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1. Introduction

In recent years, Hopfield neural networks
(HNNs)[1] have received considerable attention due to
their extensive applications such as in combinatorial
optimization, signal processing, pattern recognition,
associate memory and knowledge acquisition. In the
applications of neural networks, natural time-delay ex-
ists because of finite speed of information processing.
It is well known that time-delay often causes undesir-
able dynamic behaviours such as oscillation and insta-
bility of the network. For this reason, the stability is-
sue for time-delay is a prerequisite to the applications
of HNNs. Therefore, various approaches to stability
criteria for HNNs with time-delay have been investi-
gated in Refs. [2] and [3] and references therein. In ad-
dition, the stability criteria for time-delay systems can
be classified into two categories: delay-dependent ones
and delay-independent ones. The former is generally
less conservative than the latter because the delay-
dependent stability criteria make use of the informa-
tion on the size of time delay.[4]

In addition, the problem of synchronization of
an array of coupled neural networks (NNs) which is
one of the hot research fields of complex dynamical

networks[5−7] has been a challenging issue due to its
potential applications in secure communication, in-
formation science, biological systems and so on. Re-
cently, the networks are put into use in the problem
of synchronization for coupled NNs.[8−14] In Ref. [8],
based on the Lyapunov functional method and decou-
pling techniques, the problem of delay-dependent and
-independent synchronization for a class of complex
dynamical networks in which each node is a time-
delayed Lur’e system was considered. Li et al.[9] pre-
sented two novel synchronization criteria for arrays of
coupled delayed NNs with both delayed coupling and
one single delayed one. In Ref. [10], the global ex-
ponential synchronization of coupled connected NNs
with both discrete and distributed delays is inves-
tigated under mild condition of activation functions
and inner coupling matrices. In Refs. [11] and [12],
the synchronization criteria are derived for a gen-
eral array model of coupled delayed NNs with hybrid
coupling. Moreover, synchronization conditions for
switched linearly coupled NNs with time-delay and
linearly stochastically coupled networks with time-
delay were proposed in Refs. [13] and [14], respectively.
However, to the best of the authors’ knowledge, delay-
dependent synchronization analysis of coupled HNNs
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with time-varying delays has not been investigated
yet.

Motivated by the above discussion, the problem
of new delay-dependent synchronization criteria for
coupled HNNs with time-varying delays is considered.
The coupled HNNs with time-varying delays are rep-
resented as a simple mathematical model by use of
Kronecker product technique. Then, by construction
of a suitable Lyapunov–Krasovskii’s (L–K) functional
and Finsler’s lemma used in Refs. [15]–[18], new syn-
chronization criteria by Definition 2.1 of Ref. [19] are
derived in terms of linear matrix inequalities (LMIs)
which can be solved efficiently by standard convex op-
timization algorithms.[20] In order to utilize Finsler’s
lemma as a tool to obtain less conservative synchro-
nization criteria, it should be noted that a new zero
equality from the constructed mathematical model is
devised. Finally, two numerical examples are included
to show the effectiveness of the proposed method.

2. Problem statements

Notation Rn is the n-dimensional Euclidean
space and Rm×n denotes the set of m×n real matrix.
For symmetric matrices X and Y , X > Y (X ≥ Y )
means that the matrix X−Y is positive definite (non-
negative). In ∈ Rn×n and 0n ∈ Rn×n denote the n-
dimensional identity matrix and zero matrix, respec-
tively. 0m×n ∈ Rm×n denotes the m × n zero matrix.
En denotes the n × n matrix which all elements are
1. ‖ · ‖ refers to the Euclidean vector norm and the
induced matrix norm. diag{· · · } denotes the block di-
agonal matrix. ? represents the elements below the
main diagonal of a symmetric matrix. For a given
matrix X ∈ Rm×n, such that rank(X) = r, we define
X⊥ ∈ Rn×(n−r) as the right orthogonal complement
of X; i.e., XX⊥ = 0. X[h(t)] ∈ Rm×n means that
the elements of the matrix X[h(t)] includes the value
of h(t); e.g., X[hU ] ≡ X[h(t)=hU ].

Consider the following HNNs with time-varying
delays:

ẏ(t) = −Ay(t) + Wg(y(t − h(t))) + b, (1)

where y(t) = [ y1(t), . . . , yn(t) ]T ∈ Rn is the neuron
state vector, n denotes the number of neurons in a neu-
ral network, g(·) = [ g1(·), . . . , gn(·) ]T ∈ Rn denotes
the neuron activation function vector with g(0) = 0,
b = [ b1, . . . , bn ]T ∈ Rn means the external bias at
time t, h(t) is a time-varying delays satisfying

0 ≤ h(t) ≤ hM, ḣ(t) ≤ hD,

A = diag{a1, . . . , an} ∈ Rn×n(ak > 0, k = 1, . . . , n)
is the self-feedback matrix, and W ∈ Rn×n is the
delayed connection weight matrix.

In this paper, it is assumed that the activation
functions satisfy the following condition.

Assumption 1 The neurons activation func-
tions, gk(·), are assumed to be nondecreasing,
bounded and globally Lipschiz; that is

|gk(ξ1) − gk(ξ2)|
|ξ1 − ξ2|

≤ lk,

ξ1, ξ2 ∈ R, ξ1 6= ξ2, k = 1, . . . , n,

where lk are positive constants.
Remark 1 As mentioned in Ref. [12], Assump-

tion 1 is less conservative than

0 ≤ gk(ξ1) − gk(ξ2)
ξ1 − ξ2

≤ lk, ξ1, ξ2 ∈ R,

ξ1 6= ξ2, k = 1, . . . , n.

Furthermore, Assumption 1 covers the restriction of
conventional activation functions such as the com-
monly used bipolar sigmoidal function gk(ξ) = (1 −
e−λξ)/(1+ e−λξ)(λ > 0), unipolar sigmoidal function
gk(ξ) = 1/(1 + e−λξ) in the Hopfield neural networks
and gk(ξ) = (|ξ + 1| − |ξ − 1|)/2 in the cellular neural
networks.

For simplicity, in stability analysis of the net-
work (1), the equilibrium point y∗ = [ y∗

1 , . . . , y∗
n ]T

is shifted to the origin by utilization of the transfor-
mation x̃(·) = y(·) − y∗, which leads the system (1)
to the following form:

˙̃x(t) = −Ax̃(t) + Wf(x̃(t − h(t))), (2)

where x̃(t) = [ x̃1(t), . . . , x̃n(t) ]T ∈ Rn is the state
vector of the transformed network. The function
f(·) = [ f1(·), . . . , fn(·) ]T with fq(·) = gq(· + y∗

q ) −
gq(y∗

q ) and fq(0) = 0 also satisfies Assumption 1.
In this paper, a model of coupled HNNs with

time-varying coupling delays are considered as

˙̃xi(t) = −Ax̃i(t) + Wf(x̃i(t − h(t)))

+
N∑

j=1

gijΓ x̃j(t − h(t)),

i = 1, 2, . . . , N, (3)

where N is the number of couple nodes, x̃i(t) =
[ x̃i1(t), . . . , x̃in(t) ]T ∈ Rn is the state vector of the
ith node, Γ ∈ Rn×n is the constant inner-coupling
matrix of nodes, which describe the individual cou-
pling between networks, G = [gij ]N×N is the out-
coupling matrix representing the coupling strength
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and the topological structure of the networks satisfy
the diffusive coupling connections

gij = gji ≥ 0 (i 6= j),

gii = −
N∑

j=1,i 6=j

gij (i, j = 1, 2, . . . , N).

Let us define x(t) = [ x̃1(t), . . . , x̃N (t) ]T and
f(x(·)) = [ f(x̃1(·)), . . . , f(x̃N (·)) ]T, then, with Kro-
necker product, the network (3) can be represented
as

ẋ(t) = −(IN ⊗ A)x(t) + (IN ⊗ W )f(x(t − h(t))

+ (G ⊗ Γ )x(t − h(t)). (4)

The aim of this paper is to investigate the delay-
dependent synchronization stability analysis of net-
work (4) with time-varying coupling delays. In order
to do this, the following definition and lemmas are
needed.

Definition 1[19] The networks (3) are called to
be asymptotically synchronized if the following condi-
tion holds:

lim
t→∞

‖ xi(t) − xj(t) ‖= 0, i, j = 1, 2, . . . , N.

Lemma 1[12] Let U = [uij ]N×N , P ∈ Rn×n,
xT = [ x1, x2, . . . , xn ]T and yT = [ y1, y2, . . . , yn ]T.
If U = UT and each row sum of U is zero, then

xT(U ⊗ P )y = −
∑

1≤i<j≤N

uij(xi − xj)TP (yi − yj).

Lemma 2 (Finsler’s lemma[21]) Let ζ ∈ Rn,
Φ = ΦT ∈ Rn×n and B ∈ Rm×n such that
rank(B) < n. The following statements are equiva-
lent:
(i) ζTΦζ < 0, ∀Bζ = 0, ζ 6= 0,

(ii) B⊥T
ΦB⊥ < 0,

(iii) ∃X ∈ Rn×m : Φ + XB + BTXT < 0.

Lemma 3 For any constant matrix M = MT >

0, the following inequality holds:

−h(t)
∫ t

t−h(t)

ẋT(s)Mẋ(s)ds

≤

 x(t)

x(t − h(t))

T −M M

? −M

 x(t)

x(t − h(t))

 .(5)

Proof According to Jensen’s inequality in
Ref. [22], one obtains

(β − α)
∫ α

β

ẋT(s)Mẋ(s)ds

≤ −
(∫ α

β

ẋ(s)ds

)T

M

(∫ α

β

ẋ(s)ds

)
. (6)

If we choose α = t and β = t − h(t) in (6), inequality
(5) can be obtained.

Lemma 4[23] Let ⊗ denote the notation of Kro-
necker product. Then, the following properties of the
Kronecker product are easily established:
(i) (αA) ⊗ B = A ⊗ (αB),
(ii) (A + B) ⊗ C = A ⊗ C + B ⊗ C,
(iii) (A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD).

3. Main results

In this section, new synchronization criteria for
network (4) will be proposed. For the sake of sim-
plicity on matrix representation, ei (i = 1, . . . , 5) ∈
R5n×n are defined as block entry matrices (For ex-
ample, e2 = [0n, In,0n,0n,0n ]T). The notations of
several matrices are defined as

ζT(t) =
[
xT(t),xT(t − h(t)),xT(t − hM), ẋT(t),fT(x(t − h(t)))

]
,

Υ = [−(IN ⊗ A), (G ⊗ Γ ),0nN ,−InN , (IN ⊗ W ) ] ,

zij(t) = x̃i(t) − x̃j(t), f(zij(t − h(t))) = f(x̃i(t − h(t))) − f(x̃j(t − h(t)))

ζT
ij(t) =

[
zT

ij(t),z
T
ij(t − h(t)),zT

ij(t − hM), żT
ij(t),f

T(zij(t − h(t)))
]
,

Υ ij = [−A,−(NgijΓ ),0n,−In,W ] ,

Φ1 =



Q1 + Q2 − 2R 2R 0n P 0n

? −(1 − hD)Q2 − 3R + LTDL R 0n 0n

? ? −Q1 − R 0n 0n

? ? ? h2
MR 0n

? ? ? ? −D


,
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Φ2 =


1

hM
R − 1

hM
R 0n 0n×2n

? 0n
1

hM
R 0n×2n

? ? − 1
hM

R 0n×2n

? ? ? 02n

 , Φ[h(t)] = Φ1 + h(t)Φ2. (7)

Now, we have the following theorem.
Theorem 1 For given scalars 0 < hM and

hD, the network (4) is asymptotically synchronized
for 0 ≤ h(t) ≤ hM and ḣ(t) ≤ hD, if there exist
positive definite matrices P ∈ Rn×n, Q1 ∈ Rn×n,
Q2 ∈ Rn×n, R ∈ Rn×n and positive diagonal ma-
trix D ∈ Rn×n satisfying the following LMIs for
1 ≤ i < j ≤ N :{

((j − i)Υ ij)⊥
}T

Φ[0]

{
((j − i)Υ ij)⊥

}
< 0, (8){

((j − i)Υ ij)⊥
}T

Φ[hM]

{
((j − i)Υ ij)⊥

}
< 0, (9)

where Υ ij and Φ[h(t)] are defined as in Eq. (7).
Proof For positive definite matrices P , Q1, Q2,

R and matrix U = [uij ]N×N = NIN − EN , let us
consider the following L–K functional candidate as

V = V1 + V2 + V3, (10)

where

V1 = xT(t)(U ⊗ P )x(t),

V2 =
∫ t

t−hM

xT(s)(U ⊗ Q1)x(s)ds

+
∫ t

t−h(t)

xT(s)(U ⊗ Q2)x(s)ds,

V3 = hM

∫ t

t−hM

∫ t

s

ẋT(u)(U ⊗ R)ẋ(u)duds.

By use of Lemma 1, the time-derivative of V1 and
V2 is calculated as

V̇1 = 2xT(t)(U ⊗ P )ẋ(t)

= 2
∑

1≤i<j≤N

ζT
ij(t)

(
e1PeT

4

)
ζij(t),

V̇2 ≤


x(t)

x(t − h(t))

x(t − hM)


T

Ξ1


x(t)

x(t − h(t))

x(t − hM)


=

∑
1≤i<j≤N

ζT
ij(t)(e1(Q1 + Q2)e

T
1

− (1 − hD)e2Q2e
T
2 − e3Q1e

T
3 )ζij(t), (11)

where

Ξ1 =


U ⊗ (Q1 + Q2) 0n 0n

? −(1 − hD)(U ⊗ Q2) 0n

? ? −(U ⊗ Q1)

 .

The calculation of time-derivative of V3 leads to

V̇3 = h2
MẋT(t)(U ⊗ R)ẋ(t)

−hM

∫ t

t−h(t)

ẋT(s)(U ⊗ R)ẋ(s)ds − hM

∫ t−h(t)

t−hM

ẋT(s)(U ⊗ R)ẋ(s)ds. (12)

By the relationship −hM = −h(t) − (hM − h(t)) and Lemma 3, an upper bound of the first integral term of V̇3

is obtained as

−hM

∫ t

t−h(t)

ẋT(s)(U ⊗ R)ẋ(s)ds

= −h(t)
∫ t

t−h(t)

ẋT(s)(U ⊗ R)ẋ(s)ds − (hM − h(t))
∫ t

t−h(t)

ẋT(s)(U ⊗ R)ẋ(s)ds

≤ −h(t)
∫ t

t−h(t)

ẋT(s)(U ⊗ R)ẋ(s)ds − (hM − h(t))h(t)
hM

∫ t

t−h(t)

ẋT(s)(U ⊗ R)ẋ(s)ds

≤ −

(∫ t

t−h(t)

ẋ(s)ds

)T

(U ⊗ R)

(∫ t

t−h(t)

ẋ(s)ds

)
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− (hM − h(t))
hM

(∫ t

t−h(t)

ẋ(s)ds

)T

(U ⊗ R)

(∫ t

t−h(t)

ẋ(s)ds

)

=

 x(t)

x(t − h(t))

T −
(
2 − h(t)

hM

)
(U ⊗ R)

(
2 − h(t)

hM

)
(U ⊗ R)

? −
(
2 − h(t)

hM

)
(U ⊗ R)

 x(t)

x(t − h(t))

 . (13)

With the similar method introduced above, an upper bound of the second integral term of V̇3 is estimated as

−hM

∫ t−h(t)

t−hM

ẋT(s)(U ⊗ R)ẋ(s)ds

= −h(t)
∫ t−h(t)

t−hM

ẋT(s)(U ⊗ R)ẋ(s)ds − (hM − h(t))
∫ t−h(t)

t−hM

ẋT(s)(U ⊗ R)ẋ(s)ds

≤ − (hM − h(t))h(t)
hM

∫ t−h(t)

t−hM

ẋT(s)(U ⊗ R)ẋ(s)ds − (hM − h(t))
∫ t−h(t)

t−hM

ẋT(s)(U ⊗ R)ẋ(s)ds

≤

 x(t − h(t))

x(t − hM)

T −
(
1 + h(t)

hM

)
(U ⊗ R)

(
1 + h(t)

hM

)
(U ⊗ R)

? −
(
1 + h(t)

hM

)
(U ⊗ R)

 x(t − h(t))

x(t − hM)

 . (14)

Then, an upper bound of V̇3 can be rewritten as

V̇3 ≤ h2
MẋT(t)(U ⊗ R)ẋ(t) +


x(t)

x(t − h(t))

x(t − hM)


T

Ξ2


x(t)

x(t − h(t))

x(t − hM)


=

∑
1≤i<j≤N

ζT
ij(t)Ξ3ζij(t), (15)

where

Ξ2 =


−

(
2 − h(t)

hM

)
(U ⊗ R)

(
2 − h(t)

hM

)
(U ⊗ R) 0n

? −3(U ⊗ R)
(
1 + h(t)

hM

)
(U ⊗ R)

? ? −
(
1 + h(t)

hM

)
(U ⊗ R)

 ,

Ξ3 = −
(

2 − h(t)
hM

)
e1R(eT

1 − eT
2 ) − 3e2ReT

2 +
(

1 +
h(t)
hM

)
(e2 − e3)ReT

3 + h2
Me4ReT

4 .

For any diagonal matrix D > 0 and from Assumption 1, the following inequality holds:

0 ≤
∑

1≤i<j≤N

{
zT

ij(t − h(t))LTDLzij(t − h(t)) − fT(zij(t − h(t)))Df(zij(t − h(t)))
}

=
∑

1≤i<j≤N

ζT
ij(t)

(
e2L

TDLeT
2 − e5DeT

5

)
ζij(t). (16)

From Eqs. (10)–(16), the time-derivative of V has a

new upper bound as

V̇ ≤
∑

1≤i<j≤N

ζT
ij(t)Φ[h(t)]ζij(t), (17)

where Φ[h(t)] and ζij(t) are defined as in Eq. (7). The

network (4) with the augmented vector ζij(t) can be

rewritten as ∑
1≤i<j≤N

(j − i)Υ ijζij(t) = 0, (18)

where Υ ij is defined as in Eq. (7). Here, in order
to illustrate the process of obtaining Eq. (18), let us
define

S = [S1,S2, . . . , SN ] = [ N,N − 1, . . . , 1 ]

⊗ In ∈ Rn×nN , (19)
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where Sk(k = 1, . . . , N) ∈ Rn×n.
With Eq. (4) and by properties of Kronecker prod-

uct in Lemma 4, we have the following zero equation:

0 = S(U ⊗ In)Υζ(t)

= S[−(UIN ⊗ InA), (UG ⊗ InΓ ),

− (U ⊗ In), (UIN ⊗ InW ) ]ζ(t)

= S[−(U ⊗ A), (NG ⊗ Γ ),

− (U ⊗ In), (U ⊗ W ) ]ζ(t)

= −S(U ⊗ A)x(t) + S(NG ⊗ Γ )x(t − h(t))

−S(U ⊗ In)ẋ(t)

+S(U ⊗ W )f(x(t − h(t))), (20)

where Υ and ζ(t) are defined in Eq. (7).
By Lemma 1, the first term of Eq.(20) can be

obtained as

−S(U ⊗ A)x(t) = − [NIn, (N − 1)In, . . . , In ]︸ ︷︷ ︸
n×nN

(U ⊗ A)︸ ︷︷ ︸
nN×nN

[ x̃1(t), . . . , x̃N (t) ]T︸ ︷︷ ︸
nN×1

=
∑

1≤i<j≤N

uij(Si − Sj)A(x̃i(t) − x̃j(t))

= −
∑

1≤i<j≤N

(Si − Sj)A(x̃i(t) − x̃j(t))

= −
∑

1≤i<j≤N

((N + 1 − i)In) − (N + 1 − j)In))A(x̃i(t) − x̃j(t))

= −
∑

1≤i<j≤N

(j − i)InA(x̃i(t) − x̃j(t)),

= −
∑

1≤i<j≤N

(j − i)A(x̃i(t) − x̃j(t)). (21)

Similarly, the other terms of Eq. (20) are calculated as

S(NG ⊗ Γ )x(t − h(t)) = [ NIn, . . . , In ](NG ⊗ Γ )[ x̃1(t − h(t)), . . . , x̃N (t − h(t)) ]T

= −
∑

1≤i<j≤N

Ngij(Si − Sj)Γ (x̃i(t − h(t)) − x̃j(t − h(t)))

= −
∑

1≤i<j≤N

(j − i)(NgijΓ )(x̃i(t − h(t)) − x̃j(t − h(t))),

−S(U ⊗ In)ẋ(t) = −[NIn, . . . , In ](U ⊗ In)[ ˙̃x1(t), . . . , ˙̃xN (t) ]T

=
∑

1≤i<j≤N

uij(Si − Sj)In( ˙̃xi(t − h(t)) − ˙̃xj(t))

= −
∑

1≤i<j≤N

(j − i)In( ˙̃xi(t − h(t)) − ˙̃xj(t)),

S(U ⊗ W )f(x(t − h(t))) = [ NIn, . . . , In ](U ⊗ W )[f(x̃1(t − h(t))), . . . , f(x̃N (t − h(t))) ]T

= −
∑

1≤i<j≤N

uij(Si − Sj)W (f(x̃i(t − h(t))) − f(x̃j(t − h(t))))

=
∑

1≤i<j≤N

(j − i)W (f(x̃i(t − h(t))) − f(x̃j(t − h(t)))). (22)

Then, equation (20) can be rewritten as

0 = S(U ⊗ In)Υζ(t)

= −S(U ⊗ A)x(t) + S(NG ⊗ Γ )x(t − h(t)) − S(U ⊗ In)ẋ(t) + S(U ⊗ W )f(x(t − h(t)))

= −
∑

1≤i<j≤N

(j − i)A(x̃i(t) − x̃j(t)) −
∑

1≤i<j≤N

(j − i)(NgijΓ )(x̃i(t − h(t)) − x̃j(t − h(t)))

−
∑

1≤i<j≤N

(j − i)In( ˙̃xi(t) − ˙̃xj(t)) +
∑

1≤i<j≤N

(j − i)W (f(x̃i(t − h(t))) − f(x̃j(t − h(t))))

=
∑

1≤i<j≤N

(j − i)Υ ijζij(t), (23)
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where Υ ij and ζij(t) are defined in Eq. (7).
Therefore, if equation (18) holds, then a synchro-

nization condition for network (4) is∑
1≤i<j≤N

ζT
ij(t)Φ[h(t)]ζij(t) < 0, (24a)

subject to ∑
1≤i<j≤N

(j − i)Υ ijζij(t) = 0 (24b)

where Φ[h(t)] is defined in Eq. (7).
Here, if the inequality Φ[h(t)] < 0 holds, then

there exists a positive scalar ε such that

Φ[h(t)] < −εI5n. (25)

From Eqs. (24) and (25), we have

V̇ ≤
∑

1≤i<j≤N

ζT
ij(t)Φ[h(t)]ζij(t)

<
∑

1≤i<j≤N

ζT
ij(t) (−εI5n) ζij(t)

<
∑

1≤i<j≤N

zT
ij(t) (−εIn) zij(t)

=
∑

1≤i<j≤N

(
−ε‖zij(t)‖2

)
=

∑
1≤i<j≤N

(
−ε‖x̃i(t) − x̃j(t)‖2

)
. (26)

By Lyapunov theorem and Definition 2, it can be guar-
anteed that the subnetworks in the coupled HNNs (4)
are asymptotically synchronized.

Finally, by use of Lemma 2 and convex-hull prop-
erties, the condition (24) is equivalent to the following
LMIs:∑
1≤i<j≤N

{
((j − i)Υ ij)⊥

}T
Φ[0]

{
((j − i)Υ ij)⊥

}
< 0,

∑
1≤i<j≤N

{
((j − i)Υ ij)⊥

}T
Φ[hM]

{
((j − i)Υ ij)⊥

}
< 0.

(27)

From the inequalities (27), if the LMIs (8) and (9)
are satisfied, then stability condition (24) holds. This
completes our proof.

When the information about ḣ(t) is unknown,
then by eliminating Q2 in the L–K functional (10),
the following corollary can be obtained.

Corollary 1 For a given positive scalar hM,
the network (4) is asymptotically synchronized for
0 ≤ h(t) ≤ hM, if there exist positive definite matri-
ces P ∈ Rn×n, Q1 ∈ Rn×n, R ∈ Rn×n and positive

diagonal matrix D ∈ Rn×n satisfying the following
LMIs for 1 ≤ i < j ≤ N :{

((j − i)Υ ij)⊥
}T

Φ̂[0]

{
((j − i)Υ ij)⊥

}
< 0, (28){

((j − i)Υ ij)⊥
}T

Φ̂[hM]

{
((j − i)Υ ij)⊥

}
< 0, (29)

where Φ̂[h(t)] = Φ[h(t)] − e1Q2e
T
1 + (1 − hD)e2Q2e

T
2 .

Proof The proof of Corollary 1 is very similar
to the proof of Theorem 1, so it is omitted.

Remark 2 In the field of delay-dependent stabil-
ity or synchronization analysis, one of the major con-
cerns is to obtain the maximum delay bounds with
fewer decision variables.[15−18] By utilizing Finsler
lemma, one can eliminate free variables which were
used in zero equalities in the works.[16−18] From
Lemma 2, one can check that the B⊥T

ΦB⊥ < 0 is
equivalent to the existence of X such that Φ+XB +
BTXT < 0 holds. Insertion of such an additional ma-
trix X does not play a role to reduce the conservatism
of B⊥T

ΦB⊥ < 0. It only increases the number of de-
cision variables. Therefore, our proposed synchroniza-
tion criteria are derived in the form of (ii) in Lemma
2. To do this, the new zero equality (18) with Kro-
necker product technique was devised, which has not
been deduced yet in the literature.

Remark 3 Theorem 1 and Corollary 1 pro-
vide new delay-dependent synchronization schemes for
coupled HNNs with time-varying delay. By use of
Lyapunov–Krasvoskii’s functional, the obtained re-
sults are formulated in the framework of LMIs which
can be easily computed by convex optimization al-
gorithms such as interior-point method. In our syn-
chronization criteria, neither the model transforma-
tion nor any bounding technique on the cross term is
used. In order to improve feasible region of synchro-
nization criteria, it should be noted that the delay de-
composition method and the technique including free
weighting matrices which are well known in enhancing
the feasible region of stability criteria for time delay
systems can be used.

4. Numerical examples

In this section, we provide two numerical exam-
ples to illustrate the effectiveness of the proposed syn-
chronization criteria in this paper.

Example 1 Consider the following coupled
HNNs with 3 nodes:

˙̃xi(t) = −Ax̃i(t) + Wf(x̃i(t − h(t)))

110504-7
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+
3∑

j=1

gijΓ x̃j(t − h(t)), (30)

where

A =

 3.5 0

0 1.5

 , W =

−1 0.4

0 −0.1

 ,

Γ =

 0.5 0

0 0.5

 , G =


−2 1 1

1 −2 1

1 1 −2


with

f(x) =
1
2
(|x + 1| − |x − 1|), L = diag{1, 1}.

For the networks above, the results of upper
bounds of time-varying delay with different hD by
Theorem 1 and Corollary 1 are listed in Table 1. From
the results in Table 1, the proposed criteria can guar-
antee the network to achieve asymptotic synchroniza-
tion for h(t) and ḣ(t), which are less than the upper

bounds, hM and hD, respectively. In order to con-
firm the obtained results with the time-varying delay
conditions as listed in Table 2, the simulation results
for the synchronization errors, zi1(t) = x̃i(t) − x̃1(t)
(i = 2, 3), of the network (30) are shown in Figs. 1, 2
and 3. These figures show that the network with the
errors converging to zero for given initial values of the
state randomly.

Table 1. The upper bound of time-delay with different

hD (Example 1).

hD 0 0.2 0.4 0.6 0.8 Unknown

Theorem 1 3.535 2.089 1.525 1.200 0.780 –

Corollary 1 – – – – – 0.641

Table 2. The conditions of simulation (Example 1).

No. Conditions h(t)

C1 hM = 3.535, hD = 0 3.535

C2 hM = 1.525, hD = 0.4 0.4 sin(t) + 1.125

C3 hM = 0.641, hD : unkwoun 0.641| sin(t)|

Fig. 1. (colour online) Synchronization errors with C1 (Example 1): (a) z21(t), (b) z31(t).

Fig. 2. (colour online) Synchronization errors with C2 (Example 1): (a) z21(t), (b) z31(t).
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Fig. 3. (colour online) Synchronization errors with C3 (Ex-

ample 2): (a) z21(t), (b) z31(t).

Example 2 Consider the following coupled
HNNs with 5 nodes:

˙̃xi(t) = −Ax̃i(t) + Wf(x̃i(t − h(t)))

+
5∑

j=1

gijΓ x̃j(t − h(t)), (31)

where

A =

 1.4 0.0

0.0 1.0

 , W =

 0.5 − 0.2

0.1 − 0.5

 ,

Γ =

 0.3 0.1

0.0 0.2

 , G =



−2 1 0 0 1

1 −3 1 1 0

0 1 −2 1 0

0 1 1 −3 1

1 0 0 1 −2


,

Table 3. The upper bound of time-delay with different

hD (Example 2).

hD 0 0.2 0.4 0.6 0.8 Unknown

Theorem 1 1.035 0.894 0.778 0.693 0.662 –

Corollary 1 – – – – – 0.661

Table 4. The conditions of simulation (Example 2).

No. Conditions h(t)

C4 hM = 1.035, hD = 0 1.035

C5 hM = 0.778, hD = 0.4 0.4 sin(t) + 0.378

C6 hM = 0.661, hD : unkwoun 0.661| sin(t)|

Fig. 4. (colour online) Synchronization errors with C4 (Example 2): (a) z21(t), (b) z31(t), (c) z41(t), (d) z51(t).
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Fig. 5. (colour online) Synchronization errors with C5 (Example 2): (a) z21(t), (b) z31(t), (c) z41(t), (d) z51(t).

Fig. 6. (colour online) Synchronization errors with C6 (Example 2): (a) z21(t), (b) z31(t), (c) z41(t), (d) z51(t).
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with

f(x) =
1
2
(|x + 1| − |x − 1|), L = diag{1, 1}.

The results of upper bounds of time-delay with
different hD by Theorem 1 are listed in Table 3. When
the value of the time-derivative of time-delay is un-
known, then by application of Corollary 1 to the above
system (31), the upper bound of time-delay listed
in Table 3 can be obtained. The simulation results
for the synchronization errors, zi1(t) = x̃i(t) − x̃1(t)
(i = 2, 3, 4, 5, ) of system (31) with the conditions
of time-delay in Table 4 are shown in Figures 4, 5
and 6. These figures show that the system (31) with
the errors converge to zero when initial values of
the state are x̃T

1 (0) = [1,−1], x̃T
2 (0) = [−1.5, 1.2],

x̃T
3 (0) = [2.0,−1.6], x̃T

4 (0) = [0.7, 1.1] and x̃T
5 (0) =

[−1.2,−1.8].

5. Conclusions

In this paper, the delay-dependent synchroniza-
tion criteria for the coupled HNNs with time-varying
delays are proposed. For this, the suitable L–K func-
tional is used to investigate the feasible region of sta-
bility criteria. By establishment of a new zero inequal-
ity and utilization of Lemma 2, sufficient conditions
for guaranteeing asymptotic synchronization for the
concerned networks were derived in terms of LMIs.
Two numerical examples have been given to show the
effectiveness and usefulness of the presented criteria.
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