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A new simpler mathematic method is proposed to study fermions tunneling from black holes. According to this

method, by using semiclassical approximation theory, it simplifies the Dirac equation of curved spacetime and then the

relationship of the gamma matrix and the component of contravariant metric is considered in order to transform the set

of difficult quantum equations into a simple equation. Finally, the fermion tunneling and Hawking radiation of black

holes are obtained. The method is very effective and simple, and we will take the Schwarzschild black hole with global

monopole and the higher-dimensional Reissner–Nordstrom de Sitter black hole as two examples to show the fact.
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1. Introduction

As an astronomical body predicted by general rel-
ativity, a black hole may be the end-result of super-
massive star. In the study of astronomy, researchers
generally think that black holes are real, since the dis-
covery of white dwarfs and neutron stars. Although
the mysterious object is difficult to be directly ob-
served, several indirect effects have proved the exis-
tence of black holes. Astronomers guess that many
phenomena in astronomy are related to black holes.
However, the significance of studies on black hole is
much more than this. In theoretical physics, the prop-
erty of a black hole can be simply determined by
three parameters, mass, charge and angular momen-
tum. Therefore, theoretical physicists often use black
holes to reveal the quantum feature of gravity.

After taking the quantum effect near the hori-
zon of black holes into consideration, in 1974, Hawk-
ing proved that thermal radiation (Hawking radiation)
can be emitted from the black hole.[1,2] This meant
that black hole thermodynamics could be founded,
and several thermodynamic concepts, such as the tem-
perature, entropy and free energy, are true in black
hole physics. The existence of Hawking radiation pro-
foundly implies the relationship between thermody-

namics, black hole physics and quantum gravity the-
ory, so research on the thermal radiation mechanism
has attracted much interest.[3−12] Subsequently, re-
searchers have proposed some new ways to prove the
existence Hawking radiation and investigate its vari-
ous properties, and the methods improve the under-
standing about black hole thermodynamics and the
physical nature of quantum gravity. Recently, the tun-
neling theory of Hawking radiation was proposed in
Refs. [13] and [14]: the mechanism of Hawking radi-
ation is viewed as a process of quantum tunneling at
the horizon, and the Hawking temperature and tun-
neling rate of black holes can be successfully calculated
finally.[15−19] By using this theory, the Hamilton–
Jacobi method was put forward to study the quantum
tunneling from black holes,[20−29] the Klein–Gordon
equation in curved spacetime could be rewritten as a
Hamilton–Jacobi equation via a semiclassical WKB
approximation, and then the tunneling rate of the
black holes can be determined as Γ ∝ exp(−2ImS),
where S is the classical action. People have used
this method to study quantum tunneling from sev-
eral static, stationary and non-stationary black holes,
and the method is proved to be effective.

Improving the above method, Kerner and Mann
presented a new way to study the fermion tunneling
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of black holes.[30,31] According to the method, the re-
search is divided into the spin-up case and the spin-
down case, and then the wave function can be substi-
tuted into Dirac equation to rewrite it as the action
form. By using semiclassical approximation, the equa-
tion of radial fermions tunneling is obtained, and the
fermion tunneling rate and Hawking temperature are
calculated finally. Next, this method has been applied
to de Sitter spacetime, charged dilative black holes,
three-dimensional BTZ black holes, Kerr and Kerr–
Newman black holes, five-dimensional spacetime and
various non-stationary black holes.[32−42]

In Refs. [43] and [44], the Kerner–Mann fermion
tunneling method is improved to study the fermions
tunneling from higher-dimensional black holes, the
Dirac equation is firstly simplified as a linear system
of differential equations by using the semiclassical ap-
proximation condition, and we can write down the
concrete form of the gamma matrix, which satisfies
the relationship {γµ,γυ} = 2gµυI. After applying the
condition that the system of equations has non-trivial
solutions, the Hamilton–Jacobi equation is obtained,
so the fermion tunneling can be studied. The method
greatly simplifies the research of fermion tunneling,
but it is still not the simplest method. The reason
is that the concrete form of gamma matrix may be
complicated (especially in non-static and higher di-
mensional case).

In this paper, we proposed a simpler method in
mathematics to investigate fermion tunneling, and the
method, which does not need us to write down the
concrete form of gamma matrix of Dirac equation,
further simplifies the research about fermions tunnel-
ing from black holes. This paper is arranged as fol-
lows: we firstly review the methods of Refs. [43] and
[44] in Section 2; we take the Schwarzschild black
hole with global monopole and higher–dimensional
Reissner–Nordstrom de Sitter black hole as two ex-
amples to study uncharged and charged fermions tun-
neling from black hole via this method in Sections 3
and 4. Section 5 ends up with some discussion and
conclusions.

2. Review of Hamilton Jacobi

method of fermion tunneling

In Refs. [43] and [44], we derived the Hamilton–
Jacobi equation from Dirac equation and successfully
calculated the fermion tunneling rate and Hawking

temperature. Let us review the method in this section.
Consider the higher dimensional spherical symmetry
black hole, whose metric is given by

ds2 = −f (r) dt2 + h−1 (r) dr2 + r2dΩ2
n, (1)

the event horizon r0 should be determined by

f (r0) = h (r0) = 0, (2)

where the dΩ2
n is the line element of the n-dimensional

sphere. The Dirac equation, which describes the dy-
namic property of 1/2-spin fermions, should be writ-
ten as

γµDµΨ +
m

~
Ψ = 0, µ = 1, 2, 3, ..., n + 2, (3)

where

Dµ = ∂µ +
i
2
Γα

µ
βΠαβ , (4)

Παβ =
i
4

[
γα,γβ

]
, (5)

and the gamma matrix γµ of this curved spacetime
satisfies the anti-commute relationship

{γµ,γυ} = 2gµυI. (6)

First of all, we choose gamma matrix of (n + 2)-
dimensional flat spacetime as

γ̂1
m×m =

 Im
2 ×m

2
0

0 −Im
2 ×m

2

 , (7)

γ̂2
m×m =

 0 Im
2 ×m

2

Im
2 ×m

2
0

 , (8)

γ̂l
m×m =

 0 iγ̂l−2
m
2 ×m

2

−iγ̂l−2
m
2 ×m

2
0

 ,

3 ≤ l ≤ n + 2, (9)

the gamma matrix γ̂µ of flat spacetime should satisfy
the flat anti-commute relationship {γ̂µ, γ̂υ} = 2δµυIδυµ =

 1 υ = µ

0 υ 6= µ

, where 0 and Im
2 ×m

2
respec-

tively are the zero matrix and unit matrix with m
2 × m

2

order; γ̂υ
m
2 ×m

2
is the υ-th flat gamma matrix with

m
2 × m

2 order, and m = 2(n+1)/2 (m = 2(n+2)/2) is the
order of the matrix in odd (even) dimensional space-
time. In spacetime (1), the gamma matrix can be
concretely chosen as

γt
m×m =

i√
f

γ̂2
m×m, (10)

γr
m×m =

√
hγ̂2

m×m, (11)

γη
m×m =

√
gηηγ̂l

m×m, (12)
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where gηη are the angular and extra dimensional com-
ponents of contravariant metric. In semiclassical ap-
proximation method, the wave function of Dirac equa-
tion can be rewritten as

Ψ = j (t, r · · ·xη · · ·) e
i
~ S(t,r···xη···)

=

 Am
2 ×1 (t, r · · ·xη · · ·)

Bm
2 ×1 (t, r · · ·xη · · ·)

 e
i
~ S(t,r···xη···), (13)

where Am
2 ×1 (t, r · · ·xη · · ·) and Bm

2 ×1 (t, r · · ·xη · · ·)
are the matrices with m

2 × 1 order elements. Then we
substitute Eq. (13) into Eq. (3) at the horizon. After
dividing by the exponential terms and multiplying by
~, the resulting equations to leading order in ~ are C D

E F

  Am
2 ×1

Bm
2 ×1

 = 0, (14)

where

C = − 1√
f

∂S

∂t
Im

2 ×m
2

+ mIm
2 ×m

2
, (15)

D = i
√

h
∂S

∂r
Im

2 ×m
2
−

∑
η

√
gηη

∂S

∂xη
γ̂l−2

m
2 ×m

2
, (16)

E = i
√

h
∂S

∂r
Im

2 ×m
2

+
∑

η

√
gηη

∂S

∂xη
γ̂l−2

m
2 ×m

2
, (17)

F =
1√
f

∂S

∂t
Im

2 ×m
2

+ mIm
2 ×m

2
. (18)

If we request that Eq. (14) has a non-trivial solution,
then it means that the determinant of coefficient in
Eq. (14) should vanish, namely

det

 C D

E F

 = 0. (19)

From the anti-commute relationship of flat gamma
matrix {γ̂µ, γ̂υ} = 2δµυI, we can obtain the
Hamilton–Jacobi equation of spacetime (1) as

− 1
f

(
∂S

∂t

)2

+ h

(
∂S

∂r

)2

+ · · · + gυυ

(
∂S

∂xυ

)2

+ · · · + m2 = 0. (20)

Because the spacetime is static, we separate the vari-
able for the action S as

S = −ωt + R (r) + Y (θ, φ, · · · , xυ, · · ·) . (21)

Therefore, the Hamilton–Jacobi equation is broken in
radial equation and non-radial equation as

− 1
f

ω2 + h

(
∂R

∂r

)2

+ m2 =
λ

r2
, (22)

∑
i=θ,φ,···xυ···

Gii

(
∂Y

∂xi

)2

+ λ = 0, (23)

where
Gii (θ, φ, · · · , xυ · · ·) = r2gii, (24)

and gii are the components of contravariant metric of
angular and extra dimensional coordinates. We just
study the radial equation because fermions at the hori-
zon of black holes is radial, so we have

dR (r)
dr

= ±
√

ω2r2 −
√

fh (m2r2 − λ)√
fhr

. (25)

Near the event horizon, we can expand f and h as

f (r0) = f ′ (r0) (r − r0)

+ f ′′ (r0) (r − r0)
2
/2 + · · · , (26)

h (r0) = h′ (r0) (r − r0)

+ h′′ (r0) (r − r0)
2
/2 + · · · . (27)

Choosing the leading terms of Eqs. (26) and (27), we
obtain the radial equation

R± (r)

=±
∫ √

ω2 −
√

f ′ (r0) h′ (r0) (r − r0) (m2 − λ/r2)√
f ′ (r0) h′ (r0) (r − r0)

dr

=± iπω√
f ′ (r0) h′ (r0)

, (28)

where R+(R−) is the radial outgoing (incoming) solu-
tion, and the total imaginary part of the action is

ImS = ImR = ImR+ (r) − ImR− (r) . (29)

So the fermion tunneling rate is

Γ = exp (−2ImR) = exp

(
−4πω√

f ′ (r0) h′ (r0)

)
, (30)

and the Hawking temperature of this black hole is

T0 =

√
f ′ (r0) h′ (r0)

4π
. (31)

It should be noticed that we never divide the research
into spin-up and spin-down cases for discussion respec-
tively, but directly derive the Hamilton–Jacobi equa-
tion to obtain the fermion tunneling rate and Hawking
temperature. Therefore, this method greatly simpli-
fies the research of fermion tunneling. However, in
this method, it is also true that, as Eqs. (7)–(20), we
must spend some time and energy to choose and cal-
culate gamma matrix of Dirac equation. In order to
avoid the trouble, we propose a simpler way to study
fermion tunneling in Section 3.
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3. Simpler method and Hawking

radiation of the Schwarzschild

black hole with a global

monopole

Now let us consider the wave function (13) and
Dirac equation (3), near the horizon of a black hole,
by using semiclassical approximation theory, the Dirac
equation can be written as

iγµ ∂S

∂xµ
j + mj = 0. (32)

Equation (32) in fact is equivalent to Eq. (14) in the
spacetime (1). Multiplying both sides of the Eq. (32)
by the matrix −iγυ(∂S/∂xυ)j, we can obtain

γυ ∂S

∂xυ
γµ ∂S

∂xµ
j − iγυ ∂S

∂xυ
mj = 0. (33)

On the other hand, according to Eq. (32),
−iγυ(∂S/∂xυ)j = mj, so Eq. (33) is rewritten as

γυ ∂S

∂xυ
γµ ∂S

∂xµ
j + m2j = 0. (34)

Similarly, we obtain

γµ ∂S

∂xµ
γυ ∂S

∂xυ
j + m2j = 0, (35)

from Eqs. (34) and (35), we can obtain

1
2
{γµ,γυ} ∂S

∂xµ

∂S

∂xυ
j + m2j = 0. (36)

From the relationship {γµ,γυ} = 2gµυ, Eq. (36) can
be written as(

gµυ ∂S

∂xµ

∂S

∂xυ
+ m2

)
j = 0. (37)

Due to the condition that Eq. (37) has non-trivial solu-
tion, the determinant of coefficient in Eq. (37) should
vanish, namely

det
(

gµυ ∂S

∂xµ

∂S

∂xυ
+ m2

)
= 0. (38)

The Hamilton–Jacobi equation is directly obtained as

gµυ ∂S

∂xµ

∂S

∂xυ
+ m2 = 0. (39)

Using the Hamilton–Jacobi equation, we then in-
vestigate the fermion tunneling of the Schwarzschild
black hole with a global monopole, which results from
the global symmetry breaking. Due to the contribu-
tion of goldstone fields and the defects of vacuum man-
ifold, the global could be produced in early universe,

and the metric of static black hole with the global
monopole is given by[45,46]

ds2

= −
(

1 − 8πη2
0 − 2M

r

)
dt2

+
(

1 − 8πη2
0 − 2M

r

)−1

dr2 + r2dΩ2
n, (40)

where, we have used the units c = G = 1, and η0 is
the symmetry breaking scale. Separating the variable
for the action S of Hamilton–Jacobi equation as

S = −ωt + R (r) + Y (θ, ϕ) , (41)

we can similarly break the Hamilton–Jacobi equation
in radial equation and non-radial equation. At the
event horizon r0, solving the radial equation, we ob-
tain

R± (r) = ± iπωr2
0

2M
, (42)

where R+(R−) is the radial outgoing (incoming) solu-
tion, so the fermion tunneling rate and Hawking tem-
perature at the horizon of this black hole respectively
are

Γ =
exp (2ImR−)
exp (2ImR+)

= exp
(
−2πωr2

0

M

)
, (43)

and
T0 =

M

2πr2
0

. (44)

There are the results which we want to obtain. It
is obvious that this method is more direct and ef-
fective. In this section, we even need not to con-
sider the concrete form of gamma matrix. In ad-
dition, the Hamilton–Jacobi equation (20) from the
method of Section 2 is only adequate for the space-
time (1), but the Hamilton–Jacobi equation (39) from
this method has a general form. Next section, we will
study charged fermions tunneling case.

4. Charged fermion tunnel-

ing and Hawking radia-

tion from higher-dimensional

Reissner Nordstrom de Sitter

black hole

Charged fermions dynamics should be described
by charged Dirac equation in curved spacetime

γµDµΨ +
m

~
Ψ = 0, µ = 1, 2, 3, ..., n + 2, (45)
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where

Dµ = ∂µ +
i
2
Γα

µ
βΠαβ +

iqAµ

~
, (46)

Παβ =
i
4

[
γα,γβ

]
, (47)

q and Aµ are the charge of fermions and poten-
tial respectively. In semicalssical approximation, the
fermions wave function should be given by

Ψ = j (t, r · · ·xµ · · ·) e
i
~ S(t,r···xµ···). (48)

At the horizon of black hole, after dividing by the ex-
ponential terms and multiplying by ~, we can obtain
the resulting equations to leading order in ~ as

iγµ

(
∂S

∂xµ
+ qAµ

)
j + mj = 0. (49)

Multiplying both sides of the Eq. (32) by the
matrix −iγµ (∂S/∂xµ + qAµ), and noticing that
−iγµ (∂S/∂xµ + qAµ) j = mj, we have

γυ

(
∂S

∂xυ
+ qAυ

)
γµ

(
∂S

∂xµ
+ qAµ

)
j + m2j = 0.

(50)
After exchanging the index µ ↔ υ of Eq. (50), the
new equation is still true, we therefore obtain

{γµ,γυ}
(

∂S

∂xµ
+ qAµ

)(
∂S

∂xυ
+ qAυ

)
j + 2m2j = 0.

(51)
From the relationship {γµ,γυ} = 2gµυ, the equation
is rewritten as

2
[
gµυ

(
∂S

∂xµ
+ qAµ

)(
∂S

∂xυ
+ qAυ

)
+ m2

]
j = 0.

(52)
From the condition that the equations have non-trivial
solution, we can obtain the charged Hamilton–Jacobi
equation as

gµυ

(
∂S

∂xµ
+ qAµ

)(
∂S

∂xυ
+ qAυ

)
+ m2 = 0. (53)

It is again shown that the method is simpler in the re-
search of fermion tunneling. We will use the charged
Hamilton–Jacobi equation to study the fermion tun-
neling from higher-dimensional Reissner–Nordstrom
de Sitter black hole, which is given by[47]

ds2 = −f (r) dt2 + f−1 (r) dr2 + r2dΩ2
n, (54)

where

f (r) = 1 − 2M

rn−1
+

Q2

r2n−2
− 2Λr2

n (n + 1)
. (55)

In this spacetime, Λ is cosmology constant, M and Q

are the mass and electric charge of this black hole re-
spectively. It is clear that the event horizon rh and
cosmology horizon rc satisfy the equation f (rh) =
f (rc) = 0. The electro-magnetic potential is

Aµ =
(

Q

(n − 1)Vnrn−1
, 0, 0, 0

)
. (56)

In this spacetime, equation (53) can be written as ra-
dial equation and non-radial equation,

− 1
f

(ω − qAt)
2 + f

(
dR

dr

)2

+ m2 =
λ

r2
, (57)

∑
i=θ,φ,···xυ···

Gii

(
∂Y

∂xi

)2

+ λ = 0, (58)

where
Gii (θ, ϕ, · · · , xυ · · ·) = r2gii. (59)

Solving the radial equation, we can obtain

dR (r)
dr

= ±

√
(ω − qAt)

2
r2 − f (m2r2 − λ)

fr
. (60)

At the event horizon, Eq. (60) is rewritten as

R± (r)

= ±
∫ √

(ω − ωh)2 − f ′ (rh) (r − rh) (m2 − λ/r2)

f ′ (rh) (r − rh)
dr

= ± iπ (ω − ωh)
f ′ (rh)

, (61)

where ωh = qAt (rh), R+(R−) is the radial outgoing
(incoming) solution, and the total imaginary part of
the action is

ImS = ImR = ImR+ (r) − ImR− (r) . (62)

The fermion tunneling rate and Hawking temperature
of event horizon respectively are

Γ = exp (−2ImR) = exp
(
−4π (ω − ωh)

f ′ (rh)

)
, (63)

and

Th =
f ′ (rh)

4π
=

(n − 1) M

2πrn
h

− (n − 1) Q2

2πr2n−1
h

− Λrh

2πn (n + 1)
.

(64)
Similarly, at the cosmology horizon, the radial solu-
tion is

R± (r)

= ±
∫ √

(ω − ωc)
2 − f ′ (rc) (r − rc) (m2 − λ/r2)

f ′ (rc) (r − rc)
dr

= ± iπ (ω − ωc)
f ′ (rc)

. (65)
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However, due to the fact that the Hawking radiation
is the incoming mode at the cosmology horizon, the
total imaginary part of the action is

ImS = ImR = ImR− (r) − ImR+ (r) , (66)

where ωc = qAt (rc). The fermion tunneling rate and
Hawking temperature of cosmology horizon respec-
tively are

Γ = exp (−2ImR) = exp
(

4π (ω − ωc)
f ′ (rc)

)
, (67)

Tc = −f ′ (rc)
4π

= − (n − 1) M

2πrn
c

+
(n − 1) Q2

2πr2n−1
c

+
Λrc

2πn (n + 1)
. (68)

The conclusions are reasonable.

5. Conclusions

In this paper, we take the Schwarzschild black
hole with global monopole and higher-dimensional
Reissner–Nordstrom de Sitter black hole for example
to study uncharged and charged fermions tunneling
from a black hole via the new and simpler method in
mathematics. The general Hamilton–Jacobi equation
gµυ (∂S/∂xµ + qAµ) (∂S/∂xυ + qAυ) + m2 = 0 is de-
rived, but we do not need to write down the concrete
form both of gamma matrix and spacetime metric, so
the method is more simple, direct and effective. The
results of fermion tunneling, such as fermions tunnel-
ing rate and Hawking temperature at the horizon, are
correct by using the method.

However, the tunneling rate obtained in this pa-
per shows that the Hawking radiation is pure ther-
mal spectrum, which leads to information loss paradox
of black holes. After taking the unfixed background
space-time into account, the study could help to re-
solve the paradox.However, the conclusion is based on
Eqs. (3) and (45), but they are not fully successful
quantum gravity equations, so rigorous expression of
Hawking radiation is still an open problem.
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