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Sideband entanglement in collective

resonance fluorescence∗

Zhang Xue-Hua(ÜÈu) and Hu Xiang-Ming(��²)†

School of Physical Science and Technology, Central China Normal University, Wuhan 430079, China

(Received 11 April 2011; revised manuscript received 11 May 2011)

We examine the quantum correlation between the Mollow sidebands in the collective resonance fluorescence from

a strongly driven ensemble of two-level atoms. By using the criterion proposed by Shchukin and Vogel, we show that

non-Gaussian entanglement exists between the two separated sidebands. The responsible mechanism is traced to the

spontaneous parametric process, in which the nonclassical correlation is established. This suggests that the collective

resonance fluorescence provides a continuous source for the non-Gaussian entangled light and thus has great potentials

for various applications in quantum information and quantum computation.
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1. Introduction

Recently much interest has been focused on
searching for entangled sources of light.[1−3] A great
deal of progress has been made in the creation
of continuous variable entanglement for the Gaus-
sian sources.[4−8] Among various mechanisms is the
four-wave mixing, by which optical fields are para-
metrically amplified and become entangled with
each other.[9−14] Most recently, it has become clear
that non-Gaussian sources (non-Gaussian states and
non-Gaussian operations) and their applications are
not only advantageous but also at times neces-
sary for quantum information tasks.[15] The non-
Gaussian states have non-Gaussian photon distribu-
tion. A diverse range of non-Gaussian states of
light have been successfully generated, including sub-
Poissonian states,[16] Fock states,[17,18] the superpo-
sition of Fock states,[19] single-photon subtracted or
added states,[20,21] and squeezed two-photon states.[22]

The non-Gaussian operations are required for the
entanglement distillation[23,24] and their use along
with the non-Gaussian states may improve quantum
teleportation[25,26] and quantum cloning.[27] In partic-
ular, non-Gaussianity is necessary for universal quan-
tum computation with continuous variables[28] and
the proof of quantum nonlocality through the viola-

tion of Bell’s inequality.[29] These advantages stimu-
late the experimental de-Gaussification of Gaussian
states.[30,31]

Resonance fluorescence has been one of the most
important subjects in quantum optics and laser
physics because of its pioneering role in exploring the
quantum nature of light[32,33] and its potential ap-
plications in various tasks.[30,31] The resonance fluo-
rescence has the non-Gaussian photon statistics with
respect to the photon number and is a typical non-
Gaussian source. The non-Gaussianity is reflected by
the non-zero odd-order fluctuation in the field ampli-
tudes. The third-order correlations have been stud-
ied with an emphasis on their contributions to the
intensity correlations.[34,35] Most recently, there has
been an increasing interest in their non-Gaussianity.
Gerber et al.[36] performed an experimental investiga-
tion of the amplitude-intensity correlation. Castro-
Beltrán[37] showed that for the resonance fluorescence
from two-level atoms, the third-order fluctuation is re-
sponsible for the non-Gaussianity of the fluorescence.
In particular, Shchukin and Vogel (SV)[38] proposed
a hierarchy of conditions to identify the inseparabil-
ity of all orders, but there has been no specific appli-
cation of such criteria to the resonance fluorescence
and other optical systems. Although Grünwald and
Vogel[39] predicted the entanglement of the fluores-
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cent radiation propagating in two different directions,
they used only the second-order criteria, which was
met by locating atoms regularly and fixing the phase
factors associated with different atoms. It is a big
challenge to regularly locate many atoms. As shown
recently, the second-order criteria are sufficient and
necessary for judging the entanglement of the Gaus-
sian states, and are sufficient but not necessary for
the non-Gaussian states. In other words, the entan-
glement of the non-Gaussian states can sometimes be
reflected by the second-order moments but sometimes
cannot. For the latter, a higher-order criterion is re-
quired as shown in Ref. [15], where such entanglement
is referred to as the genuine non-Gaussian entangle-
ment.

In this paper, we use a higher-order criterion to
show that the non-Gaussian entanglement exists be-
tween the Mollow sidebands of the collective reso-
nance fluorescence. The Mollow sidebands are new
spectral components in driven atomic and molecular
systems. In particular, for two-level atoms and at
high laser intensities, the fluorescence spectrum con-
sists of three well-separated components,[40,41] the in-
cident frequency ω0 and two sidebands as new com-
ponents at ω0 ± Ω̄, with Ω̄ being the generalized Rabi
frequency and much larger than their width γ. We
can use filters centred at any one of these components
and having a width ∆ω such that γ ¿ ∆ω ¿ Ω̄.
Aspect et al.[42] demonstrated the time correlations
between the two sidebands. The two-mode squeez-
ing of the sidebands was predicted.[43,44] An experi-
mental progress was made in the observation of the
squeezing in the resonance fluorescence for a sample
of many atoms.[45] When a sample of N excited atoms
is confined in a region of the order of a typical optical
wavelength, the fluorescence intensity is proportional
to N2.[46,47] Essentially, the sidebands are generated
via the spontaneous parametric interaction, via which
the nonclassical correlations are formed. The purpose
of the present paper is to show that the spontaneous
parametric process of collective atoms causes the non-
Gaussian entanglement.

2. Model and equation

Our analysis begins with the separation of the flu-
orescence sidebands for the strong excitation. A col-
lection of N two-level atoms are driven by an external
field. By |1〉 and |2〉 we denote the ground and the

excited states of the atoms, respectively. The Hamil-
tonian of the system in the interaction picture takes
the form H = H0 + H1, and

H0 =
~
2
∆J3 +

~
2
Ω(J12 + J21) +

∑
λ

~δλa†
λaλ,

H1 = i ~
∑

λ

gλ(a†
λJ12 − aλJ21), (1)

where Jij =
∑N

µ=1 |iµ〉〈jµ| (i, j = 1, 2) are the atomic
spin-flip (i 6= j) and the projection (i = j) operators
for the collective atoms, J3 = J22 − J11, aλ and a†

λ

are the radiation field annihilation and creation oper-
ators for mode λ, ~ is the reduced Planck constant,
∆ = ωa − ω0, δλ = ωλ − ω0, with ωa, ω0 and ωλ

being the atomic resonant, the applied field and the
radiation field frequencies, respectively, Ω is the Rabi
frequency and gλ is the atom–radiation coupling con-
stant.

It is convenient to express atomic operator Jij

in the Schwinger (boson) representation.[48] We write
Jij = b†i bj (i, j = 1, 2), where b†i and bj obey the
bosonic commutation relations and describe the cre-
ation and the annihilation of atoms in state |i〉 with
the additional constrain of b†1b1 + b†2b2 = N . The
atom–driving field part of Hamiltonian H0 can be di-
agonalized using the canonical transformation[49]

b1 = q1 cos φ + q2 sinφ,

b2 = −q1 sinφ + q2 cos φ, (2)

where tan(2φ) = Ω/∆. This gives the Hamiltonian in
terms of the dressed states

H0 =
1
2

~Ω̄R3 +
∑

λ

~δλa†
λaλ, (3)

where Rij = q†i qj (i, j = 1, 2) are the atomic spin-
flip (i 6= j) and the projection (i = j) operators for
the collective dressed atoms, R3 = R22 − R11 and
Ω̄ =

√
Ω2 + ∆2 is the generalized Rabi frequency. In

the dressed state representation, q†i and qi obey the
bosonic commutation relations and represent the cre-
ation and the annihilation of atoms in state |̃i〉, re-
spectively. We define the second interaction picture
as H̃1 = U†(t)H1U(t), where U(t) = exp(− iH0t/~).
The collective dressed atomic operators and the field
operators in this picture exhibit the following time de-
pendence:

R̃21(t) = R21 exp(i Ω̄t),

R̃12(t) = R12 exp(− i Ω̄t),

ãλ(t) = aλ exp(− i δλt),

ã†
λ(t) = a†

λ exp(i δλt). (4)
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In the following, we drop the tilde on the interaction
picture operators without confusion. In the second
interaction picture, the interaction Hamiltonian H̃1

takes the form

H̃1 = i ~
∑

λ

gλa†
λ[cos φ sinφR3 ei δλt

+ cos2 φR12 ei(δλ−Ω̄)t

− sin2 φR21 ei(δλ+Ω̄)t] + H.c., (5)

where H.c. denotes the Hermitian conjugate. Us-
ing the density of states of the vacuum, we de-
rive the master equation for density operator ρ in
terms of the dressed states and in the Born–Markov
approximation[46,47]

ρ̇ =
A0

2
(R3ρR3 − ρR2

3)

+
A1

2
(R12ρR21 − ρR21R12)

+
A2

2
(R21ρR12 − ρR12R21) + H.c., (6)

where A0 = γ(ω0) cos2 φ sin2 φ, A1 = γ(ω0+Ω̄) cos4 φ,
A2 = γ(ω0 − Ω̄) sin4 φ, and γ(ν) = ℘2ν3/3πε0~c3 is
the decay rate that depends on transition frequency
ν. The ℘ is the dipole moment of the atom, ε0 is the
dielectric constant, c is the speed of light in vacuum.
Since ω0 À Ω̄, we can take γ(ω0±Ω̄) = γ(ω0) = γ. In
deriving Eq. (6), we have used the secular approxima-
tion for the strong applied field with Ω̄ À Nγ. That
is, we have neglected the fast oscillating terms with
frequencies Ω̄ and 2Ω̄. Physically, it means that the
three Mollow spectral components are well separated
and that the overlap between them is negligible.

3. Quantum correlation

Now we show the quantum correlation between
the two sidebands. Recently, Shchukin and Vogel[38]

presented a hierarchy of necessary and sufficient con-
ditions by using the negativity of the partial trans-
position of the quantum state of a two-party system.
The criteria are constructed by arranging a matrix M

with elements

Mµν = 〈a†m1
1 an1

1 a†k1
1 al1

1 a†l2
2 ak2

2 a†m2
2 an2

2 〉, (7)

where exponents k = (k1, k2) and l = (l1, l2) cor-
respond to row index µ, while m = (m1,m2) and
n = (n1, n2) to column index ν according to a pre-
scribed ordering.[38] The SV criteria then indicate that
a quantum state has a positive partial transpose if and

only if all principal minors of M are non-negative.
The principal minors are the determinants of all sub-
matrices that are constructed by picking out the same
rows and columns from M , i.e., whenever a row j

is chosen, the corresponding column j is included as
well. To show the existence of the entanglement, it is
sufficient to prove that just one of the principal minors
of M is negative.

First, we examine the second-order correlations
for the present fluorescence sidebands. Up to the sec-
ond order, M takes the form

M2 =



1 〈a1〉 〈a†
1〉 〈a†

2〉 〈a2〉
〈a†

1〉 〈a†
1a1〉 〈a†2

1 〉 〈a†
1a

†
2〉 〈a†

1a2〉
〈a1〉 〈a2

1〉 〈a1a
†
1〉 〈a1a

†
2〉 〈a1a2〉

〈a2〉 〈a1a2〉 〈a†
1a2〉 〈a†

2a2〉 〈a2
2〉

〈a†
2〉 〈a1a

†
2〉 〈a†

1a
†
2〉 〈a†2

2 〉 〈a2a
†
2〉


. (8)

Several popular second-order separability
conditions[50,51] are based on the combination of
the determinants of minors of M2. As an exam-
ple, Simon’s criterion[51] simply takes the SV form
detM2 ≥ 0. A violation of the inequality indicates
the two-mode entanglement. However, for the present
case, we find that the determinants of all second-order
submatrices of M2 are non-negative. It can be seen
that the second-order criteria fail to identify the non-
Gaussian entanglement. Although the second-order
criteria are sometimes applicable to the non-Gaussian
states,[39,50,51] but they do not hold for the present
case. The genuine non-Gaussian entanglement should
be identified by using a higher-order criterion as shown
in Ref. [15].

Then we turn to the forth-order criteria. To the
forth order, two subdeterminants are chosen,[38]

D1 =

∣∣∣∣∣∣ 1 〈a1a2〉
〈a†

1a
†
2〉 〈a†

1a1a2a
†
2〉

∣∣∣∣∣∣ (9)

and D2 = D1(aj → a†
j , a

†
j → aj). When D1 < 0 or

D2 < 0, we have the bipartite non-Gaussian entangle-
ment.

The above criteria can be generalized to the flu-
orescence sidebands. It can be seen from the inter-
action Hamiltonian (Eq. (5)) that the higher and the
lower sidebands ω0± Ω̄ and the central component ω0

of the Mollow triplet are related to atomic operators
R12, R21 and R3, respectively. For the present case,
instead of the annihilation operators, we introduce the
photon detection operators[52,53]

d1 = g1 cos2 φR12, d2 = −g2 sin2 φR21, (10)
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which correspond to the detection of radiation from
the higher and the lower sidebands, respectively. Here
we have assumed that g1,2 = g±Ω . When we substi-
tute photon detection operators d1,2 for a1,2 and d†1,2

for a†
1,2 in the above forth-order criteria, we need to

treat the dressed atomic operators R12, R21 and R3.
It is convenient to use the dressed state ket vector
|n〉 = |N − n, n〉 to denote a symmetrized N -atom
state, in which N − n atoms are in the lower dressed
state |1̃〉 and n atoms are excited to the upper dressed
state |2̃〉. According to the harmonic oscillator prop-
erty of the Schwinger bosons,[48] we have

R12|n〉 =
√

n(N − n + 1)|n − 1〉,
R21|n〉 =

√
(n + 1)(N − n)|n + 1〉,

R3|n〉 = (2n − N)|n〉. (11)

By using these rules and Eq. (6), we derive the equa-
tion for the diagonal elements of the density operator,
Pn = 〈n|ρ|n〉, as

Ṗn = n(N − n + 1)(A2Pn−1 − A1Pn)

− (n + 1)(N − n)(A2Pn − A1Pn+1). (12)

In the steady state, the off-diagonal elements of the
density matrix vanish (ρ̇ = 0) and the diagonal ele-
ments are calculated according to the detailed balance
in Eq. (12) as

Pn = P0ξ
n, (13)

where ξ = A2/A1 is the ratio of the rate of population
transfer between the dressed states and P0 = ξ−1

ξN+1−1

is the normalization factor. Using atomic distribution
function Pn, we derive the k-order moment as

〈nk〉 = P0

N∑
n=0

ξnnk = P0

(
ξ

∂

∂ξ

)k

P−1
0 . (14)

In Fig. 1 we plot the two minors D1 (solid lines)
and D2 (dotted lines) versus the normalized detuning
∆/Ω for small numbers of atoms: (a) N = 1, 2, (b)
N = 3, 4, 5, (c) N = 10, 15, 20. For N = 1, 2, the
minors are always positive. For N ≥ 3, we have neg-
ative values for D1 and D2 when the driving field is
tuned off resonance with the atomic transition. For
N À 1, we can obtain conditions for negative value of
the determinant. Approximately, we have the simple
expression

D1 ≈ −3g4N3 sin4(2φ)
8(ξ − 1)

, (15)

together with D2 = D1(ξ → ξ−1), where we have
assumed g12 = g. Equation (15) indicates the entan-
glement for both ∆ < 0 and ∆ > 0. In this case, the
entanglement exists between the sidebands so long as
the driving field is off resonance with the atomic tran-
sition (∆ 6= 0, i.e., tan4 φ 6= 1).

Fig. 1. Four-order minors D1 (solid lines) and D2 (dot-

ted lines) versus the normalized detuning ∆/Ω for (a)

N = 1, 2, (b) N = 3, 4, 5, and (c) N = 10, 15, 20.

It is seen from Eq. (7) that atomic spin-flip
operator R12 (R21) corresponds to the absorption
of the higher (lower) sideband photons and the
creation of the lower (higher) sideband photons.
The two sidebands have a spontaneous parametric
interaction.[54] This has also been shown by the Hamil-
tonian (Eq. (5)). The spontaneous parametric pro-
cess is the intrinsic mechanism for the non-Gaussian
entanglement.[30,31] The sideband entanglement oc-
curs when

|〈d1d2〉|2 > 〈d†1d1d2d
†
2〉, (16)

or

|〈d1d2〉|2 > 〈d1d
†
1d

†
2d2〉. (17)

These conditions are remarkably different from those
for the four-wave mixing, where the sidebands are in
the stimulated amplification, two Gaussian fields a1
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and a2 are formed, and the entanglement happens
when[9−14]

|〈a1a2〉|2 > 〈a†
1a1〉〈a†

2a2〉. (18)

The right-hand side of inequality (18) is the product
of the sideband intensities instead of the intensity cor-
relations as in inequalities (16) and (17). The sponta-
neous parametric process occurs for different dressed
state population case and disappears for the equal
case (tan φ = 1). Since the collective resonance fluo-
rescence provides an efficient non-Gaussian entangled
source of light, it is no longer necessary to transform
the entangled Gaussian light into the non-Gaussian
source in various applications in quantum communica-
tions and computations. The resonance fluorescence,
which acts as a typical source of entangled light, can
provide a more convenient alternative for future com-
plicated quantum networks.

4. Discussion and conclusion

The collective phase dephasing can be considered
as an independent effect, as shown in Ref. [47]. For the
present case, we assume that the dipolar interaction
between the atoms[55] is negligibly weak. The phase
damping can be described by introducing phenomeno-
logically the following term into the master equation

ρ̇ =
γp

2
(2J3ρJ3 − J2

3ρ − ρJ2
3 ), (19)

where γp is the phase damping rate. By transform-
ing to the dressed state representation, we rewrite
the master equation with new parameters A0(γp) =
γ cos2 φ sin2 φ + γp cos2(2φ), A1(γp) = γ cos4 φ +
γp sin2(2φ), and A2(γp) = γ sin4 φ + γp sin2(2φ). The
phase damping rate γp is contained in parameter
ξ = A2(γp)

A1(γp) . Note that we have ξ(γp 6= 0) < ξ(γp = 0)
for ∆ < 0 and ξ−1(γp 6= 0) < ξ−1(γp = 0) for ∆ > 0.
It is unexpected that the phase damping does not spoil
but enhances the quantum correlation. Essentially,
the phase damping in the bare atomic state picture
gives the population transfer in the dressed state pic-
ture. This is seen by noting that γp sin2(2φ) appears
in A1 and A2 simultaneously. In fact, a similar ef-
fect was once predicted by John and Quang,[47] who
showed that the atomic sub-Poissonian distribution
in a confined photonic system was improved due to
such phase damping. Finally, in order to avoid the
Doppler broadening in experiments, an ensemble of
sub-Doppler cooled atoms or ultracold atoms can be

employed. For such cold atoms, the Doppler broaden-
ing is substantially smaller than the natural linewidths
and the quantum correlations can be well preserved.

In conclusion, we have examined the sideband
quantum correlation between the two well-separated
sidebands in the collective resonance fluorescence from
strongly driven two-level atoms. It is shown that it is
possible to obtain the non-Gaussian entanglement via
the spontaneous parametric process when there are
more than three atoms in the ensemble. The collec-
tive resonance fluorescence is a continuous source for
non-Gaussian entangled light and has various applica-
tions in quantum information and computation.
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