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This paper proposes new delay-dependent synchronization criteria for coupled Hopfield neural networks with

time-varying delays. By construction of a suitable Lyapunov—Krasovskii’s functional and use of Finsler’s lemma, novel

synchronization criteria for the networks are established in terms of linear matrix inequalities (LMIs) which can be easily

solved by various effective optimization algorithms. Two numerical examples are given to illustrate the effectiveness of

the proposed methods.
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1. Introduction

Hopfield
(HNNs)[M have received considerable attention due to

In recent years, neural networks
their extensive applications such as in combinatorial
optimization, signal processing, pattern recognition,
associate memory and knowledge acquisition. In the
applications of neural networks, natural time-delay ex-
ists because of finite speed of information processing.
It is well known that time-delay often causes undesir-
able dynamic behaviours such as oscillation and insta-
bility of the network. For this reason, the stability is-
sue for time-delay is a prerequisite to the applications
of HNNs. Therefore, various approaches to stability
criteria for HNNs with time-delay have been investi-
gated in Refs. [2] and [3] and references therein. In ad-
dition, the stability criteria for time-delay systems can
be classified into two categories: delay-dependent ones
and delay-independent ones. The former is generally
less conservative than the latter because the delay-
dependent stability criteria make use of the informa-
tion on the size of time delay.

In addition, the problem of synchronization of
an array of coupled neural networks (NNs) which is
one of the hot research fields of complex dynamical

DOI: 10.1088/1674-1056,/20,/11/110504

networks®~7 has been a challenging issue due to its
potential applications in secure communication, in-
formation science, biological systems and so on. Re-
cently, the networks are put into use in the problem
of synchronization for coupled NNs.8=14 In Ref. [§],
based on the Lyapunov functional method and decou-
pling techniques, the problem of delay-dependent and
-independent synchronization for a class of complex
dynamical networks in which each node is a time-
delayed Lur’e system was considered. Li et al.l®) pre-
sented two novel synchronization criteria for arrays of
coupled delayed NNs with both delayed coupling and
one single delayed one. In Ref. [10], the global ex-
ponential synchronization of coupled connected NNs
with both discrete and distributed delays is inves-
tigated under mild condition of activation functions
and inner coupling matrices. In Refs. [11] and [12],
the synchronization criteria are derived for a gen-
eral array model of coupled delayed NNs with hybrid
coupling. Moreover, synchronization conditions for
switched linearly coupled NNs with time-delay and
linearly stochastically coupled networks with time-
delay were proposed in Refs. [13] and [14], respectively.
However, to the best of the authors’ knowledge, delay-
dependent synchronization analysis of coupled HNNs
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with time-varying delays has not been investigated
yet.

Motivated by the above discussion, the problem
of new delay-dependent synchronization criteria for
coupled HNNs with time-varying delays is considered.
The coupled HNNs with time-varying delays are rep-
resented as a simple mathematical model by use of
Kronecker product technique. Then, by construction
of a suitable Lyapunov—Krasovskii’s (L-K) functional
and Finsler’s lemma used in Refs. [15]-[18], new syn-
chronization criteria by Definition 2.1 of Ref. [19] are
derived in terms of linear matrix inequalities (LMIs)
which can be solved efficiently by standard convex op-

[20] In order to utilize Finsler’s

timization algorithms.
lemma as a tool to obtain less conservative synchro-
nization criteria, it should be noted that a new zero
equality from the constructed mathematical model is
devised. Finally, two numerical examples are included

to show the effectiveness of the proposed method.

2. Problem statements

Notation R" is the n-dimensional Euclidean
space and R™*" denotes the set of m x n real matrix.
For symmetric matrices X and Y, X >Y (X >Y)
means that the matrix X —Y is positive definite (non-
negative). I,, € R"*™ and 0,, € R"*™ denote the n-
dimensional identity matrix and zero matrix, respec-
tively. 0,,xn € R™*™ denotes the m X n zero matrix.
E,, denotes the n x n matrix which all elements are
1. || - || refers to the Euclidean vector norm and the
induced matrix norm. diag{---} denotes the block di-
agonal matrix. * represents the elements below the
main diagonal of a symmetric matrix. For a given
matrix X € R™*™ such that rank(X) = r, we define
X1 e R("=7) as the right orthogonal complement
of X;ie, XX+ =o0. Xipey € R™™ means that
the elements of the matrix X)) includes the value
of h(t); e.g., Xiny) = X(ht)=ho-

Consider the following HNNs with time-varying
delays:

y(t) = —Ay(t) + Wg(y(t —h(t) +b, (1)
where y(t) = [y1(t),...,yn(t)]T € R™ is the neuron

state vector, n denotes the number of neurons in a neu-
,9n(-)]T € R™ denotes
the neuron activation function vector with g(0) = 0,
b= [by,....b,]T
time ¢, h(t) is a time-varying delays satisfying

ral network, g(-) = [g1(-),...

€ R™ means the external bias at

0 < h(t) < ha, h(t) < hp,

A = diag{ai,...,an} € R""(ar > 0,k =1,...,n)
is the self-feedback matrix, and W € R"™ "™ is the
delayed connection weight matrix.

In this paper, it is assumed that the activation
functions satisfy the following condition.

Assumption 1 The neurons activation func-
9 (),
bounded and globally Lipschiz; that is

l9x (1) — gr(&2)] <1
€1 — &2 -
&, €R, & # &,

tions, are assumed to be mnondecreasing,

k=1,...,n,

where [, are positive constants.
Remark 1 As mentioned in Ref. [12], Assump-
tion 1 is less conservative than

gr(&1) — gx(&2) <l &.6€R

§1— &2 -
k=1,...,n.

0<
&1 # &2,

Furthermore, Assumption 1 covers the restriction of
conventional activation functions such as the com-
monly used bipolar sigmoidal function gx(¢) = (1 —
e ) /(1+ e=¢)(\ > 0), unipolar sigmoidal function
gr(€) = 1/(1+ e=*¢) in the Hopfield neural networks
and g, (&) = (J€ + 1] — |£ — 1])/2 in the cellular neural
networks.

For simplicity, in stability analysis of the net-
unl”
is shifted to the origin by utilization of the transfor-

work (1), the equilibrium point y* = [y7],...

mation Z(-) = y(-) — y*, which leads the system (1)
to the following form:

B(t) = —A&() + WE@EIL—h@),  (2)

where Z(t) = [#1(t),...,7,(t)]T € R"™ is the state
vector of the transformed network. The function
O = LG Jal)]T with f,() = g+ 33) -
gq(yy) and f,(0) = 0 also satisfies Assumption 1.

In this paper, a model of coupled HNNs with
time-varying coupling delays are considered as

z;(t) = —AZ;(t) + WF(Z:(t — h(t)))
+ Zgijrij(t — h(t)),

i=1,2,...,N, (3)

where N is the number of couple nodes, Z;(t) =
[Zi1(1),...,Zin(t)]" € R™ is the state vector of the
ith node, I' € R™ " is the constant inner-coupling
matrix of nodes, which describe the individual cou-
pling between networks, G = [g;;]nxn is the out-
coupling matrix representing the coupling strength
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and the topological structure of the networks satisfy
the diffusive coupling connections

gij = gji > 0 (i # j),
N

> g i=12,...

J=1,i#j

9ii = — ,N).

Let us define =(t) = [Z1(t),...,Zn()]T and
F(@()) = [F@1()..... F(@n())]", then, with Kro-
necker product, the network (3) can be represented
as

i(t) = —(In @ A)x(t) + (In @ W) f(a(t - h(t))

+ (G @ I'x(t — h(t)). (4)

The aim of this paper is to investigate the delay-
dependent synchronization stability analysis of net-
work (4) with time-varying coupling delays. In order
to do this, the following definition and lemmas are
needed.

Definition 1'% The networks (3) are called to
be asymptotically synchronized if the following condi-
tion holds:

lim || 2;(t) — 2;(t) [[= 0,

t—o0

i,j=1,2,...,N.

Lemma 1'% Let U = [uj;]nxn, P € R™",
xT = [-Tl, .’,UQ,...,Q]‘n}T and yT = [y17 y27"'7yn}T-

If U = U" and each row sum of U is zero, then

' UePy=— Y uy(zi—z;)"Ply—y)
1<i<j<N
Lemma 2 (Finsler’s lemmal?') Let ¢ € R",

& = &' ¢ R and B € R"™" such that
rank(B) < n. The following statements are equiva-
lent:

(i) ¢"P¢ <0, VB¢ =0, ¢ #0,

(i) BX #B* <0,
(iii) 3X € R*™™ : ¢+ XB+ B"X" <0.

Lemma 3 For any constant matrix M = M >
0, the following inequality holds:

—h(t) /t IR ACLE LS

T

x(t) -M M x(t) 5)
z(t — h(t)) x —M| |zt—h@)|
Proof According to Jensen’s inequality in
Ref. [22], one obtains

(B —a) /: :bT(s)M:'B(s)ds

<- </::b(s)ds>TM (/;sic(s)ds) )

If we choose o =t and =t — h(t) in (6), inequality
(5) can be obtained.

Lemma 4/2%! Let ® denote the notation of Kro-
necker product. Then, the following properties of the
Kronecker product are easily established:

(i) (wA)® B=A® (aB),
(i) ( A+ B)C=AC+BgC,
(ii) (A® B)(C® D) = (AC) @ (BD).

3. Main results

In this section, new synchronization criteria for
network (4) will be proposed. For the sake of sim-
5) €
R°"*" are defined as block entry matrices (For ex-
ample, e; = [0,,1,,0,,0,,0,]%).
several matrices are defined as

plicity on matrix representation, e; (i = 1,...,

The notations of

Tty = [a" (), @ (t — h(t), 2" (t — haa), @™ (t), f T (x(t — h(1))) ],

Y=[-(In®A),(GRI),0,n,~In,INn@W)],

zij(t) = i (t) — &;(t), f(zi(t—n(1)) = F(@i(t — h(t))) — f(@;(t — h(t)))

¢i(t) = [Z?j(t), z5(t = h(t), 25 (t — har), 255(), £ 7 (zi5(t = h(1))) }

Y, =[—-A,—(Ng;;I),0,,—I,, W],

(Q,+Q, 2R OR 0o, P o,

* ~(1-hp)Qy,—3R+L"DL R 0, O,

b = * -Q,-R 0, 0, |,
* * 3R 0,
* * * —D
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1 1
mR _mR On On><2n
1
& * On WR On><2n
2 =
* * —ﬁR 0., %20
* * * 02,

Now, we have the following theorem.

Theorem 1 For given scalars 0 < hy and
hp, the network (4) is asymptotically synchronized
for 0 < h(t) < hy and h(t) < hp, if there exist
positive definite matrices P € R™*", Q; € R"*",
Q, € R™" R € R"" and positive diagonal ma-
trix D € R™" satisfying the following LMIs for
1<i<j<N:

{ i)t} @ {((J—Z
)3 @y

(7 —1) ' <0, (8)
{((G =)y B, {((G—1)

)t <0,(9)

where 7';; and P4y are defined as in Eq. (7).
Proof For positive definite matrices P, Q;, Qs,

R and matrix U =

consider the following L-K functional candidate as

[uijlnxn = NIy — Ey, let us

V=Vi+V,+ Vs, (10)
where

Vi =2l ()(U ® P)x(t),

D) = P1 + h(t)Po. (7)

i}
[
*

The calculation of time-derivative of V3 leads to

Vs = hia" (t)(U ® R)i(t)

— t T (s z(s)ds —
hM/th(t) (5)(U ® R)i(s)d hM/

By the relationship —hy = —h(t) —
is obtained as

- t 2T (s x(s)ds
hM/ o B E R

= —h(t) /t_} " 27 (s)(U ® R)x(s)ds — (hy — h(t))/t

IN

() /t o FOU @ R -

IN

Vo = /tihM 2" (s)(U ® Q)m(s)ds
+/t
_—e

By use of Lemma 1, the time-derivative of V; and

2" (s)(U ® Qy)x(s)ds,

J(U @ R)&(u)duds.

V5 is calculated as

Vi = 22T (#)(U ® P)a(t)
=2 Z CiTj(t) (elPe:f) Cij(t)v
1<i<j<N
T
z(t) o(t)
Vo < |&(t—ht) | E1|zt—h)
w(t—hM) w(t_hM)
= Z CZ] 61 Ql + QQ)
1<i<j<N
—(1—hp)e2Qqey — 63Q163T)Cij(t)v (11)
where
On n

t—h(t)
. &1 (s)(U ® R)z(s)ds. (12)

(hat — h(t)) and Lemma 3, an upper bound of the first integral term of Vs

27 (s)(U ® R)x(s)ds
—h(t)

(hat — R(t))h(t)

t .T .
e /t L FOU e B

t T t
- (/ d:(s)ds) (U R) (/ d:(s)ds)
t—h(t) t—h(t)
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IUELIO)N AN L (elds
hm (/th(t) (s)d ) UeR) (/th(t) (s)d )

T

o= - -3 weRr (2-32)UeR) (1) )
R 0) X - (2 . %) UeR) | |zt—nt) ]|

With the similar method introduced above, an upper bound of the second integral term of Vs is estimated as

t—h(t)

~ by / &7 (s)(U ® R)ir(s)ds
t—hym

t—h(t)

t—h(t)
= —h(t) /t &7 (s)(U ® R)x(s)ds — (hy — h(t))/ 7 (s)(U ® R)x(s)ds

—hM t_hM

_ t—h(t)
_(th(ﬂ)h(t)/t &7 (s)(U ® R)a(s)ds — (hag — h(t))/ " (s)(U @ R)i(s)ds

hat —hwm t—hm

_at-ro) ] [-(+ 1) wer (1+42)wer)
=t — ha) X ( h“)U@R)

t—h(t)

(14)

Then, an upper bound of Vs can be rewritten as

o) ] (1)
Vs < h32T (U @ R)&(t) + | (t — h(t)) | S22 | x(t — h(t))
x(t — hy) x(t — hn)

D CHESC; ), (15)

1<i<j<N

where

_( —'}f%f) (U ® R) ( h“))(U@R) 0,
, = « BweRr (1+72)UsR) |,
% * —(1+ hM)(U®R)

0|
|

h(t h
( — ()> e1R(e] —e;) —3esRe; + <1 + ) (e2 — eS)ReST +hijesRej .

0|
w
\ \

ham
For any diagonal matrix D > 0 and from Assumption 1, the following inequality holds:

> {&5(t— h)ET DLzt~ h(e) — £ (zi5(t — h(0)DF (zi5(t ~ h(1)) }
1<i<j<N

Z C;l;(t) (egLTDLeg — e;,DeE) Cij(t)- (16)

1<i<j<N

0

IN

\
From Egs. (10)—(16), the time-derivative of V' has a  rewritten as
new upper bound as Z (G — i)TijCij (t) = 0, (18)
1<i<j<N
V< Z C};(t)ds nitnCi (1) (17) where T;; is defined as in Eq. (7). Here, in order

1<icj<N to illustrate the process of obtaining Eq. (18), let us
define

where @,y and ¢;;(t) are defined as in Eq. (7). The S =1[81,82,....88]=[N,N-1,...,1]
network (4) with the augmented vector ¢;;(¢) can be @I, ¢ RN (19)
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where Si(k=1,...,N) € R™". —Uel,),(UaW)Kt)
With Eq. (4) and by properties of Kronecker prod- = —S(U® A)z(t)+ S(NG ® I'ax(t — h(t))
-SUI,)x(t)
0=SU®I,T¢) +S(U @ W) f(z(t — h(t))), (20)
=S[-(UIy®I1,A),(UG®I,T),

uct in Lemma 4, we have the following zero equation:

where I and ¢(t) are defined in Eq. (7).
—Uel), Uly 2 I,W)[((t) By Lemma 1, the first term of Eq.(20) can be
=S[-(U®A),(NGa1I), obtained as

= Z Ui (S’L - S])A(ml(t) - i"] (t))
1<i<j<N
== > (Si—S)A&(t) - &(1)
1<i<j<N
= — > (N+1-Iy) = (N+1-H)I,))A@:(t) — Z;(1))
1<i<j<N
=— Y (- DT.A@&(1) - %(1)
1<i<j<N
== > (G- )A@() —&5(1) (21)
1<i<j<N

Similarly, the other terms of Eq. (20) are calculated as
S(NG @ Ix(t — h(t)) = [NI,,..., I J(ING®I)[Z,(t — h(t)),..., En(t—h(t)]"
= — Y Ngij(Si—8)I(&:(t - h(t) — &(t - h(t)))

1<i<j<N
== > (G D(NgyD)(@i(t — k(1) — &;(t — k(1))
1<i<j<N
-SU ®I,)x(t) = —[NI,,..., L) U®I)[zi(t),..., zn(t)]T
= Z uij(S; — 8;)In(Zi(t — h(t)) — 2;(1))

1<i<j<N

== S G Lt h() — (1),

1<i<j<N
SUoW)f(x(t—h(t) = [NLn,....,L,)[U & W)[ f(@(t - h(t))),..., F@n (- h(t)]"
== Y ui(Si— S)W(F(Ei(t — h(t) — f(&;(t—h(t)))

1<i<j<N

= Y G- OW(F@i(t - ht) - (&t = h(2))): (22)

1<i<j<N
Then, equation (20) can be rewritten as
0=SU®&I,Y{(t)
—SU A)x(t) + SINGR I x(t —h(t) — SURI,)xlt)+SU QW) f(xt— h(t)))

Il
—~

== D (- DA@() - &) - (7 — D) (Ngi ) (& (t — h(t)) — &;(t — h(1)))
1<i<j<N 1<i<j<N
= Y (= ) La(@i() — &) + (=)W (f(@:(t = h(t))) = £(Z;( = h(2))))
1<i<j<N 1<i<j<N
= Z (- i)rijCij(t)a (23)
1<i<j<N

110504-6



Chin. Phys. B Vol. 20, No. 11 (2011) 110504

where T;; and ¢;;(t) are defined in Eq. (7).
Therefore, if equation (18) holds, then a synchro-

nization condition for network (4) is

Z Cz] h(t) C (t) < 07 (248‘)
1<i<j<N
subject to
Y G =Yt =0 (24b)

1<i<j<N

where @,y is defined in Eq. (7).
Here, if the inequality @, < O holds, then
there exists a positive scalar € such that

D)) < —€lsp. (25)
From Eqgs. (24) and (25), we have
V< Z C;l;‘(t)‘-p[h(t)]gj(t)
1<i<j<N
<Y ) (—elsn) (1)
1<i<j<N
< Y 25 (—eln) zi5(t)
1<i<j<N
= > (—ellz 01
1<i<j<N
= > (dE®-&@P) . (26)

1<i<j<N

By Lyapunov theorem and Definition 2, it can be guar-
anteed that the subnetworks in the coupled HNNs (4)
are asymptotically synchronized.

Finally, by use of Lemma 2 and convex-hull prop-
erties, the condition (24) is equivalent to the following
LMIs:

S G- 0Tt B {(G -0t} <o,
1<i<j<N
S G- 0T By {(G -} <o,
1<i<j<N
(27)

From the inequalities (27), if the LMIs (8) and (9)
are satisfied, then stability condition (24) holds. This
completes our proof.

When the information about h(t) is unknown,
then by eliminating @, in the L-K functional (10),
the following corollary can be obtained.

Corollary 1 For a given positive scalar hy,
the network (4) is asymptotically synchronized for
0 < h(t) < hy, if there exist positive definite matri-
ces Pe R™", Q, € R"™™, R € R""™ and positive

diagonal matrix D € R™*™ satisfying the following
LMIsfor1<i<j<N:

{ TU } {J—Z
{ TZJ } giShM]{ J—Z zg

(1 — hp)eaQqed.
Proof The proof of Corollary 1 is very similar

)t <o, (28)
)t} <0, (29)

where @[h(t)] = @[h(t)] — elQQelT +

to the proof of Theorem 1, so it is omitted.

Remark 2 In the field of delay-dependent stabil-
ity or synchronization analysis, one of the major con-
cerns is to obtain the maximum delay bounds with
fewer decision variables.'>~18] By utilizing Finsler
lemma, one can eliminate free variables which were
used in zero equalities in the works.l'6=18] From
Lemma 2, one can check that the BlTslsBL < 0is
equivalent to the existence of X such that ® + X B +
BT XT < 0holds. Insertion of such an additional ma-
trix X does not play a role to reduce the conservatism
of BJ‘TQSBJ‘ < 0. It only increases the number of de-
cision variables. Therefore, our proposed synchroniza-
tion criteria are derived in the form of (ii) in Lemma
2. To do this, the new zero equality (18) with Kro-
necker product technique was devised, which has not
been deduced yet in the literature.

Remark 3 Theorem 1 and Corollary 1 pro-
vide new delay-dependent synchronization schemes for
coupled HNNs with time-varying delay. By use of
Lyapunov—Krasvoskii’s functional, the obtained re-
sults are formulated in the framework of LMIs which
can be easily computed by convex optimization al-
gorithms such as interior-point method. In our syn-
chronization criteria, neither the model transforma-
tion nor any bounding technique on the cross term is
used. In order to improve feasible region of synchro-
nization criteria, it should be noted that the delay de-
composition method and the technique including free
weighting matrices which are well known in enhancing
the feasible region of stability criteria for time delay
systems can be used.

4. Numerical examples

In this section, we provide two numerical exam-
ples to illustrate the effectiveness of the proposed syn-
chronization criteria in this paper.

Example 1
HNNs with 3 nodes:

Consider the following coupled

T;(t) = —AZ;(t) + W F(&;(t — h(t)))

110504-7
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3
+ > gi; T, (t = h(1)), (30)
=1
where
3.5 0 -1 04
A= , W= ,
0 1.5 0 -0.1
r . -2 1 1
05 0
I = , G= 1 -2 1
0 0.5
L . 1 1 -2
with

flx) = %(|x—|— 1| — |z —1|), L = diag{1,1}.

For the networks above, the results of upper
bounds of time-varying delay with different hp by
Theorem 1 and Corollary 1 are listed in Table 1. From
the results in Table 1, the proposed criteria can guar-
antee the network to achieve asymptotic synchroniza-
tion for h(t) and A(t), which are less than the upper

0 100 200 300
Time/s

bounds, hy and hp, respectively. In order to con-
firm the obtained results with the time-varying delay
conditions as listed in Table 2, the simulation results
for the synchronization errors, z;1(t) = &;(t) — Z1(t)
(i = 2,3), of the network (30) are shown in Figs. 1, 2
and 3. These figures show that the network with the
errors converging to zero for given initial values of the

state randomly.

Table 1. The upper bound of time-delay with different
hp (Example 1).

hp 0 0.2 04 0.6 0.8 Unknown
Theorem 1 3.535 2.089 1.525 1.200 0.780 -
0.641

Corollary 1 — — - - -

Table 2. The conditions of simulation (Example 1).

No. Conditions h(t)
C1 hym = 3.535, hp =0 3.535
c2 hy = 1.525, hp = 0.4 0.4sin(t) + 1.125

C3  hum = 0.641, hp : unkwoun 0.641| sin(t)|

(b)
0.8 |

04

K
8 .
2 LA ".':_‘:Etif‘.f."r} o
—04
0 100 200 300
Time/s

Fig. 1. (colour online) Synchronization errors with C1 (Example 1): (a) z21(t), (b) z31(¢).

a
20 (@)
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Fig. 2. (colour online) Synchronization errors with C2 (Example 1): (a) z21(t), (b) z31(¢).
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(a)
20¢
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&
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Time/s
(b)
0.8
E
g
-}
—041
d
0 2 4 6 8 10
Time/s

Fig. 3. (colour online) Synchronization errors with C3 (Ex-
ample 2): (a) 221(t), (b) 2z31(¢).

Example 2

Consider the following coupled
HNNs with 5 nodes:

Ti(t) = —AZ;(t) + WF(Zi(t — h(t)))
5
+> g TE;(t — (1)),
j=1
where
1.4 0.0 0.5 —-0.2
A= 5 W = )
0.0 1.0 0.1 —-0.5
(21 0 0 1
r h 1 -3 1 1 0
0.3 0.1
I = , G= 01 -21 0
0.0 0.2
L i 0 1 1 -3 1
1 0 0 1 =2

Table 3. The upper bound of time-delay with different
hp (Example 2).

hp 0 0.2 0.4 0.6 0.8 Unknown

Theorem 1 1.035 0.894 0.778 0.693 0.662
Corollary 1 — -

- 0.661

Table 4. The conditions of simulation (Example 2).

204

10"

z21(t)
(=]

(a)

10
Time/s

15

20

10r

za1(t)

(c)

z51(t)

10
Time/s

15

No. Conditions h(t)

Cc4 hym = 1.035, hp =0 1.035

Cb5 hyv = 0.778, hp = 0.4 0.4sin(t) + 0.378
Cé6 hy = 0.661, hp : unkwoun

0.661] sin(t)]

(b)

za1(t)

15

(d)

10 15

Time/s

Fig. 4. (colour online) Synchronization errors with C4 (Example 2): (a) 221 (t), (b) 231(¢), (¢c) z41(t), (d) 251 (%).
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(a) (b)
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: ]
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—04t;
4
5 10 15 0 5 10 15
Time/s Time/s
(c) (d)
204
1
kv
‘.
10! .
g ] S |
3 : &
]
of v f7
f
v ,' 4
—10 : —2.5 : A
0 5 10 15 5 10 15
Time/s Time/s
Fig

. 5. (colour online) Synchronization errors with C5 (Example 2): (a) z21(¢), (b) 231(t), (¢) za1(t), (d) 251 (¢).
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Fig. 6. (colour online) Synchronization errors with C6 (Example 2): (a) z21(t), (b) 231(¢), (¢c) z41(t), (d) 251 (%).
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with
1
f@) = 5(je+1] = |z = 1), L = diag{1,1}.

The results of upper bounds of time-delay with
different Ap by Theorem 1 are listed in Table 3. When
the value of the time-derivative of time-delay is un-
known, then by application of Corollary 1 to the above
system (31), the upper bound of time-delay listed
in Table 3 can be obtained. The simulation results
for the synchronization errors, z;1(t) = &;(t) — &1(t)
(i = 2,3,4,5,) of system (31) with the conditions
of time-delay in Table 4 are shown in Figures 4, 5
and 6. These figures show that the system (31) with
the errors converge to zero when initial values of
the state are &; (0) = [1,—1], &5 (0) = [-1.5,1.2],
&3 (0) = [2.0,—1.6], &, (0) = [0.7,1.1] and &5 (0) =
[—1.2,-1.8].

5. Conclusions

In this paper, the delay-dependent synchroniza-
tion criteria for the coupled HNNs with time-varying
delays are proposed. For this, the suitable L-K func-
tional is used to investigate the feasible region of sta-
bility criteria. By establishment of a new zero inequal-
ity and utilization of Lemma 2, sufficient conditions
for guaranteeing asymptotic synchronization for the
concerned networks were derived in terms of LMIs.
Two numerical examples have been given to show the
effectiveness and usefulness of the presented criteria.
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