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The thermodynamic properties of a (2 + 1)-dimensional black hole with non-linear electrodynamics from the

viewpoint of geometry is studied and some kinds of temperatures of the black hole have been obtained. Weinhold

curvature and Ruppeiner curvature are explored as information geometry. Moreover, based on Quevedo’s theory, the

Legendre invariant geometry is investigated for the black hole. We also study the relationship between the scalar

curvatures of the above several metrics and the phase transitions produced from the heat capacity.
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1. Introduction

In 1973, Bekenstein proposed the supposition of
proportional relation between black hole entropy and
its horizon area,[1] which is the beginning of what is
now called the thermodynamics of black holes. Sub-
sequently, Hawking’s discovery of the thermal radia-
tion from black holes proved the supposition,[2] and
the thermodynamics of black holes was developed by
Hawking et al.[3,4] by computing the thermodynamics
partition function from the viewpoint of path-integral
in the saddle-point approximation. After this work,
some valuable studies have been carried out, which
make the black hole thermodynamics become quite a
mature subject over the last few decades.[5−8] In 1997,
the black hole thermodynamic geometry was first ex-
plored by Ferrara et al.,[9] they investigated the critical
points of moduli space by using Weinhold metric and
Ruppeiner metric,[10,11] which leads to a geometric ap-
proach in which the thermodynamic phase space and
its natural contact structure are the basic elements of
the construction.

It is well known that an equilibrium thermody-
namic system shows interesting geometric features.
An interesting inner product on the equilibrium ther-

modynamic state space in the energy representation
was provided by Weinhold as the Hessian matrix of
the internal energy U with respect to the extensive
thermodynamic variables Na, namely[10]

gW
ij = ∂i∂jM(U,Na). (1)

However, there was no physical interpretation asso-
ciated with this metric structure. As a modifica-
tion, Ruppeiner introduced the Riemannian metric
into thermodynamic system once more and defined it
as the second derivative of entropy S (here, entropy
is a function of internal energy U and its extensive
variables Na) which is given by[11]

gij = −∂i∂jS(U,Na). (2)

Interestingly, the above two metrics are related such
that they are conformally related and the conformal
factor is the temperature[9]

gW
ij = TgR

ij , T = ∂M/∂S. (3)

It was applied to all kinds of thermodynamic models,
for example, the ideal gas, the van der Waals gas and
the two-dimensional Fermi gas. Studies have shown
that Ruppeiner geometry can overcome the difficul-
ties of covariance and self-consistency of general ther-
modynamic and it has phase structure information of
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the thermodynamic system. Based on the Weinhold’s
and Ruppeiner’s theory, we find that consideration of
different black hole families under various assumptions
has led to numerous puzzling results.[12−19] Therefore,
it is natural to try to describe the phase transitions
of black holes in terms of curvature singularities in
the space of equilibrium states. Unfortunately, some
results are contradictory. For instance, for Reissner–
Nordström black hole or the 3D charged-dilaton black
hole, the Ruppeiner metric is flat, whereas the Wein-
hold metric presents a curvature singularity.[20−23]

Nevertheless, a simple change of the thermodynamic
potential[24] affects Ruppeiner’s geometry in such a
way that the resulting curvature singularity now cor-
responds to a phase transition. A dimensional reduc-
tion of Ruppeiner’s curvature seems to also affect its
properties.[25] However, it is well known that ordinary
thermodynamics does not depend on the thermody-
namic potential.

Recently, Quevedo[26] proposed a formalism of
geometrothermodynamics (GTD) as a geometric ap-
proach that incorporates Legendre invariance in a nat-
ural way, which allows us to derive Legendre invari-
ant metrics in the space of equilibrium states. Since
Weinhold and Ruppeiner metrics are not Legendre in-
variant, one of the first results in the context of GTD
was the derivation of simple Legendre invariant gen-
eralizations of these metrics and their application to
black hole thermodynamics.[27−31] The results finished
the controversy regarding the application of geomet-
ric structures in the black hole thermodynamics. The
phase transition structure contained in the heat ca-
pacity of black holes becomes completely integrated
in the scalar curvature of the Legendre invariant met-
ric so that a curvature singularity corresponds to a
phase transition.

In this article, we first study the thermodynamic
properties of (2 + 1)-dimensional black hole with non-
linear electrodynamics from the geometry point of
view, and some kinds of temperature of the black hole
have been obtained. Then, we calculate the corre-
sponding curvature scalars in Weinhold metric and
Ruppeiner metric. Moreover, the Legendre invariant
metric of the black hole is also discussed. Finally, We
also study the relationship between the scalar curva-
tures of several metrics and the phase transitions pro-
duced from the heat capacity. Throughout this paper
we use units in which G = c = ~ = kB = 1.

2. Temperatures of the (2+1)-

dimensional black hole with

non-linear electrodynamics

In this section, we will present several tempera-
tures of the (2+1)-dimensional black hole with non-
linear electrodynamics. The action describing the
(2+1)-dimensional Einstein theory coupled with non-
linear electrodynamics is given by[32]

S =
∫

√
g

[
1

16π
(R − Λ) + L(F )

]
d3x, (4)

and the field equations via variational principle read

Gab + Λgab = 8πTab, (5)

Tab = gabL(F ) − FacF
c
b L,F , (6)

∇a(F acL,F ) = 0, (7)

where L,F stands for the derivative of L(F ) with re-
spect to F = (FabF ac)/4. The nonlinear field is cho-
sen such that the energy momentum tensor (8) has a
vanishing trace. The trace of the tensor gives

T = Tabgac = 3L(F ) − 4FL,F . (8)

Hence, to have a vanishing trace, the electromagnetic
Lagrangian is obtained

L = C |F |3/4
, (9)

where C is an integration constant. With reference to
the studies of Refs. [32] and [33], the complete solution
to the above action is given by the metric

ds2 = −f(r)dt2 + g(r)dr2 + r2dθ2, (10)

where the metric function f(r) and g(r) are respec-
tively given by

f(r) = −M +
r2

l2
+

4Q2

3r
, (11)

and
g(r) = f−1(r), (12)

where M and Q are the mass and electric charge of
the black hole.

At the event horizon, an important thermody-
namic quantity corresponding to the black hole is the
Hawking temperature TH. The Hawking temperature
associated with the event horizon is given by[34,35]

TH = κ/2π, (13)

where κ is the surface gravity of the event horizon,
and it is easily evaluated as

κ =
1
2
∂rf(r)

√
f(r)g(r)

∣∣∣
r=rh

, (14)
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so we have the Hawking temperature TH, which is
given by

TH =
1
4π

∂rf(r)
√

f(r)g(r)
∣∣∣
r=rh

=
1
2π

(
rh

l2
− 2Q2

3r2
h

)
. (15)

Based on Verlinde’s idea,[36,37] the holographic
screens located at equipotential surfaces, the time-
like Killing vector ξα is obtained under the condition
ξαξα = −1 at infinity, namely

ξα =
(

M − r2

l2
− 4Q2

3r
, 0, 0, 0

)
, (16)

which is also zero at the horizon. The acceleration and
the Unruh–Verlinde temperature are expressed as

aα =
(

0,
2r

l2
− 4Q2

3r2
, 0, 0

)
, (17)

TU−H =
1
2π

(
r

l2
− 2Q2

3r2

)
, (18)

on the event horizon rh, the Unruh–Verlinde temper-
ature is rewritten as

TU−H =
1
2π

(
rh

l2
− 2Q2

3r2
h

)
, (19)

where rh is the radius of the event horizon which is
located at f(rh) = 0. The mass can be expressed in
the form of

M =
r2
h

l2
+

4Q2

3rh
, (20)

with the relation between entropy and the radius of
the event horizon, we can obtain

S = 4πrh. (21)

Substituting Eq. (21) into Eq. (20), the mass can be
obtained as a function of the entropy S and the charge
Q in the form of

M =
S2

16π2l2
+

16πQ2

3S
. (22)

It has been established that the physical parameters
of the (2+1)-dimensional black hole with non-linear
electrodynamics satisfy the first law of black hole ther-
modynamics

dM = TthdS + φdQ, (23)

where Tth is the thermodynamic temperature propor-
tional to the surface gravity on the horizon, S is the
entropy on the horizon, and φ is the electric potential.

The thermodynamic temperature and electric poten-
tial can be expressed as

Tth =
(

∂M

∂S

)
Q

=
S

8l2π2
− 16πQ2

3S2

=
1
2π

(
rh

l2
− 2Q2

3r2
h

)
, (24)

and

φ =
(

∂M

∂Q

)
S

=
32πQ

3S
, (25)

the horizon radius rh is usually determined by the
largest solution of f(r) = 0.

In order to simplify computation, we let the en-
tropy function as

S = rh. (26)

Equation (22) can be expressed as

M =
S2

l2
+

8Q2

3S
. (27)

3. Thermodynamic geometry of

the (2+1)-dimensional black

hole with non-linear electrody-

namics

In this section, we will study the Weinhold geom-
etry, Ruppeiner and Legendre invariant geometry of
the (2+1)-dimensional black hole with non-linear elec-
trodynamics. First, we will discuss the Weinhold ge-
ometry. Then, using the conformal relation, we could
obtain the Ruppeiner geometry. The Weinhold geom-
etry is characterized by the metric

ds2
W =

∂2M

∂S2
dS2 + 2

∂2M

∂S∂Q
dSdQ +

∂2M

∂Q2
dQ2, (28)

where the subscript W denotes the Weinhold geom-
etry. Here, we have made the choice that the mass
M corresponds to the thermodynamic potential with
the extensive variables entropy S and charge Q. From
Eq. (27), we can obtain the Weinhold metric compo-
nents of the black hole as

gW =


6S3 + 8Q2l2

3S3l2
− 8Q

3S2

− 8Q

3S2

8
3S

 . (29)

Before giving the curvature scalar, a simple calcula-
tion shows that the Christoffel symbols are

ΓS
SS = −2l2Q2

3S4
, ΓQ

SS = −2l2Q3 + 3QS3

3S5
,
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ΓS
SQ = ΓS

QS =
2l2Q

3S3
, ΓQ

SQ = ΓQ
QS =

4l2Q2 − 3S3

6S4
,

ΓS
QQ = − 2l2

3S2
, ΓQ

QQ = −2l2Q

3S3
, (30)

where the Christoffel symbols are calculated with

Γλ
µν =

1
2
gλτ (gντ,µ + gντ,µ − gµν,τ ). (31)

The Riemannian curvature tensor <ρ
µνσ, Ricci curva-

ture tensor <µσ and curvature scalar < are respec-
tively expressed as

<ρ
µνσ = Γ ρ

µσ,ν − Γ ρ
νσ,µ + Γλ

µσ × Γ ρ
λν

− Γλ
σν × Γ ρ

λµ, (32)

<µσ = <ν
µνσ, (33)

< = gµσ<µσ. (34)

From Eq. (29) to Eq. (34), we calculate the Weinhold
curvature scalar which can be written as

<W =
l2

4S2
. (35)

We now turn to the Ruppeiner geometry of the (2+1)-
dimensional black hole with non-linear electrodynam-
ics. Recalling the conformal relation between the Rup-
peiner geometry and the Weinhold geometry, we ob-
tain the Ruppeiner metric of Ruppeiner geometry

gR =
gW

T
=


− 4l2Q2 + 3S3

2l2Q2S − 3S4

4l2Q

2l2Q2 − 3S3

4l2Q

2l2Q2 − 3S3

4l2S

−2l2Q2 + 3S3

 ,

(36)
where the subscript R denotes the Ruppeiner geome-
try. After some calculations, Ruppeiner scalar curva-
ture be expressed as

<R =
9l2Q2S6(−9Q + S) + 27S9(−Q + S) + 8l6Q6(Q + S) − 6l4Q4S3(9Q + 11S)

18S8(2l2Q2 − 3S3)
. (37)

Finally, we turn to use the recent geometric formula-
tion of extended thermodynamic behaviour of (2+1)-
dimensional charged black hole. From the GTD point
of view,[23] equation (27) represents the fundamental
relationship M = (S,Q), from which all the thermo-
dynamic information can be obtained. Therefore, we
would consider a 4-dimensional phase space = with
coordinates {M,S, T,Q}, a contact form

Θ = dM − T dS − ΦdQ, (38)

and an invariant metric

G = (dM − T dS − ΦdQ)2

+ (TS + ΦQ)(−dT dS + dΦdQ). (39)

The triplet (=, Θ,G) defines a contact Riemannian
manifold that plays an auxiliary role in GTD. It is
used to properly handle the invariance with respect
to Legendre transformations. In fact, for the charged
black hole, a Legendre transformation involves in gen-
eral all the thermodynamic variables M,S, Q,T and
Φ so that they must be independent of each other as
they are in the phase space. We introduce also the
geometric structure of the space in equilibrium states
ε in the following manner: ε is a 2-dimensional sub-
manifold of = that is defined by the smooth embedding
map ϕ: ε 7→ =, satisfying the condition that the “pro-
jection” of the contact form Θ on ε vanishes, namely

ϕ∗(Θ) = 0, where ϕ∗ is the pull-back of ϕ, and that G

induces a Legendre invariant metric g on ε by means
of ε. In principle, any 2-dimensional subset of the set
of coordinates of = can be used to coordinative ε. For
the sake of simplicity, we will use the set of extensive
variables S and Q, which in ordinary thermodynamics
corresponds to the energy representation. Then, the
embedding map for this specific choice is

ϕ : {S,Q} 7→ {M(S,Q), S,Q, T (S,Q)}. (40)

The condition ϕ∗(Θ) = 0 is equivalent to Eq. (23)
(the first law of thermodynamics) and Eqs. (24) and
(25) (the conditions of thermodynamic equilibrium),
the induced metric is obtained as

g =
(

S
∂M

∂S
+ Q

∂M

∂Q

)(
−∂2M

∂S2
dS2 +

∂2M

∂Q2
dQ2

)
.

(41)
This metric determines all the geometric properties of
the equilibrium space ε. We see that in order to obtain
the explicit form of the metric, it is only necessary to
specify the thermodynamic potential M as a function
of S and Q.

As for the (2+1)-dimensional charged black hole,
the fundamental equation M = M(S,Q) follows from
the area-entropy relationship and is given in Eq. (27).
Then, it is easy to compute the explicit form of the
thermodynamic metric (41), which can be rewritten
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as

gSS = −32Q4l4 − 72Q2S3l2 − 36S6

9S4l4
, (42)

gQQ =
32Q2l2 + 48S3

9S2l2
. (43)

After some calculations, we obtain the Legendre in-
variant scalar curvature

<L =
27l4S5(104l4Q4 + 18l2Q2S3 − 81S6)

8(2l2Q2 + 3S3)3(4l2Q2 + 3S3)2
. (44)

4. Heat capacity of the (2+1)-

dimensional black hole with

non-linear electrodynamics

In this section, we briefly discuss the heat ca-
pacity of the (2+1)-dimensional black hole with non-
linear electrodynamics and the relationship between
the scalar curvatures of the above several metrics
and the phase transitions produced from heat capac-
ity. The heat capacity of the (2+1)-dimensional black
hole with non-linear electrodynamics is obtained from
Eq. (27) as

CQ = Tth

(
∂S

∂Tth

)
Q

=
S(−2l2Q2 + 3S3)

4l2Q2 + 3S3
; (45)

obviously, the heat capacity have the zero-points when
3S3 = 2Q2l2, and it also have the singular-points
when 3S3 = −4l2Q2. From Eq. (35), Weinhold cur-
vature scalar is non-zero except l2 = 0, which im-
plies no information about the phase transition of
the (2+1)-dimensional black hole with non-linear elec-
trodynamics. From Eq. (37), Ruppeiner curvature
scalar is infinite when 3S3 = 2l2Q2, which implies a
first-order phase transition of the (2+1)-dimensional
black hole with non-linear electrodynamics. From
Eq. (44), Legendre invariant scalar curvature is in-
finite when 3S3 = −2l2Q2 and 3S3 = −4l2Q2, which
implies a second-order phase transition of the (2+1)-
dimensional black hole with non-linear electrodynam-
ics. The case when 3S3 = −4l2Q2 implies more infor-
mation the heat capacity cannot reflect than the case
when 3S3 = −2l2Q2.

5. Conclusion

We have studied the thermodynamic properties
of the (2+1)-dimensional black hole with non-linear
electrodynamics from the viewpoint of geometry and

temperatures of the black hole have been obtained.
The results show that the thermodynamic tempera-
ture of the black hole is equal to its Hawking tem-
perature and the Unruh–Verlinde temperature. In
addition, we find that the scalar curvature <W of
the black hole loses the information about charge Q,
which reflects no phase transitions can occur, and it
must be non-zero except at the point l2 = 0. In con-
trast, the scalar curvature <R of Ruppeiner geometry
goes to infinity when 3S3 = 2l2Q2, which is consis-
tent with the first-order transition point reproduced
from the capacity, and it indicates Ruppeiner geom-
etry carries more information about the phase struc-
ture of the toroidal black hole. In addition, we find
that Legendre invariant scalar curvature <L goes to
infinity when 4l2Q2 + 3S3 = 0, which indicates the
Legendre invariant metric can give a well description
of the toroidal black hole thermodynamics. In sum-
mary, all the above thermodynamic geometries leading
to different results indicate that it is still either fas-
cinating or unresolved to introduce geometrical con-
cepts into all kinds of black holes. We also expect
that these geometric descriptions may give more in-
formation about a thermodynamic system, especially
its thermodynamic statistical mechanics foundation.
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