soli-
ton solutions) for PDEs. Recently, with the availabil-
ity of symbolic computation systems, such as Mathe-
matica and Maple, some direct methods, such as var-

ious tanh methods[8−11] and various sub-equation ex-
pansion methods,[12,13] have been developed to con-
struct various exact solutions for some PDEs.

The nonlinear Schrödinger equation (NLSE) is
one of the most useful generic mathematical mod-
els, which naturally arises in many fields of physics
and attracts a great deal of attention. In the re-
search of the standard NLSE, the concepts of bright
and dark solitons are proposed for the focus and
the defocus NLSEs, respectively.[3] The two defini-
tions satisfy the strict definition of soliton. How-
ever, with the further development of the research,
some types of non-travelleing wave solutions for some
PDEs (especially variable-coefficients PDEs) are pro-
posed (see Refs. [11] and [14]–[17]). Although those
non-travelling wave solutions are not solitons accord-
ing to the strict definition (owing to the slow changes
of the wave width and the wave amplitude), the prop-
agation is clearly soliton-like, i.e., the waves have the
characteristic field profile of solitons, they are stable
over a long propagation distance and under collisions,
and they obey certain conservation laws. Thus, the
previous authors have also labeled these solutions as
bright or dark solitons. To maintain consistency, we
adopt those terminologies in this paper.

Recently, various types of NLSEs including
variable-coefficents and higher-dimensional NLSEs are

∗Project supported by the Zhejiang Provincial Natural Science Foundations, China (Grant No. Y6090592), the National Natu-

ral Science Foundation of China (Grant Nos. 11041003 and 10735030), the Ningbo Natural Science Foundation, China (Grant

Nos. 2010A610095, 2010A610103, and 2009B21003), and K.C. Wong Magna Fund in Ningbo University, China.
†Corresponding author. E-mail: biaolee2000@yahoo.com.cn

c© 2011 Chinese Physical Society and IOP Publishing Ltd
http://www.iop.org/journals/cpb http://cpb.iphy.ac.cn

114219-1



Chin. Phys. B Vol. 20, No. 11 (2011) 114219

attracting great attention because of their potential
applications in nonlinear optics, the Bose–Einstein
condensations (BECs), nonlinear quantum field the-
ory, plasma physics, fluid mechanics, biophysics, etc.
Here we cite the applications in two fields. On one
hand, the optical solitons are successfully used in
the long distance telecommunication, more and more
attention has been paid to different versions of the
NLSE that can describe the nonlinear and the dis-
persion management for temporal or spatial optical
solitons, soliton lasers, ultrafast soliton switches in
nonlinear fibres.[18] Several methods have also been
developed to obtain the optical soliton solutions of
various NLSEs with various nonlinearities and disper-
sions, and the dynamics of the excitation of the soli-
tons were discussed.[19−25] On the other hand, based
on the successful experimental realization and the
theoretical analysis of the BECs in weakly interact-
ing atomic gas,[26−29] various nonlinear excitations
of the matter-wave solitons have been observed and
studied.[30−35] Those studies have stimulated a large
number of research activities on nonlinear optics and
the BECs. In particular, very recently, great inter-
est was focused on the (2+1)-dimensional ((2+1)D)
and (3+1)-dimensional ((3+1)D) NLSEs from vari-
ous viewpoints,[36−41] which provide excellent prov-
ing grounds for exploring higher-dimensional nonlin-
ear systems with distributed coefficients.

Our interest is focused on the generalized (3+1)D
NLSE with distributed coefficients[42]

i
∂u

∂z
+

ρ(z)
2

(
∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂t2

)
+ χ(z)|u|2u − iγ(z)u = 0, (1)

which describes the evolution of a slowly varying wave
packet envelope u(z, x, y, t) in a diffractive nonlinear
Kerr medium with an anomalous dispersion under the
paraxial approximation. Here z is the propagation co-
ordinate and t is the reduced time, i.e., time in the
reference frame moving with the wave packet. All
coordinates are made dimensionless by the choice of
coefficients. The generalized NLSE is of considerable
importance, as it describes the full spatiotemporal op-
tical solitons (light bullets) in (3+1)D.[42] Functions
ρ, χ and γ represent the diffraction or the dispersion,
the nonlinearity and the gain/loss coefficients, respec-
tively.

The rest of the present paper is organized as fol-
lows. In Section 2, we extend the method given in
Ref. [33] to Eq. (1) and successfully present three fam-
ilies of exact bright and dark soliton solutions. In

Section 3, we investigate the dynamics of the solitons
thoroughly under some selected functions. The results
presented can be applied to a variety of experimental
conditions and can be used to investigate the effects
of the various parameters on the formation and the
propagation of the soliton. They also provide us a
better physical understanding of the solitons. Finally,
some conclusions are given briefly.

2. Solitons of (3+1)D NLSE with

distributed coefficients

Now we extend the method given in Ref. [33] to
investigate some solutions of Eq. (1) and assume these
solutions as

u =
[
A1 + A2

δ cosh(ξ) + cos(η)
cosh(ξ) + δ cos(η)

+ iA3
α sinh(ξ) + β sin(η)
cosh(ξ) + δ cos(η)

]
exp(i∆), (2)

ξ = p1x + p2y + p3t + g1,

η = q1x + q2y + q3t + g2, (3)

∆ = h1x
2 + h2y

2 + h3t
2 + k1x + k2y + k3t + g3, (4)

where Ai ≡ Ai(z), hi ≡ hi(z), pi ≡ pi(z), qi ≡ qi(z),
ki ≡ ki(z) and gi ≡ gi(z) (i = 1, 2, 3) are all real
functions of z to be determined, and α, β and δ are
real constants.

After substituting Eq. (2) along with Eqs. (3)
and (4) into Eq. (1), we first remove the
exponential terms, then collect coefficients of
sinhi(ξ), coshj(ξ), sinm(η), cosn(η), xk, yl and tp

(i = 0, 1, 2, . . .; j = 0, 1; m = 0, 1, 2, . . .; n = 0, 1; k =
0, 1, . . ., l = 0, 1, . . ., p = 0, 1, . . .) and separate real
and imaginary parts for each coefficient. We derive
a set of ordinary differential equations (ODEs) with
respect to Ai, hi, ki, gi, pi, qi (i = 1, 2, 3), ρ(z), χ(z)
and γ(z). Finally, solving these ODEs, we can obtain
three families of analytical solutions of Eq. (1).

Family 1

u1 = Ω

[
a0 + a1

δ cosh(ξ) + cos(η)
cosh(ξ) + δ cos(η)

+ i
α sinh(ξ) + β sin(η)
cosh(ξ) + δ cos(η)

]
exp(i∆), (5)

where

a0 =
σ(δ2β2 + α2)

2
√

(1 − δ2)(β2 + α2)δ
, a1 =

σ
√

α2 + β2

√
1 − δ2

,

ξ = θ(p10X + p20Y + p30T )
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+
α(δ2β2 − α2 − 2β2)(p2

10 + p2
20 + p2

30)
4σδβ2

√
(1 − δ2)(α2 + β2)

θ + g10,

η =
αθ

δβ
(p10X + p20Y + p30T )

+
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30)
4σδ2β

√
(1 − δ2)(α2 + β2)

θ + g20,

∆ = θ(X2 + Y 2 + T 2)

+
(δ2β2 + α2)2(p2

10 + p2
20 + p2

30)
8β2δ2(α2 + β2)(δ2 − 1)

θ + g30,

θ =
1∫ z

0
2ρdz + 1

, Ω = c0 exp
(∫ z

0

γdz

)
θ3/2,

χ =
ρ(p2

10 + p2
20 + p2

30)
β2Ω2

θ2,

X = x +
k10

2
, Y = y +

k20

2
, T = t +

k30

2
, (6)

and σ = ±1, {c0, α, β 6= 0, δ 6= 0} and {pi0, ki0,
gi0} (i = 1, 2, 3) are arbitrary real constants.

Family 2

u2 = Ω

[
Ac + As

−2As cosh(ξ) + 2Ac cos(η) + iσ
√

4A2
c − A2

s sinh(ξ)
2Ac cosh(ξ) − As cos(η)

]
exp(i∆), (7)

where

ξ =
σAs(q2

10 + q2
20 + q2

30)
4
√

4A2
c − A2

s

θ + g10,

η = θ(q10X + q20Y + q30T ) + g20,

∆ = θ(X2 + Y 2 + T 2) − A2
c(q

2
10 + q2

20 + q2
30)

2(4A2
c − A2

s )
θ + g30,

χ =
ρ(q2

10 + q2
20 + q2

30)
(4A2

c − A2
s )Ω2

θ, (8)

and 4A2
c > A2

s , Ω, θ, σ,X, Y, T are determined by
Eq. (6), {Ac, As, gi0, qi0 (i = 1, 2, 3)} are arbitrary
real constants.

Family 3

u3 = Ω[Ac + iAs tanh(ξ)] exp(i∆), (9)

where

∆ = θ(X2 + Y 2 + T 2)

+
1
2

(
1 +

A2
c

A2
s

)
(p2

10 + p2
20 + p2

30)θ + g30,

ξ = θ(p10X + p20Y + p30T )

− Ac

2As
(p2

10 + p2
20 + p2

30)θ + g10,

χ = − ρθ

A2
sΩ

2

3∑
i=1

p2
i0, (10)

and Ω, θ, t, x, Y, T are determined by Eq. (6), {As 6=
0, Ac, g10, g30, p10, p20, p30} are arbitrary real con-
stants.

To our knowledge, solutions (5), (7), and (9) are
new general solutions of Eq. (1), which can describe
the dynamics of the solitons in the generalized (3+1)D
NLSE with distributed coefficients. From Eq. (6), we
can see the chirp function, θ = 1/(

∫ z

0
2ρdz + 1), in

solutions (5), (7) and (9) is related only to the diffrac-
tion or the dispersion coefficient ρ. The chirp function
can also influence the form of the solution amplitudes
through the dependence of {Ω, ξ, η}. At the same
time, we can see that there are two arbitrary func-
tions among functions χ, ρ and γ, so we can manage
these solitons to interpret some interesting physical
phenomena by selecting these arbitrary constants and
arbitrary functions appropriately.

3. Dynamics of solitons of the

generalized (3+1)D NLSE

In this section, we will investigate the dynamics
for solutions (5), (7), and (9), respectively.

3.1.Dynamics of bright solitons in

(3+1)D NLSE

In order to investigate the bright soliton (Eq. (5)),
we further set α = 0 and redefine various parameters,
then u1 reduces to

u11 = Ω1

[
Ac + As

−2Ac cosh(ξ) + As cos(η) + iσ
√

A2
s − 4A2

c sin(η)
As cosh(ξ) − 2Ac cos(η)

]
exp(i∆), (11)
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where Ac and As are arbitrary real constants with
A2

s > 4A2
c and

∆ = θ(X2 + Y 2 + T 2)

− A2
c(p

2
10 + p2

20 + p2
30)

2(A2
s − 4A2

c)
θ + g30,

ξ = θ(p10X + p20Y + p30T ) + g10,

η =
σAs(p2

10 + p2
20 + p2

30)
4
√

A2
s − 4A2

c

θ + g20,

Ω1 = exp
(∫ z

0

γdz

)
θ3/2,

χ =
ρ(p2

10 + p2
20 + p2

30)
(A2

s − 4A2
c)Ω2

1

θ. (12)

When soliton amplitude As vanishes, u11 re-
duces to the continuous wave solution uc =
AcΩ exp(i∆) with the loss/gain and the frequency
chirp. When continuous wave amplitude Ac van-
ishes, u11 reduces to the bright soliton us =
AsΩsech(ξ) exp [i (∆ + η)], where ∆+η = θ(X2+Y 2+
T 2)+σ(p2

10 + p2
20 + p2

30)θ/4+g30. Thus, u11 represents
a bright soliton embedded in a continuous wave light
background. At the same time, when Ac ¿ As, the
background is small within the existence of the bright
soliton.

In order to understand the significance of the solu-
tions in Families 1–3, we can investigate their features
by using computer simulations. For simplicity, we con-
sider only two types of functions of θ to illustrate the
features of the solutions.

Figures 1(a) and 1(b) show the evolution of the
amplitude profile of solution (11), presented as a func-
tion of V = p10X + p20Y + p30T and z for frequency
chirp parameter θ = sin(0.4z)2 and different gain/loss
coefficient γ. As we can see from Fig. 1, solution (11)
represents a bright pulse that propagates on a con-
tinuous wave background with the loss/gain and the
frequency chirp. The main characteristic of the prop-
agation is the peak changing property of the field am-
plitude, i.e., the pulse has a decrease in peak value, a
broadening in width and an increase in peak spacing
as the pulse propagates along the inhomogeneous fibre
for γ < 0, while they are the opposite for γ > 0.

Figures 2(a) and 2(b) show the evolution of the
amplitude profile of solution (11), presented as a func-
tion of V = p10X + p20Y + p30T and z for frequency
chirp parameter θ = [exp(0.0001z) + exp(−0.1z)]−0.5

and different values of gain/loss coefficient γ. From
Fig. 2, we can see that firstly, the amplitude of bright
soliton u11 increases rapidly to a maximum, then de-
cays to the background very slowly. At the same time,

we can see that when γ > 0, the velocity of dissipation
is lower than that when γ < 0.

Fig. 1. Evolution plots of intensity U = |u11|2, presented

each as a function of V = p10X + p20Y + p30T and z.

Input parameters are Ac = 1, As = 10, p10 = 0.2, p20 =

0.3, p30 = 0.4, g10 = g20 = 0, θ = sin2(0.4z). In panel (a),

γ = 0.003 and in panel (b), γ = −0.003.

Fig. 2. Evolution plots of intensity U = |u11|2, presented

each as a function of V = p10X + p20Y + p30T and z. In-

put parameters are Ac = 1, As = 10, p10 = 0.2, p20 =

0.3, p30 = 0.4, g10 = g20 = 0, θ = [exp(0.0001z) +

exp(−0.1z)]−0.5. In panel (a), γ = 0.005 and in panel

(b), γ = −0.005.

Furthermore, we find that when cosh(ξ) =
−2Ac cos(η)/As +As/[Ac cos(η)] (sinh(ξ) = 0), the in-
tensity of soliton (11) arrives at the minimum (maxi-
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mum) expressed as

|u11|2min = A2
c

[
1 − (A2

s − 4A2
c) cos2(η)

A2
s − 4A2

c cos2(η)

]
× exp

(∫ z

0

2γdz

)
θ3,

|u11|2max =
[
A2

c +
As(A2

s − 4A2
c)

As − 2Ac cos(η)

]
× exp

(∫ z

0

2γdz

)
θ3. (13)

This means that bright soliton (11) can propagate only
between the minimum and the maximum values. Fig-
ure 3 shows the evolution plots of the maximal and
the minimal intensities given by |u11|2max/100 (dotted
line) and 100|u11|2min (dashed line), respectively, and
the background intensity (solid line) with different pa-
rameters. According to Fig. 3, with the time evolu-
tion, the intensities of the maximal, the background
and the minimal intensities are either increase or de-
crease simultaneously.

Fig. 3. Evolution plots of the maximal (|u11|2/100) and

the minimal (100|u11|2) (dotted line and dashed line) and

the continuous wave background (|uc|2) intensities (solid

line) along the propagation direction of fibre. The param-

eters in panel (a) are the same as those in Fig. 1(a) and the

parameters in panel (b) are the same as those in Fig. 2(a).

Now we investigate bright soliton (7). An anal-
ysis reveals that solution u2 is periodic with period
L = 2π/θ in the normalized temporal coordinate
V = q10X + q20Y + q30T and aperiodic with respect
to z. Note that period L is not a constant due to the

presence of function θ. Figure 4 shows the evolution
of the amplitude profile of u2, presented as a function
of V = q10X + q20Y + q30T and z for different fre-
quency chirp parameters and the same gain coefficient
γ = 0.003. From Fig. 4, we can see that in spite of θ =
sin2(0.2z)2 or θ = [exp(0.0001z) + exp(−0.1z)]−0.5,
the plots present a periodic property in the direction
of the normalized temporal coordinate V . In the di-
rection of space variable z, the amplitude in Fig. 4(a)
increases periodically and that in Fig. 4(b) firstly in-
creases rapidly to a maximum, then decays to the
background slowly.

Fig. 4. Evolution plots of intensity U = |u2|2, presented

each as a function of V = q10X+q20Y +q30T and z. Input

parameters are Ac = 4, As = 1, q10 = 0.2, q20 = 0.3, q30 =

0.4, g10 = g20 = 0, γ = 0.003. In panel (a), θ = sin2(0.2z)

and in panel (b), θ = [exp(0.0001z) + exp(−0.1z)]−0.5.

Thus from Fig. 4, we can see that when γ is taken
to be the same small positive parameter, besides the
periodic property in the direction of V , the amplitudes
of u2 present different evolution patterns under differ-
ent θ values along the optical fibre. At the same time,
when γ is taken to be a small negative parameter, the
evolution of u2 also demonstrates periodic properties
in the direction of V regardless of the amplitude of u2

increasing or decreasing. Therefore, the solution with
similar u2 is usually considered as a modulation insta-
bility process in the inhomogeneous fibre medium.[3,19]

In application, the modulation instability can be used
to produce a train of optical solitons similar to the soli-
tons in Fig. 4 obtained by the numerical simulation.
It may be useful for producing a train of compressible
optical solitons.
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3.2.Dynamics of a dark soliton in

(3+1)D NLSE

In the following, we investigate the dynamics of
dark soliton (8). From Eq. (8), we can obtain the
intensity of the background as

|u3c|2 = (a2
1 + α2)c2

0exp
(∫ z

0

2γdz

)
θ3. (14)

According to Eq. (13), the intensity of the background
is determined mainly by functions γ and θ. Fig-
ures 4(a) and 4(b) show the evolution of the ampli-
tude profile of solution (8), presented as a function
of V = p10X + p20Y + p30T and z for different fre-
quency chirp parameters and the same gain coeffi-
cient. As shown in Fig. 5(a), solution (10) represents a
dark pulse that propagates along the inhomogeneous
fibre with the gain and frequency chirp θ = sin2(0.4z).
The main characteristic of the propagation is the peak
changing property of the field amplitude, i.e., the pulse
has a increase in peak value, a broadening in width
and an increase in peak spacing. From Fig. 5(b), we
can see that first the amplitude of dark soliton u3

increases rapidly to a maximum, then decays to the
background very slowly. When the amplitude of the
dard soliton decreases, the soliton broadens.

Fig. 5. Evolution plots of intensity U = |u3|2, presented

each as a function of V = p10X +p20Y +p30T and z. The

parameters in panels (a) and (b) are the same as those in

Figs. 1(a) and 2(a), respectively.

4. Conclusion and discussion

In this paper, we present three families of soliton
solutions to the generalized (3+1)-dimensional nonlin-
ear Schrödinger equation with the diffraction or the
dispersion, the nonlinearity and the gain/loss coeffi-
cients. We investigate the dynamics of these solitons
in nonlinear optics with some selected parameters and
discuss the influence of the frequency chirping param-
eter and the gain/loss parameter in detail. From the
analysis and the plots, we can see that the bright and
the dark solitons undergo decreasing or increasing de-
pending on the signs of the gain/loss parameters. Par-
ticularly, a family of bright solitons can be used to
describe the modulation instability in the inhomoge-
neous fibre medium and produce a train of compress-
ible optical solitons. The obtained results can also
be applied to other physical fields, such as the Bose–
Einstein condensate and plasma physics, and open up
opportunities for further study on the related experi-
ments.
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