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The basic partial differential equations relevant for convection-diffusion and convection-diffusion-wave phenomena

are presented and solved analytically by using the MAPLE symbolic computer algebra system. The possible general

nonlinear character of the constitutive equation of the convection-discussion process is replaced by a direct posteriori

stochastic refinement of its solution represented for Dirichlet-type boundary conditions. A thermodynamic analysis is

performed for connecting the relaxation time constants and Jacobi-determinants of deformations at transient transport

processes. Finally, a new procedure for general description of coupled transport processes on the basis of the formalism

originally developed for convection-free phenomena is presented by matrix analysis methods in the Fourier space.
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1. Introduction

As shown by the extended irreversible thermo-
dynamics (EIT),[” the classical transport equations
(i.e. Fick’s relation for diffusion, Fourier’s formula for
heat conduction and Newton’s one for viscous flow)
are not always able to give an adequate description
of the heat and mass transfer phenomena in many
systems. The main reason of it is that they are im-
plying infinitely large propagation velocities, which is
incompatible with the basic principles of physics. In
addition, investigation of the transfer processes called
anomalous diffusion phenomenal? nowadays plays a
role of increasing importance in many areas of the-
oretical investigation and mathematical modeling of
transport processes, and this concept is expected to
develop into genuine thermodynamic theory of trans-
port processes through porous media. However, even
within the frame of the classical irreversible thermody-
namics (CIT), it is still possible to obtain valuable new
results, particularly in detailed studies of the ther-
modynamic cross-effects and different formalisms re-
lated to the wave theories of thermodynamics.[!l In
the present work, we take into account the unsuitable
character of the formalisms based on the application of
separate parabolic type partial differential equations
(PDEs).
agation velocities is usually resolved by introducing

The problem of the infinitely large prop-
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the nonzero relaxation time constants=9 to ensure

presence of inertial phenomenalS

in transport pro-
cesses. The systems which are characterized by long
relaxation times are superconductors, low tempera-
ture heat and electric conductors, and particularly the
polymeric fluids.[!! Polymer solutions represent par-
ticularly important examples of systems, where non-
Fickian diffusion processes are taking place and among
them, coating of substrates via deposition and sub-
sequent drying of such solutions play a particularly
important role in the relevant engineering practice.
Serious experimental investigations of these systems!”
contributed to further understanding of the thermody-
namic cross-effects, particularly thermodiffusion. The
importance and further perspectives of the topic are
generally also illustrated via detailed studies of perco-
lation of the liquids through porous media by Onsager-
type equations, which allowed even some fundamen-
tally novel type applications of the corresponding tools
of the physical kinetics, t00.!8!

In general, investigation of convection processes
through porous media also represents a very wide and
dynamically developing research area from the same
point of view. In order to illustrate the complex
character of this field, we mention here some typi-
cal examples (without pretensions to completeness)
of convective drying of porous media,!®) convection
of multicomponent fluids through thermogravitational
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columns!'® and convection in colloidal suspensions. "]
We think it is particularly important in the present
study that some of the newest theoretical and mod-
eling results from the field of convective drying of
shrinking medial'?l are applications of convection-
The
examination of the concept of frame-indifference in

diffusion models in the case of binary liquids.

the case of viscoelastic media is also of interest for
decades,!! since it is acceptable only in the cases that
the inertial effects are not significant.!*3! Moreover, the
use of the effective solution method leads to multi-
ple travelling wave solution of the nonlinear PDEs['4
after its application to general type of convection-
diffusion equations'® resulted in understanding of dif-
ferent travelling wave types of transport processes in
porous media. Among them, the solitary wave type
solution is also allowed and it is one of the most in-
teresting ones. The same circle of convection-diffusion
problems has also been investigated by powerful meth-
ods of the Painlevé theory!*® developed for general
analysis of nonlinear ordinary differential equations
(ODEs) and nonlinear PDEs playing a role of increas-
ing importance in various branches of the contempo-
rary physics.['”]

The relevant forthcoming calculations will be
mainly performed according to the linear approxima-
tion of the CIT. In order to give as general description
of such problems as possible, description of deforma-
tion phenomena will also be incorporated into mathe-
matical formalism applied in this paper. A convenient
description of the transport problems characterized by
shrinkage can be given in Lagrangian representation.
This representation is applied even in numerical calcu-
lations, particularly in the so-called flow-line-diffusion
method.!'® To exploit its characteristics, we will also
summarize in this work the balance equations related
to the problem being investigated, on the basis of gen-
eral formalism of the EIT in a unified simple, but novel
manner.

2. Analytical solution and

stochastic refinement of the

convection-diffusion equation

Firstly, we present the solutions of the basic con-
vection, diffusion PDE related to the case of con-
stant flow velocity v and thermodynamically state-
independent conductivity coefficients. This equation
is written for the one-dimensional case, i.e., for the
concentration function u(x,t), where = denotes the

spatial coordinate, and ¢ is the time. For simultane-
ous convection and diffusion, we have

ou 0%u ou

—=D— —. 1

ot~ o2 oz L
Here, D is the diffusion coefficient.

The (1)-type PDE has been studied profoundly
many times in the literature.l'¥) We solve it directly
by use of the MAPLE-10 (MAPLE, 2005)[2° symbolic
computer algebra system, which has made it possi-
ble for novel types of solutions of some fundamental
convection problems, too.21:22] The solutions of the
space- and time-dependent parts are respectively

Fl(x) = K- e(_v+ ;;HKD)I

(v+Vv2+4K D)
- 2D z

+Ko- e , Fa(t) eKt,(2)

where K, K; and K, are integration constants.
The coefficient of constant value equating the time-
dependent exponential factor with Fj (¢) will be di-
rectly incorporated into K7 and K5. For the existence
of solutions with exponentially decaying character in
time, it must satisfy K < 0 if this constant is of real
value. We recall the explicit form of the earlier solu-
tions from Ref. [19], where the analytical solution of
the PDE (1) is derived by using the Laplace trans-
formation method. The author!'¥! investigated the
convection-diffusion phenomena in two-phase systems
and used the constitutive equations in the form of

n—1
J =vu — Dum@

or

ou

Ox ’ (3)

where m and n are adjustable dimensionless param-
eters. The nonlinear character of the diffusion terms
has also been taken into account. After specifying a
linear case with diffusion coefficients of identical val-
ues for both the constituents of the system being in-
vestigated and the initial and boundary conditions as
u(0,t) = up = const., t > 0 and u(x,0) = 0,2 > 0
(assuming v = 1 for the sake of simplicity), the final
explicit solution derived by Pascal was expressed by
the formula

1 as ()

emalyty ()}

where the dimensionless character of the independent
variables, those of the concentration functions and the
characteristic parameters of the system being investi-
gated were used. Some nonlinear cases (i.e. those
corresponding to m # 0, n # 1) have also been ex-

amined in detail in the same work at various initial
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We think it is most im-
portant from this study that the convexity charac-

and boundary conditions.

ter of curves of the concentration distribution func-
tions depends on the values of m and n, and we will
compare it with Eq. (2) in the case of Dirichlet-type
boundary conditions, which will be specialized below.
Therefore, the nonlinear character of the convection-
diffusion problem will be modeled in this paper via
subsequent stochastic refinement of the general solu-
tion of Eq. (1).

In the boundary condition analysis for the PDE
(1), we will assume again that the convection flow ve-
locity is of constant value. Then, the Dirichlet-type
boundary condition is assumed to be valid for a ver-
tical column of finite height with ¢y being the initial
value of the concentration on the top of a column,
which we considered as an outer constraint of constant

value. The solution (2) takes the particular form!?3!
_ 2vm4v3t
u(x,t) =ug-e” 40 . (5)

Despite of its simplicity, this solution form may rep-
resent a useful new expression for examining the
convection-diffusion processes, as it will be demon-
strated below. To include the role of porous mi-
crostructure of the matter into our modelling pro-
cedure, we use some basic results of the contempo-

v.124:25] Thig theory has success-

rary percolation theor
fully been applied in refined mathematical modelling
of drying processes, particularly in descriptions of in-
vasion percolation and percolation front widths in gen-
eral. It is also the merit of these modelling approaches
that they take into account the fractal character of the

[26-29] Degpite of

invasion percolation processes, too.
these advanced applications of the percolation theory
in solving the fundamental drying engineering prob-
lems, we will turn back to the basic results of the
problem of roaming on percolation clusters also known
as the labyrinthine ant problem. Namely, for mod-
elling percolation processes on nodes via Monte—Carlo

simulations, Mitescu et al.3Y applied the formulae

(B2 (1) ~ B, [1=Cs - e™7] L p>p,

(B2 (1) ~ D [1+Cc- e, p<pe,

C-~ = const., C. = const. (6)
for the mean-value of square of the time-dependent
displacement R(t) in the vicinity of the critical per-
colation probability pe, i.e., for the values Ap =
|[p—pe] < 1 of the actual percolation probability
p. Here, RZ_ is the limit value of (R? (t)) for p < pc.
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Fig. 1. (colour online) The concentration distribution
function at tcona = 1,2 of the critical index for (a)

Ap = 0.0010, (b) Ap = 0.0015 and (c) Ap = 0.050 of
the percolation probability differences (in relative units).

Later, Straley [2 derived the following scaling rela-
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tions relevant for the quantities in Eq. (6)

R, (p) o< Ap™ 747 7 (p) oc Ap™ 2 teena®5,
D (p) 0o (p) ox Apleond @ (p) oc Ap~ 2V~ teonatB (7)

Here, v denotes the critical exponent of the correla-
tion length, 3 is the common symbol of the critical
exponent of the order parameter at phase transitions
and 7 and 0 are characteristic times, whose state-
dependence is also obvious. Now, we use here a di-
rect method for refinements of the modelling results
obtained initially by linear approximation of the EIT,
since this stochastic refinement of the general macro-
scopic results has shown sensitivity of the latters with
respect to the actual percolative state of the capillary-

[33=37] Therefore, a

porous system being investigated.
posteriori randomization of (5) will be performed on
the basis of the value of the diffusion coefficient, ex-
plained by D (p) (Ap)t“"“d, where t.onq 1S a critical
index of specific conductivity with allowed values of
teond € [1,2:1,6].

To compare our modelling results represented by
these simple graphics, we recall here again the earlier
cited results from Ref. [19]. We assume that the ac-
tual percolative state of the system may influence the
shape of the concentration solution curves even more
than it has been demonstrated in Fig. 1. Namely,
in some earlier results of our study,!®*=3% after an-
alytic solution of a coupled system of parabolic- and
hyperbolic- type PDEs relevant for general description
of the simultaneous heat and mass transfer through
porous matter, it has been shown that different val-
ues of the percolation probability may cause even a
cross-over from a given convexity of the concentra-
tion distribution curve to the opposite one. In this
respect, Fig. 5. in Pascal’s articlel!” is of particu-
lar importance for us, because it clearly demonstrates
the influence of the nonlinearity parameter m on the
shape of the concentration distribution function (at a
given constant, the non-zero value of the convection
flow velocity v). This is in agreement with the solu-
tion curves presented in Fig. 1.

3. The balance equations and de-
formation phenomena in dissi-

pative continua

In general case, the link between the substantial

(Lagrange-) and local (Euler-) type balance equations

can be demonstrated by the following relation,3®!

which connects the relevant substantial and local
derivatives

0
pdz%—i—Vﬁav, (8)
calculated per unit mass with ¢ = dA/dM as a

specific extensive quantity calculated per unit mass.
For the general theory of the convection-free coupled
transport processes, i.e., for v = 0, the relation (8) in
which p denotes density is of basic importance. The
concise description of derivation of the relevant system
of coupled transport equations together with a novel
method of its solution by Fourier transformation tech-
nique will be presented in Section 6. Then, since the
source density function o, is equivalent in both La-
grangian and Eulerian representations, we may write

0
pd+V'Ja:Ja: gta+V'J£7 (9)
where J? is the local- and J, is the substantial
flux. The second one from them (i.e. the one con-
taining J?), together with the continuity equation
%—&—va:oleadsto
da

1 Oa
- . =—-V.-J,+ 2= 1
5 +v-Va pV Ja + p (10)

which we introduce in the present paper as a charac-
teristic hybrid representation, because the partial time
derivatives used usually at Euler type descriptions are
combined here with substantial fluxes .J, relevant for
the Lagrangian picture. Taking into account the de-
formations, we will have

Oa |J|def

da |J|df
—+4+v-Va=—-——""5V.J, + —= (11
ot Po Po ()

where py denotes the density of the continuum before
deformation and |J|,. is the Jacobi-determinant of
the actual deformation, whose explicit form may take
rather complicated form at solving of concrete, practi-
cal engineering problems. A detailed formalism from
this point of view is developed in Ref. [12]. The con-
nection between densities is in most general case given
in Ref. [38] by the relationship po = p|J |4 The de-
formation phenomena may be incorporated into gen-
eral formalism of the basic balance equations from the
beginning, as it will be demonstrated below. In ad-
dition, only the simplest dissipative systems without
chemical reactions will be examined here, i.e., 0, =0
will be assumed to be valid.

4. Application of the Maxwell—
Cattaneo—Vernotte theory

The modified constitutive equation which is used
in this study is the classical Cattaneo—Vernotte
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equation,?~? later generalized by Gyarmati to the
case of coupled transport processes t00.13 In the case
of simple heat conduction, this equation is

aoJ
= A\ VT = 7p— 12
J )\TV TT at, ( )

where the heat conduction coefficient Ay and relax-
ation time constant 7 are again both assumed to be of
constant values, although in the formalism of Ref. [39],
it is possible to explicitly take into account the even-
tual thermodynamic state-dependence of 7 via rela-

F
tionship 7 — 7;; = — > Lymyj, where F' denotes the
=1

number of thermodyn;mic degrees of freedom of the
system, L;; is the general element of the conductivity
matrix and the non-positive matrix m;; is the matrix
of generalized inductivities in the entropy picture and
coefficient of the kinetic part in the fully developed
form of the general non-equilibrium entropy function,
ie.,

F F
1
§ = Seq + Skin = E Flal+§ E mlle J] (13)
=1 1j=1

Here, in the equilibrium part of the entropy func-
tion, the quantities a and I'-s are again the extensive
and the intensive thermodynamic quantities which are
both a-type (i.e. invariant) variables from the point
of view of the time-reversal symmetry operation, !’
and Jj-s denote the (components of the) fluxes in
the same macroscopic dissipative continuum, i.e., they
are building up (-type variables which change their
sign to the opposite under the influence of the time-

[40

reversal symmetry operation. % An analogous equa-

tion is valid in the diffusion processes. Combina-
tion of these equations with the basic balance equa-
tions directly leads to coupled hyperbolic PDE sys-
Tllus-

trative applications are, for example, examination of

tem of the coupled heat and mass transfer.

the non-Fickian diffusion in binary mixtures at uni-
form temperature,*!) experimental investigation of
fast and high-intensity drying processes by pulsed

[42] refinements(*3! of the Luikov’s sys-

laser technique,
tem of equations by application of the EIT, nu-
merical solution of the convection-diffusion equations
based on Cattaneo’s law by use of the finite element
technique,!* and detailed elaboration of the hyper-
bolic theory for advection-diffusion problems, etc.[4%]
For purpose of general analysis in the forthcom-
ing section, we also recall that the secondary viscosity
coefficient ( is related to the relaxation time constant

T by

(=P (2, -, (14)

where w is the frequency of the periodic compression
and expansion of adiabatic character, cg is the sound
velocity corresponding to an equilibrium state of the
mixture and the velocity ¢y is related to the actual,
non-equilibrium value of concentration of one of the
mixture components. At derivation of Eq. (14) in the
well-known monograph of Ref. [46], the authors start
from the ODE % = —@, where by £ = £(t) an
actual value of a quantity characterizing the thermo-
dynamic state of the macroscopic dissipative contin-
uum is denoted (e.g., relative concentration), &y is its
equilibrium value, which in general case depends on
density and temperature, and 7 is the relaxation time
constant. At solving of this ODE, we do not spec-
ify the periodic density changes of adiabatic character
as it has been done in Ref. [46], but directly use its
general integral

E(t) =& +Cu- e, (15)

where C, is an integration constant. Despite of its
simplicity, the relation (12) will be of crucial impor-
tance in this paper.

5. Connection between deforma-
tions and relaxation time con-

stants

To set up this connection, we study a two-
component object, p = p; + p2 denotes the density
of the complete system, with p; and ps being the den-
sities of its constituents. The choice p1/p = ¢1 — ¢
and pa/p = ca — 1 — ¢ of relative concentrations
is suitablel®®39 to identify the specific quantity a in
Egs. (8)—(11). Then, we will have

p1vr = J1 + p1v, (16)

for the balance equation of the first component. The
relevant constitutive equation will be modified accord-
ing to the Maxwell-Cattaneo—Vernotte theory as

Ji=—-pDVec— J; + Tl% = —pDVe¢, (17)

where the relaxation time constant 7; is assumed to
be a constant. The balance equation for the first con-
stituent must also be applied as

5‘;)1 0
Hliv.Jgl= 1

at the local description of fluxes (local fluxes are again
indicated by zero upper indices), or as
Ip1

5 TV TV g =0, (19)
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if we use the hybrid representation introduced at
derivation of Eq. (11), where v is the macroscopic
velocity of the convection flow. In the forthcoming
calculations, we replace p; by pc and so the direct

combination of Egs. (17)—(19) results in

d(pc) 9 (po) 9
5 +7 BT +V. (pcv)—l—ﬁatV- (pcv)
= V[pDV], (20)

i.e., the possible thermodynamic state-dependence of
diffusion coeflicient will be taken into account here.
A well-known explicit expression for this concentra-
tion and temperature-dependence is the Arrhenius for-
mula, D = D (¢, T) < e~ 4»/¢. e=FPa/ET also applied
in modeling of drying processes of the aqueous poly-
mer solutions.47l Here, A, denotes a constant, Ej is
the activation energy, and R is the universal gas con-
stant. Therefore, in general case, the non-linear char-
acter of the actual transport process must be taken
into account. Using again the continuity equation
%—i—v-pvzo,weobtain

Lop) de o
P ) e TP o2

ov 0
+p71§ -Ve+ pﬁv&Vc
= V. [pDV(] (21)

from Eq. (20), and the relation % =% +v.Ve
has also been used. Finally, from Eq. (21) by direct
transformation to full Lagrangian frame of reference
(accompanied by v = 0), we have

( 71 8p> Oc &% 1

o) e T,

o) o Vi (pDVie), (22)

where the lower index “L” denotes the Lagrangian
representation. Considering the one-dimensional case
(the notation Vi, — 9/9¢ will be used, with ¢ being
the relevant new Lagrangian-type space-coordinate)
and taking into account the method for describing de-
formations by Jacobi-determinants |J|,.; also used in
Eq. (11), we obtain the the developed form of Eq. (22)

as
T dp\ Oc 0%
14+ L.20) . 2= ZC
(+p at> ot T o

826 80 8 D(CaT)
= D(c,T) = o o\ Uy )
(c,T) o2 + [ qer o¢ (9<< | et ) 29)

When writing PDE (23), the initial density po ap-
plied in derivation of Eq. (11) is assumed to be known
and be a constant quantity. Moreover, by Eq. (23),
we also represent here the correctly developed form

of Eq. (22), in contrast to the relevant derivation re-
sults published in our own earlier works,6:37 where
some mistakes remained in the expressions relevant
to the right-hand side of Eq. (23). In this way, the
limit situation emanates directly from the relation
(23), as 71 — 0 leads to the one-dimensional dif-
fusion equation with state-dependent diffusion coef-
ficient in Lagrangian representation. If 7 # 0, but
(1 + % . %) — 0, it will lead to the wave equa-
tion. In the second case, we directly obtain a sim-
ple one-dimensional wave equation, again with state-
dependent diffusion coefficient in Lagrangian repre-
sentation. It follows also from this wave-equation limit
that the density p has an exponentially decaying char-
acter in time, i.e.,

p(et)=r(c) e /™, (24)

where the still unknown function x(¢) may be de-
termined from the actual boundary conditions. The
form (24) for density function is not in contradic-
tion with the wave theory of thermodynamics de-
veloped for convection-free cases and predicting con-
stant density,[*”! because its exponential decrease ver-
sus time may be accompanied by increasing charac-
ter of the function k (c).

ment with the formula (15) (up to a constant), be-

Moreover, it is in agree-

cause by using the definition of the mass fractions

ck = pr/p, (1 <k <K) for a mixture consisting of

K components (i.e., p = i pr) and for K = 2, we
k=1

have £ (1) = Cy - e /™ s pp =cp-p o< k() - e/,

i.e., there is a full correspondence between Egs. (15)

and (24).

The authors of the monograph!! state that direct
combination of the generalized type constitutive equa-
tions (17) with balance equations leads to telegrapher
type equation Tg—ig + % = DV?c, provided that the
quantities 7, p and D are of constant values. They
use the evolution equations for the mass fractions in
the absence of chemical reactions at the beginning of
the Chapter 13.1 about extended thermodynamics of
diffusion. We think that our result (23) is more gen-
eral and contains the telegrapher equation in a limit
situation as well. Namely, by direct combination of
po = p|J|4es and the first term of the left-hand side
from Eq. (23), we obtain

T Op\ OJc
<1+p 8t> at

T1 0 Jdc
(-7 W) 5

i.e., in the case of large enough values of the Jacobi-
determinant |J|,,, which is also supposed not to
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change too quickly in time, we directly obtain a
telegrapher-type equation. In this case, the right-hand
side of Eq. (23) will remain unchanged, i.e., it repre-
sents the case of thermodynamically state-dependent
diffusion coefficients in the presence of deformations.

6. Development of the general

formalism by matrix analysis

In this section, a novel method for direct solu-
tions of PDEs in the case of the coupled transport
processes within frame of the formalism initially de-
veloped for description of convection-free cases!®? is
proposed. This method could also allow a more de-
tailed interpretation of the Curie-principle in connec-
tion with multiple eigenvalues of the characteristic
equations in the Fourier space. Namely, if we take
into account the possibility of existence of the fluxes
of different tensorial orders in a given macroscopic dis-
sipative continuum, whose mathematical formalism is
well-elaborated within frame of the classical linear ir-
reversible thermodynamics,®®4% we are in a position
to refine this formalism in a remarkable manner. Con-
cretely, from Eq. (8), in the case of convection-free
cases (v = 0), we obtain pa = %, which, together
with the continuity equation, results in po% = po% ,
where p — pg = const. Then, the differential equation
(DE) systems related to coupled transport processes
in dissipative systems and characterized by intensive
and specific extensive parameters are(3?)

dr 1 1. .

— — ko VI = —50, (,%O = —§0L0> ,
dt Po Po

da - 1 . 1 .

— —DyV?a=— Dy=——1Lys 26
dt 0 a poa-v ( 0 % 080)7 ( )

i.e., we arrange these parameters into column vectors,
as well as the different contributions of the general en-
tropy production into column vector o. In Eq. (26),
all the quantities supplemented by index zero denote
constant quantities, i.e., this system is a strictly linear
one, while the generalized variants of these equations
are

dr 1 1.
— —iV’I'= =50, (gz—ng(,),

da g pvja=Lo, (D = _pli§>, (27)
0

dt Po
with the postulated crucial property that, they are
valid for such general systems in which convective mo-
tions and various sources of energy, mass etc. are

[39]

also present. Therefore, we are in a position to

study a very general DE system at describing cou-
pled transport processes, but its inhomogeneous char-
acter must also be taken into account. Although it is
common in the literature on mathematics and mathe-
matical physics, by A we do not denote in this section
an operator acting in a given, abstract vector-space,
but a matrix already represented in it. The precise
meaning of A will be specialized below, after Fourier-
transformation of the S};stem (26). The dimension of
ij 86265(1]'
eralized stiffness moduli obeying Maxwell’s symmetry

the matrices (8) = s;;, which are the gen-
relations s;; = sj;, is determined by the number of
thermodynamic degrees of freedom (1 < i,5 < F).
V2 = A is the Laplace-operator, L is the conductivity
matrix. The basic idea is that in general case, for driv-
ing forces of tensorial character, the existence of multi-
ple eigenvalues will also be allowed. The isotropic sys-
tems are particularly well-studied from this point of
view and the relevant block-diagonal forms of the con-
ductivity matrices obtained by effective applications of
the irreducible tensor operators of symmetry groups of
the actual macroscopic dissipative continual®84% are
suitable for foundation of the calculation method we
intend to develop here. Firstly, it must be taken into
account that the system (26) is characterized by to-
tal time derivatives, but the spatial derivatives are of
partial character. Due to this fact, it is suitable to ap-
ply the Fourier-transformation procedure f(r,t) —

S{f(r,t)} = f(kt) = Rf;fﬁwﬁ)- e”ik7Td3r on

it,where i is the imaginary unit and k = |k| € R is
a real variable, and we will use the transformed col-
umn vectors

I'(r,t)— I (kt),a(rt)— akt),
o(r,t) — o (k,t). (28)

Secondly, by applying the well-known formula
for transformation of derived functions, i.e., by
S{V2f(r,t)} = —k2-f (k,t) , we obtain the following
ODE system:

dr (k,t) 5. = 1

— k*kol (k,t) = p—osoa (k,t),

dakt) e paht) = Lo ke, (29)
dt Po

The solutions of the systems from Eq. (29) will also be
presented for the case of multiple eigenvalues, of their
It can be obtained [48:49]

on the basis of detailed applications of Jordan-type

characteristic equations.

block-matrices.!®®! Namely, for the general inhomo-

geneous ODE system g (t) = A(t)y (t) + f (¢) ,with

vector-columns y (t) = (y1 () ...y (£) ..., yr ()"
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composed of functions to be determined, the initial
condition y(tg) = yo = const., and linearization
Al) — A =

block-diagonal form, whose components can be di-

const. Obviously, in our case A is of

rectly identified with negative values of the matrix-
coeflicients of the Fourier-transformed column-vectors
of intensive and extensive specific thermodynamic
quantities in the system (29). If the minimal equa-
tion of the matrix A has only single roots (s of them),

we have the solution of this system in the form of(48:49]

Z e)\ (t tU)L A)yo

Y (t:t0, Yo)

+Z/ M= (A) - f (7)dr, (30)

p= lto

where Lp(fl) is a Lagrangian-type interpolation
matrix-polynomial. If the minimal equation of A also
has multiple solutions, the solution of the relevant
ODE system will be of the form

'Yp_l
y (t:to) ZeA plt=to) Z (t —t0)" Hpu(A)yo
t
_i_Z/eAp(t T)
p= 1t0
Tp—1
x Z (t—7)"Hpy(A) - f(r)dr, (31)
v=0

where Hpv(/l) is the Hermitian-type interpolation-(or
Lagrange—Sylvester-type-) matrix-polynomial and =,
is the multiplicity of the root A,. Then, in order to
derive the complete, applicable solution functions, the
inverse Fourier-transformation procedure can be ap-
plied in Egs. (30) and (31).

In order to justify the above-proposed procedure,
we also describe here a method, which may illustrate
its general validity in solving the general problem of
convection-free coupled transport processes discussed
in this section. As is known, the potential terms of the
form x? /p! of an independent variable x appear explic-
itly in the formula of Hermitian polynomials according
to the formulae of Faa di Brunol®! (and discussed in
detail in Ref. [52]) as

n! (—1)kth

(20" 62)

k14+2ko=n

allowing connection between Hermitian polynomi-
als as special functions and Hermitian interpola-
tion polynomials, since the latter obey the following

relationship:[49

xP >\ [ ah ah~
—_— = Z {p!Hk(] (ZL’) + mHkl (x)

|
p: k=1
xp-’lk
o e @)
w=v%—-1 (m—-1<p);
@ =p (w—1=p). (33)

Therefore, the
(more precisely: sum of them) playing a crucial role

interpolation Hermite-polynomials

in the general solution (31) may be expressed as a
sum of the usual Hermite-polynomials. This connec-
tion between their sums may give us a general method
for solution of the systems (26). Namely, we may ex-
ploit the property of the Hermitian functions (defined
by ¥, () = =% /2. H, (x) with H,(z) being Hermite
polynomials of n-th order) with respect to the Fourier-
transformation, in the sense of the formula (in the case
of the unitary version of the Fourier transformation
procedure)

& { e T 2H, (x)} =(-1)"-

The Hermite-functions form an orthonormal basis,

e Ml2H, (k). (34)

which diagonalizes the Fourier transform operator
with eigenvalues (—i)".1°3 Its direct application on
the abstract vector-components in the solution (31)
will result in linear combination of the solutions of
(26) we are searching for.

7. Conclusions

Solution of the convection-diffusion PDEs is pre-
sented analytically in linear approximation for the
case of constant convection velocity flow by use of
the advanced symbolic calculation software package
MAPLE. This solution is refined stochastically via
some very basic scaling relationships of the contempo-
rary percolation theory. It is demonstrated that this
simple posteriori coupling of methods of the CIT and
percolation theory leads to a good qualitative agree-
ment with results emanating from the earlier nonlinear
convection-diffusion theory by Pascal.'®) Then, the
balance equations of the non-equilibrium thermody-
namics are studied in their most general form and it
is shown that deformation as well as the relaxation
phenomena can be incorporated into general formal-
ism from the beginning. Both Euler- and Lagrange-
representations are used for interconnecting deforma-
tion and relaxation processes in two-component sys-
tems in a simple, but novel manner. This generalized
and more formal new description is in agreement with
the earlier ones due to Landau and Lifshitz related to

110507-8
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the secondary viscosity problems. As a direct conse-

quence, the earlier derivation of the telegrapher-type

PDE in the case of binary mixtures is presented in

a more general form, in comparison with the earlier

direct derivation procedures of its.

Finally, a novel

method is proposed for applying the matrix polyno-

mials to general treatment of coupled transport pro-

cesses at absence, as well as in the presence of the

convection and dissipative source terms.
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