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Two-dimensional (2D) electron momentum distributions and energy spectra of a hydrogen in an intense laser

field are calculated by solving the time-dependent Schrödinger equation combined with the window-operator technique.

Compared with the standard projection technique, the window-operator technique has the advantage that the continuum

states of atoms can be avoided in the calculation. We show that the 2D electron momentum distributions and the energy

spectra from those two techniques accord quite well with each other if an appropriate energy width is used in the window

operator.
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1. Introduction

In recent years, the two-dimensional (2D) electron
momentum distributions and the energy spectra of
atoms have been extensively investigated both exper-
imentally and theoretically.[1−12] More importantly,
based on the recently developed quantitative rescat-
tering (QRS) theory,[7−9] accurate electron–atom elas-
tic scattering cross sections can be directly retrieved
from the high-energy 2D momentum spectra of atoms
in the laser field.[7−9,13]

Theoretically, the 2D electron momentum distri-
butions and the energy spectra can be calculated with
the strong-field approximation (SFA).[9,14] The lim-
itation of the SFA is known. For the high-energy
above-threshold-ionization (HATI) spectra, the QRS
theory can give more accurate results than the SFA.[8]

To seriously compare the experimental results, more
elaborate calculations, such as the numerical solution
of the time-dependent Schrödinger equation (TDSE),
are needed.[15] The standard technique for calculating
the 2D electron momentum distributions and the en-
ergy spectra is that the final wavefunction is projected
onto the continuum eigenstates of the unperturbed

Hamiltonian, which will be called the projection tech-

nique (PT) in the following. Obtaining numerical so-

lutions for the TDSE is rather time-consuming, es-

pecially for the longer wavelength. To avoid the ex-

plicit calculations of the continuum eigenstates of the

atoms, an implicit window-operator technique (WOT)

was proposed.[16] In Ref. [16], the above-threshold-

ionization (ATI) spectra and the energy-resolved an-

gular distribution of a hydrogen were presented for a

fixed energy width γ with order of the window oper-

ator n = 2. Recently, Bauer[17] studied the effect of

width γ on the energy spectra using higher order of

the window operator n = 3. As far as we know, there

have not been any investigations of the 2D momentum

distribution for the hydrogen atom with the WOT. In

this paper, the validity of the window-operator tech-

nique is carefully examined by comparing the 2D mo-

mentum distributions and the energy spectra of the

hydrogen atom obtained from the WOT and from the

standard projection technique. Atomic units (a.u.)

are used throughout in the paper unless otherwise in-

dicated.
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2. Theoretical method

The details of the projection technique have been
given in Refs. [18] and [19]. Here, we briefly review the
window-operator technique.[16,17] Based on the single-
active-electron (SAE) approximation and in the veloc-
ity gauge, the TDSE of a hydrogen in the presence of
a linearly polarized laser field can be expressed as

i
∂Ψ(r, t)

∂t
= H(t)Ψ(r, t), (1)

where
H(t) =

1
2

[p̂ + A(t)]2 − 1
r
, (2)

with A(t) being the vector potential of the laser field
and p̂ the moment operator. The wavefunction Ψ(r, t)
of the hydrogen can be expanded as

Ψ(r, t) =
1
r

L−1∑
l=0

Rl0(r, t)Yl0(Ω), (3)

where R is the radial wavefunction, Y is the spherical
harmonic function, Ω is the solid angle, and L is the
maximum number of the partial waves. Equation (1)
can be solved by using the split-operator method with
the box of r ∈ [0, rmax].

In order to avoid the explicit calculation of the
continuum wavefunction, a window operator Wγ is de-
fined as

Wγ =
γ2n

(Ĥ0 − ε)2n + γ2n
, (4)

where ε is the energy, γ is the energy width, n is the
integer order of the window operator (n = 3 is used in
the present calculations), and Ĥ0 is the unperturbed
Hamiltonian of the hydrogen atom.

Once the final wavefunction Ψf = Ψ(r, t = tf) is
obtained, the energy component |Φγ(ε)〉 of Ψf within
the bin of width 2γ centred at ε can be calculated as

|Φγ(ε)〉 = Ŵγ(ε) |Ψf〉 . (5)

Within the energy bin of width 2γ centred around ε

and with order n, the probability Pγ (ε), with which
an electron is found in the final state, is given by

Pγ(ε) = 〈Ψf | Ŵ 2
γ (ε) |Ψf〉

= 〈Φγ(ε) |Φγ(ε)〉
=

∑
j

|〈Ψf | j〉|2fj(γ, n), (6)

where |j〉 and εj are the eigenvector and the eigen-
value of Ĥ0, respectively. The shape function takes
the form

fj(γ, n) =
[

γ2n

(εj − ε)2n + γ2n

]2

. (7)

The quantum distribution function Pγ(ε,Ω, r) in the
energy and position space is given by

Pγ(ε,Ω, r)

=
∑
ll′

Y∗
l′0(Ω)Yl0(Ω)R(Φγ)∗

l′ (r)R(Φγ)
l (r). (8)

Due to the cylindrical symmetry of the atom in
the case of the linearly polarized pulse, the 2D momen-
tum distribution of the hydrogen can be calculated as

∂2P

∂E∂θ
= Pγ (ε, θ)

=
∫

dϕ

∫
drPγ(ε,Ω, r) sin θ

=
∫

dϕ

∫
dr

∣∣∣∣∣∑
l

R
(Φγ)
l0 (r)Yl0 (Ω)

∣∣∣∣∣
2

sin θ, (9)

where E is the kinetic energy of the detached electron,
and θ is the angle between the polarization axis of the
laser field and the direction of the ejected photoelec-
tron. The energy spectra are given by

∂P

∂E
= Pγ (ε)

=
∫

dθPγ(ε, θ)

=
∑

l

∫
drR

(Φγ)∗

l0 (r) Rl0 (r) . (10)

3. Results and discussion

We solve the TDSE of the hydrogen in the veloc-
ity gauge with the QPROP packet,[20] and then the
window-operator technique is used to obtain the 2D
momentum distributions and the energy spectra. The
L = 45 and rmax = 6000 a.u. are used in our present
calculations. To quantitatively examine the window-
operator technique, the 2D momentum distributions
and the energy spectra are also calculated by solving
the TDSE of the hydrogen in the length gauge to-
gether with the projection technique,[8,9,18] in which
L = 120 and rmax = 1000 a.u. are used.

For a linearly polarized laser pulse (along the z

axis), the electric field is taking the form

E(t) = ẑE0 cos2
(

πt

τ

)
cos(ωt + φ) (11)

for the time interval (−τ/2, τ/2) and is zero elsewhere.
Here ω is the carrier frequency, carrier-envelope phase
(CEP) φ is set as 0 rad, and the pulse duration is
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τ = 5T , with T being the optical cycle of the laser
pulse.

The 2D momentum distributions and the energy
spectra obtained from the WOT are normalized to
those from the PT in this paper. Figure 1 shows the
electron energy spectra of the hydrogen with a laser
intensity of 1 × 1014 W/cm2 and a laser wavelength
of 800 nm. The corresponding Keldysh parameter[21]

is η = 1.07. The energy spectrum from the WOT is
normalized to that from the PT near the cut-off. The
normalization factor is 60. In Fig. 1, we can clearly
see that the energy spectra from these two methods
accord quite well with each other.

The 2D electron momentum distributions of the
hydrogen are shown in Fig. 2. Again, the results from
the WOT are normalized to those from the PT with
the factor 60. In Fig. 2, the horizontal axis is along the
laser polarization direction, and the vertical axis is any
direction perpendicular to it. In Figs. 2(a) and 2(c),
the consistence between these two methods is also
good. The ubiquitous fanlike structures are observed
in the low-energy 2D momentum spectra, which have
been well explained in Ref. [22]. As the electron yield
decreases very rapidly with the energy increasing (see
Fig. 1), to make the high-energy part readily visible,
the 2D momentum distributions in each frame have
been renormalized so that the total ionization yield

at each electron energy is the same. The high-energy
2D momentum spectra from these two methods also
stay essentially the same, as shown in Figs. 2(b) and
2(d). In the high-energy region, there are two out-
most half circular rings called the back rescattered
ridges (BRR),[23] which represent electrons that have
been rescattered into the backward directions by the
parent ion, one on the left and the other on the right
(see Figs. 2(b) and 2(d)).

Fig. 1. (colour online) Electron energy spectra of atomic

hydrogen in a five-cycle laser pulse with a wavelength of

800 nm and a peak intensity of 1 × 1014 W/cm2. The

γ = 0.01 is used in the WOT.

Fig. 2. (colour online) The 2D electron momentum distributions of hydrogen atom. Panels (a) and (b) show the

results calculated using the PT, panels (c) and (d) show the results obtained from the WOT with γ = 0.01. Note

that panels (b) and (d) show the renormalized results. The laser parameters are the same as those in Fig. 1.

To quantitatively compare the high-energy 2D

momentum distribution from the WOT with that from

the PT, we extract from Figs. 2(b) and 2(d) the elec-

tron yields along the right BRR with radius pr = 1.19

centred at Ar = 0.92 and compare them with the e–H

elastic differential scattering cross sections. For the

hydrogen, the elastic differential cross section (DCS)

can be given by the Rutherford formula. In Fig. 3, we
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focus on scattering angle θr > 100◦ only. We can see
that the electron yields along the BRR from these two
methods are very close to the elastic DCS (normal-
ized), which indicates that the elastic DCS of the elec-
trons can be directly extracted from the high-energy
2D momentum distribution.

To further examine the validity of the window-
operator technique, we show the 2D momentum spec-
tra of the hydrogen atom at wavelengths of 400 nm,
600 nm, and 1000 nm in Fig. 4. To fix the Keldysh
parameter at 1.07, the corresponding laser intensi-
ties of 4 × 1014 W/cm2, 1.78 × 1014 W/cm2, and
6.4 × 1013 W/cm2 are used, respectively. For these
three different wavelengths, the same factor 60 is used
to normalize the results of the WOT to those from
the PT. To compare the high-energy part, the renor-
malized 2D momentum distributions are also shown
in Fig. 5. The good agreement of the 2D momentum
spectra between these two methods indicates that the

WOT works well for these wavelengths (see Figs. 4
and 5).

Fig. 3. (colour online). Angular distributions of photo-

electrons along the BRR compared with the elastic differ-

ential cross section for the H target ion. The BRRs are

taken to be the outmost half circles on the right side of

Figs. 2(b) and 2(d) respectively.

Fig. 4. (colour online) The 2D momentum distributions of atomic hydrogen with wavelengths of 400 nm, 600 nm,

and 1000 nm (from top to bottom). Panels (a), (b), and (c) show the results calculated by the PT; panels (d), (e),

and (f) exhibit the results obtained from the WOT (γ = 0.01).

We mention that energy width γ = 0.01 is used in
the above WOT calculations. Since quantum distri-
bution function Pγ(ε,Ω, r) depends on energy width
γ, it is essential to study the effect of energy width γ

on the 2D electron momentum distributions and the
energy spectra. Figure 6 shows the electron energy
spectra of the hydrogen obtained from the WOT with
three different γ values: 0.002, 0.01 and 0.04. The

energy spectrum from the PT is also given for com-
parison. Note that the energy spectra obtained from
the WOT are normalized to that from the PT near
the cut-off with the normalization factors of 300, 60,
and 15 for γ values of 0.002, 0.01, and 0.04, respec-
tively. In Fig. 6, we can clearly see that the agreement
between the energy spectra obtained from these two
methods becomes better as γ decreases, which is due

113201-4



Chin. Phys. B Vol. 20, No. 11 (2011) 113201

Fig. 5. (colour online) Renormalized 2D momentum distributions of atomic hydrogen. Laser parameters are the same as those

in Fig. 4. Panels (a), (b) and (c) show the results from the PT; panels (d), (e) and (f) show the results from the WOT.

Fig. 6. (colour online) Comparisons between electron energy spectra obtained from the PT and the WOT with

three different γ values. The laser parameters are the same as those in Fig. 1.

to the different energy resolutions and is in consis-
tence with the prediction in Ref. [17]. Thus energy
width γ is a crucial adjustable parameter to obtain
the highly accurate results in the WOT calculation. In
Fig. 7, we compare the 2D electron momentum distri-
butions of the hydrogen calculated by these two meth-
ods. The electron momentum distributions obtained
from the WOT with γ values of 0.002 and 0.01 are in
good agreement with those from the PT, while a large
discrepancy can be seen in the low-energy region in
the comparison of the results obtained from the WOT
with a larger γ value (0.04) and from the PT. Figure
8 shows the renormalized 2D electron momentum dis-
tributions of the hydrogen. By comparison with the

standard PT result, we find a small discrepancy along
the BRR for the γ value of 0.002. Thus, based on
the calculation of the TDSE with the WOT, we find
that at a larger energy width (γ = 0.04), the poor
energy resolutions are obtained in the energy spectra
(Fig. 6) and the 2D electron momentum distributions
(Figs. 7 and 8). In the case of γ = 0.002, the low-
energy electron momentum spectra accord well with
those obtained from the PT (Figs. 7(a) and 7(c)),
while small differences do exist in the high-energy re-
gion (Figs. 8(a) and 8(c)). In addition, our calcula-
tions show that by using the optimized energy width
(γ = 0.01), a quite good agreement between these two
methods can be achieved.
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Fig. 7. (colour online) Comparisons between the 2D momentum distributions of hydrogen atom obtained from the

PT (a), and the WOT ((b)–(d)) with γ values of 0.01, 0.002 and 0.04, respectively. The laser parameters are the

same as those in Fig. 1.

Fig. 8. (colour online) Renormalized 2D momentum distributions of atomic hydrogen obtained from the PT (a)

and the WOT ((b)–(d)). Laser parameters are the same as those given in Fig. 7.

4. Conclusion

In this paper, by comparison with the standard
projection technique, we carefully establish the valid-
ity of the window-operator technique for the inves-
tigation of the energy spectra and the 2D electron
momentum distributions of the hydrogen atom in an
infrared laser field. We demonstrate that the con-
tinuum eigenstates of the unperturbed Hamiltonian
needed in the PT can be avoided in the calculation
with the WOT. This advantage can efficiently reduce
the computational time, especially for the case of a

longer wavelength. By using the optimized energy
width (γ = 0.01) in the WOT, the electron energy
spectra and the 2D electron momentum distributions
accord quite well with those from the PT. Hopefully,
the WOT can be extended to the study of the above-
threshold ionization of molecules in the futures.
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