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An exact self-similar solution to a (3+1)-dimensional nonlinear Schrödinger equation with gain in the Bessel–

Hermite lattice is obtained analytically. The stability of the analytical solution is confirmed by using numerical simu-

lation. It is shown that the light bullet has a stable ellipsoid or vortex profile and a linear spatiotemporal chirp.
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1. Introduction

Optical spatiotemporal solitons (also known
as light bullets), which were first proposed by
Silberberg,[1] have attracted a lot of attention.[2−4]

There are a set of important theoretical and exper-
imental investigations on spatiotemporal solitons in
self-focusing and defocusing nonlinear media.[5] In
general, the existence of the light bullets (LBs) re-
sults from the simultaneous balance of the medium
nonlinearity against the diffraction and dispersion. In
this regard, the nonlinear self-similar propagation is
a behaviour without collapse at high power.[6−8] The
self-similar behaviour is related to a featuring beam
or a pulse profile that holds the same shape during
the propagation (evolution). Up to now, a few self-
similar nonlinear waves have been studied in nonlin-
ear optics.[7−8] Correlative researches have been re-
ported in higher dimensions, including the self-similar
beam collapse,[9,10] the two-dimensional (2D) beam
propagation,[11] and the self-similar soliton solutions
in graded index media.[12]

It is known that multi-dimensional solitons in
Kerr-type focusing media are unstable against col-
lapse, hence the search for suitable media for the
creation of stable three-dimensional (3D) LBs re-
mains an interesting topic.[13] The same problem en-
cumbers the creation of multi-dimensional solitons
in self-attractive Bose–Einstein condensates. Various
schemes to stabilize solitons in cubic media have been

proposed.[14,15] Stable ring shape solitons in cylin-
drical lattices are also discussed in media with the
saturable nonlinearity of the photo-refractive type.[16]

The spatial modulation of the refractive index pro-
foundly affects the soliton properties.[17−19] In photo-
refractive materials,[20] optical lattices with tunable
refractive-index modulation depth and period can be
induced optically. As mentioned above, many efforts
have been devoted to the investigation of solitons sup-
ported by lattices with a honeycomb symmetry.[20,21]

In contrast to the extended shape of the honeycomb
lattices, the Bessel lattice provides a new kind of lo-
calized refractive-index modulation. The Bessel lat-
tice has a good prospect for waveguide because of the
following two aspects. Firstly, as eigenmode solutions
of the linear Schrödinger equation, the Bessel beams
can propagate in the free space without diffraction
and the Bessel lattice can be induced by the non-
diffracting Bessel beams created in experiments with
a conical prism (axicon)[22] or a computer-generated
hologram.[23] Secondly, differing from the square pe-
riodic lattice, the Bessel lattice is bound lattice with
energy centralized in the internal layers. So the Bessel
lattice becomes an important concentric optical pho-
tonic lattice supporting lattice solitons and has at-
tracted much attention.[24−27] It is possible to produce
the Bessel lattice with a radial shape.[24,28] Such a lat-
tice is especially interesting because of the suppressed
diffraction of the lattice-inducing field, which is sim-
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ilar to that in the case of the harmonic lattice.[29] In
2005, Mihalache et al.[28] constructed families of 3D
spatiotemporal solitons supported by the zeroth or-
der Bessel optical lattices, which is the first example
of a 3D soliton stabilized by an axially symmetric lat-
tice. To the best of our knowledge, it has not yet been
reported that 3D self-similar spatiotemporal solitons
can be stabilized by the higher-order Bessel–Hermite
(BH) lattices.

The system under our consideration is described
by a (3+1)-D nonlinear Schrödinger equation (NLSE)
with gain in the BH lattice. Exact self-similar spa-
tiotemporal soliton clusters are obtained. We show
that these solitons with various modes can be classed
with the LB family. The present BH lattice is im-
printed in a de-focusing cubic nonlinear medium, and
the lattice is both time- and space-dependent.

The rest of the present paper is organized as fol-
lows. After the proposal of the (3+1)-D NLSE with
gain in an external lattice potential, the exact self-
similar solution is deduced analytically in Section 2.
The numeric simulation and the discussion are pre-
sented in Section 3. Finally, the concluding remarks
and conclusion are given in Section 4.

2. Model and exact self-similar

solution

The (3+1)-D NLSE with gain in an optical lattice
potential can be expressed as[3,30]

iψz = − 1
2k

∇2
⊥ψ +

β2

2
ψττ − kn2

n0
|ψ|2 ψ

+M (z, x, y, τ) ψ + i
g (z)

2
ψ, (1)

where ψ(z, x, y, τ) is the spatiotemporal field envelope
propagating along z, τ is the comoving time, ∇⊥ is the
transverse Laplacian acting on (x, y), β2 is the group-
velocity dispersion, kn2/n0 accounts for the Kerr non-
linearity, g(z) is the distributed gain, k = (2π/λ)n0

is the wave number in the medium, n0 and n2 are
the linear and the nonlinear refractive indices, respec-
tively, and M(z, x, y, τ) is the optical lattice poten-
tial, which is both time- and space-dependent. We
assume that the refractive index modulation is in-
duced by the multiple incoherent nonzero-order BH
beams. In this case, M(z, x, y, τ) measures the lo-
cal modulation of the refractive index for the probe
signal, which is induced by the pump beam through
the cross-phase modulation.[31] Hence here this choice

of the optical lattice potential implies the interference
between the BH beam and a stronger plane wave. The
pump beam is assumed to propagate in a nearly linear
regime, which actually implies the strong saturation of
the pump beam in the medium with a saturable non-
linearity.

We consider the defocusing nonlinearity (n2 < 0)
and the anomalous dispersion (β2 < 0), a combination
of which is accessible in novel (e.g., quadratic) non-
linear materials.[29] With the introduction of normal-
ized variables Z = z/L, X = x/w0, Y = y/w0, T =
τ/(L |β2|)1/2, G(z) = gL, and Ψ = (k |n2|L/n0)

1/2
ψ,

the resultant normalized propagation equation is

iΨZ = −1
2
∇2Ψ + |Ψ |2 Ψ + K(Z,X, Y, T ) Ψ

+ i
G (Z)

2
Ψ, (2)

where

∇2 =
∂2

∂X2
+

∂2

∂Y 2
+

∂2

∂T 2

is the spatiotemporal Laplacian, w0 is the characteris-
tic transverse width, L = kw2

0 is the diffraction length,
and K = LM is the optical lattice potential.

To find the self-similar solution of Eq. (2), we
first write the field in the cylindrical coordinates as
Ψ (Z,R, φ, T ) = A (Z,R, φ, T ) ei Φ(Z,R,T ), where R =√

X2 + Y 2 is the spatial radius, and ϕ is the az-
imuthal angle in transverse plane (X,Y ). The ampli-
tude A (Z,R, φ, T ) = E(Z)ϕ (φ) Π (T ) F (θ)/(−2Z)
and the phase Φ (Z,R, T ) = a (Z, T ) + c (Z, T ) R2 are
real functions. Here E (Z) = E0 exp

[∫ Z

0
G (Z ′) dZ ′

]
is the normalized energy variable, which relates to
the energy in real physical units through a multipli-
cation factor n0

√
L |β2|/k2 |n2|, θ (Z,R) = R/(−2Z)

is the self-similar variable, a (Z, T ) is the phase off-
set, and c (Z, T ) represents the wave front curvature.
Substituting Ψ(Z,R, φ, T ) into Eq. (2) and requiring
that the real and the imaginary parts of each term
be separately equal to zero, we obtain c (Z, T ) =
c0/(1 − 2c0Z) and

θ2 d2F (θ)
dθ2

+ θ
dF (θ)

dθ
+

[
2 (1 − 2Z)2

da

dZ
θ2

+
1

φ (ϕ)
d2φ (ϕ)

dϕ2
+

(1 − 2Z)2

Π

d2Π

dT 2
θ2

]
F (θ)

− 2
[
θ2 |F (θ) φ (ϕ) Π (T )|2 e

R Z
0 G(z′)dz′

−R2K (Z,R, ϕ, T )
]
F (θ) = 0. (3)
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According to the principle of separation of variables,
it can be further deduced that

1
ϕ (φ)

d2ϕ (φ)
dφ2

= −m2, (4)

1
Π (T )

d2Π (T )
d2T

− T 2 = −n, (5)

2 (1 − 2Z)2
da

dZ
+ (T 2 − n) (1 − 2Z)2 = λ2. (6)

The solutions for Eqs. (4), (5) and (6) are

ϕm(φ) =
1√

1 + q2
[cos (mφ) + i q sin (mφ)] , (7)

Πn (T ) = Nn e−
T2
2 Hn(T ), (8)

a (Z, T ) = a0 +
n − T 2

2
Z +

λ2

4 (1 − 2Z)
, (9)

where Hn (T ) = (−1)n eT 2
dn e−T 2

/dTn is the Her-
mite polynomial, Nn = (1/

√
π2nn!)1/2 is the nor-

malization constant, integers m (= 0,±1,±2, . . .) and
n (= 0,±1,±2, . . .) denote the quantum numbers of ϕ

and Π, respectively, λ is a constant that is to be deter-
mined, phase offset a0 and chirp parameter c0 are the
integration constants depending on the initial condi-
tions of the wave packet, real number q is the so-called
azimuthal modulation depth: q = 1 corresponds to an
azimuthally homogeneous solution and q = 0 means
the total modulation in the azimuthal direction. In-
serting Eqs. (4), (5), and (6) into Eq. (3), we have

θ2 d2F (θ)
dθ2

+ θ
dF (θ)

dθ
+

(
λ2θ2 − m2

)
F (θ)

− 2
[
θ2 |F (θ) φm (ϕ) Πn (T )|2

× e
R Z
0 G(Z′)dZ′

− R2K (Z,R, T )
]
F (θ) = 0. (10)

It is noted that the first three terms on the left-
hand side of Eq. (10) are all functions of θ, the
terms in the square bracket are functions of φ and
T , therefore optical lattice potential K (Z,R, T ) =
|F (θ)|2 Π2

n exp(
∫ Z

0
G (Z ′) dZ ′)/(1 − 2Z)2 can be ob-

tained. Hence we obtain the Bessel equation with a
variable parameter λ as

d2F (θ)
dθ2

+
1
θ

dF (θ)
dθ

+
(

λ2 − m2

θ2

)
F (θ) = 0. (11)

Obviously, equation (11) has the Bessel function solu-
tion F (θ) = d1Jm(λθ)+d2Ym(λθ), where Jm(λθ) and
Ym(λθ) are the Bessel functions of the first and the
second kind, respectively.

When R → 0, F (θ) should be finite, then d2 = 0
is necessary. The resulting solution to Eq. (11) is ex-
pressed as F (θ) = d1Jm(θ), where the Bessel polyno-
mial has the form of

Jm(θ) =
∞∑
0

(−1)k 1
k!Γ(l + k + 1)

(
θ

2

)l+2k

.

Considering boundary condition Ψ(R)|R=R0 = 0
and solving Jm(λθ) = 0, we readily obtain eigen-
value λ = λm

l = µm
l /R0 and normalization con-

stant d1 =
√

2/[R0Jm+1(µm
l )], where l (= 1, 2 . . .)

is the quantum number, and µm
l corresponds to

the l-th zero point of Jm(λθ). Hence, we can ob-
tain the optical lattice potential as K (Z,R, T ) =
|Jm (µm

l R/R0) Πn(T )|2 exp[
∫ Z

0
G(Z ′)dZ ′]/(1 − 2Z)2.

The final solution to Eq. (2) is given by

Ψ (Z,R, φ, T ) =
d1E0

1 − 2Z
Jm

(
µ

(m)
l

R0
R

)
· ϕm(φ)

×Πn(T ) · e
R Z
0 G(Z′)dZ′+i[a+cR2], (12)

where correlative functions ϕm, Πn, and a are given by
Eqs. (7)–(9), respectively, and the chirp parameter is
given by c (Z, T ) = c0/(1 − 2c0Z). The real envelope
of the LB clusters in Eq. (12) is determined by degree
(m,n) together with modulation depth q, lattice con-
stant R0, and energy E (Z) = E0 exp

[∫ Z

0
G (Z ′) dZ ′

]
.

3. Form of the 3D LB cluster

In what follows, we present specific results of
Eq. (12). The 3D Bessel–Hermite solution forms a
cluster of LBs having some common characteristics. In
Figs. 1 and 2, we present contour plots of spatiotempo-
ral field distributions |Ψmn|2 above a cutoff intensity
through choosing the initial conditions and the param-
eters. The typical values are as follows: a0 = c0 = 1,
G(Z) = G0 = R0 = 6, E0 = 2, and Z = 4.

Figure 1 displays the structures and the distribu-
tions of the LBs for different values of m and n in
the case of q = 0. It is shown that there are (n + 1)-
layer ellipsoid solitons along the propagation direction
(Z axis) and there are a set of different ellipsoid soli-
tons in each layer. The distributions change regularly
with the azimuthal angle. It is clearly seen that when
m 6= 0, the LBs are a set of different ellipsoid solitons.
However, when m is large enough, the ellipsoids form
a necklace soliton ring with different radii sharing the
same centre. The number of the ellipsoids in each ring
is 2m in the horizontal direction. We can see that the
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larger the parameter m, the larger the necklace radius.
Hence, we can see that the characteristics of the struc-
ture and the distribution of the LBs are determined
by spatiotemporal quantum numbers m and n.

Fig. 1. (colour online) Structures and distributions of LBs

for different values of m (= 1, 2, 3 from left to right) and n

(= 0, 1, 2 from the first row to the third row), with selected

parameters of q = 0, a0 = c0 = 1, G(Z) = G0 = R0 = 6,

E0 = 2, and Z = 4.

Figure 2 shows the structures and the distribu-
tions of the LBs for different values of m and n in the
case of q = 1. It is shown that the distribution of the
solitons has nothing to do with the azimuthal angle,
which is consistent with Eq. (12). When m 6= 0, the
intensity at the centre is zero. Moreover, it is found
that the soliton profiles are self-similar and the radius
of the wave packet becomes larger as m increases. The
LB solitons form a family of vortex solitons with dark
central intensities. As can also be seen from Fig. 2,
the vortex solitons are transversely compressed, and
the energy or the power of the wave packet becomes
more concentrated as quantum number n increases.
We summarize that in the limit of q = 1, the solitons
exhibit the vortex shape with a radial symmetry, and
the distribution of the LB solitons does not depend on
the azimuthal angle.

Fig. 2. (colour online) Structures and distributions of

LBs with q = 1 for different values of m (= 1, 2, 3 from

left to right) and n (= 0, 1, 2 from the first to the third

row). Other parameters are the same as those in Fig. 1.

In Figs. 3 and 4, the expected analytical proper-
ties based on Eq. (12) have been confirmed by using
the result obtained by the direct numerical integration
of Eq. (2). In Fig. 3, we use a 3D split-step Fourier
technique and consider the initial 3D field

|Ψ (0, R, φ, T )|2 =
∣∣∣∣E′

0J2

(
µ2

1

R0
R

)
ϕ2(φ) · Π0(T )

∣∣∣∣2
from Eq. (12) for different distances (Z = 2, 3, 6) in
the case of m = 2, q = n = 0, and l = 1. Here
we set normalized energy parameter E0 = 1.97 and
gain G0 = 6. The parameters correspond to those of
the input pulses of millimeter-scale diameter, micro-
joule energy and a gain of ∼ 8 dB over a diffraction
length.[32] In order to confirm the stability, we simu-
late the evolution of the input pulse or the input beam
with a white noise of variance δ = 0.05. It is shown
that the white noise does not change the self-similar
characteristic of the soliton solution. As expected, the
collapse is invisible. Our analytical solution (12) is in
excellent agreement with the numerical simulation.

Fig. 3. (colour online) Distribution comparisons of the

analytical solution with the numerical simulation for vari-

ous distances (Z = 2, 3, 6 from left to right). The top row

gives the analytical solution, the bottom row gives the nu-

merical simulation with a white noise of variance δ = 0.05.

Some parameters are n = q = 0 and m = 2. The other

parameters are the same as those in Fig. 1.

Moreover, figures 4(a) and 4(b) show the trans-
verse phase and the amplitude distribution of the LBs
at Z = 2. Here the chirp parameter is given by
c (Z, T ) = c0/(1 − 2c0Z), with Ωi = −∂Φ/∂Ri =
−2c0Ri/(1 − 2c0z) (Ri = X,Y ) denoting the chirps
along the two transverse axes. It is shown that the
quadratic phase structure in Fig. 4(a) and the vortex
torus shape in Fig. 4(b) are particularly apparent. We
stress that although the pulse expands in both spa-
tial and temporal dimensions, it nonetheless remains
spatiotemporally bound, representing a class of fan-
tastic light bullet. The spatiotemporal localization is
shown explicitly in the isosurface distributions given
in Figs. 1 and 2. Figures 4(c) and 4(d) show the simu-
lated chirp and the simulated intensity of the LBs with

114214-4



Chin. Phys. B Vol. 20, No. 11 (2011) 114214

m = 2 and n = 1 compared with the analytical pre-
dictions, respectively. It is noted that the chirp varies
linearly with Z. We have also performed numerical
simulations to demonstrate the stability of those lin-
early chirped pulses by adding a white noise δ = 0.05
and by evolving from an initial chirped spatiotemporal

soliton pulse of Eq. (12)

Ψ (0, R, φ, T ) = E0J2

(
µ2

1

R0
R

)
·ϕ2(φ)·Π1(T )· ei(a+cR2)

with m = 2 and n = l = 1. It is found that the chirped

pulse and the chirped intensity are rather stable and

propagate self-similarly.

Fig. 4. (colour online) Self-similar LBs with m = 2 and n = 1 at Z = 2. Panels (a) and (b) show transverse

phase Φ and amplitude distributions |Ψ |, respectively. Panels (c) and (d) show simulated chirp Ωi (i = X, Y )

and intensity |Ψ |2 (solid line) compared with the analytical predictions (dashed line). Other parameters are the

same as those in Fig. 1.

4. Conclusion

We find an analytical solution of self-similar waves
and Hermite–Bessel light bullets emerging in a three-
dimensional nonlinear medium. The theoretical anal-
ysis and the numerical simulation show that the LBs
are described by the Hermite and the Bessel functions
in cylindrical coordinates and each of them attains
a shape of the ellipsoid or the ring according to the
modulation depth of the spatiotemporal intensity dis-
tribution, forming a new family of LB. The unique
properties of those solitons are also discussed in de-
tail.
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