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A theory of (4+1)-dimensional gravity is developed on the basis of the teleparallel theory equivalent to general

relativity. The fundamental gravitational field variables are the five-dimensional vector fields (pentad), defined globally

on a manifold M, and gravity is attributed to the torsion. The Lagrangian density is quadratic in the torsion tensor.

We then give the exact five-dimensional solution. The solution is a generalization of the familiar Schwarzschild and

Kerr solutions of the four-dimensional teleparallel equivalent of general relativity. We also use the definition of the

gravitational energy to calculate the energy and the spatial momentum.
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1. Introduction

The study of black holes in higher dimensions is
motivated by several reasons. First of all, it is re-
lated to the intrinsic properties of human nature. One
knows the fundamental features of black holes in four
dimensions, such as the equilibrium and uniqueness
properties and astonishing thermodynamical proper-
ties, and Hawking’s effect of evaporation of mini black
holes and wonders what will happen when going over
into higher dimensions. Strong motivation comes
from developments in string/M-theory, which is be-
lieved to be the most consistent approach to quantum
Black holes

may have a crucial role in the analysis of dynamics

theory of gravity in higher dimensions.

in higher dimensions as well as in the compactifica-
tion mechanics. In particular, to test novel predic-
tions of string/M-theory, microscopic black holes may
serve as good theoretical laboratories. As an exam-
ple, one can recall the statistical-mechanical calcula-
tion of the Bekenstein—Hawking entropy for a class of
supersymmetric black holes in five dimensions which
is thought to be one of the remarkable results in string
theory.[1 =9

After the invention of general relativity, Kaluzal

and Klein® postulated the existence of an extra di-
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mension. Their motivation was to give a unified de-
scription of electromagnetism and gravity in terms of
a five-dimension Riemannian structure. Although this
was only partially successful (the existence of the dila-
ton has not been verified), it gave rise to a more con-
temporary unification scheme, string theory. String
theory posits the existence of six or seven extra spatial
dimensions. In order not to conflict with current ex-
perimental evidence, these extra dimensions are typi-
cally considered to be compactified into some Calabi—
Yau structure, the size of which is small enough to
escape current observation.

Recently, as a description of gravity equivalent
to general relativity (GR), the teleparallel gravity
has attracted renewed attention owing to many of
its salient features.l'=32] First of all, the teleparal-
lel gravity can be regarded as a translational gauge
theory, 1932 which makes it possible to unify gravity
with other kinds of interactions in the gauge theory
framework in which the fundamental interactions are
described by a connection defined on some principle
fibre bundle.

sic solutions of GR with teleparallel theory and com-

There is a trend of analysing the ba-
paring the results. It is considered to be an essen-
tial part of generalized non-Riemannian theories such

as the Poincaré gauge theory®3—%4 or metric-affine
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gravity.[%] Physics relevant to geometry may be re-
lated to the teleparallel description of gravity.32:66—69]
Within the framework of metric-affine gravity, a sta-
tionary axially symmetric exact solution of the vac-
uum field equations is obtained for a specific gravi-
tational Lagrangian by using prolongation techniques
(see Refs. [70], [71] and references therein). Teleparal-
lel approach is used for positive-gravitational-energy
proof.3%721 A relation between spinor Lagrangian
and teleparallel theory is established.[” In metric-
affine generalization of teleparallelism, Obukhov and
Pereiral”! have shown that there is an inconsistency in
the coupling of spinors. Mielkel™ demonstrated the
consistency of the coupling of the Dirac fields to the
teleparallel equivalent of general relativity (TEGR).
However, Obukhov and Pereiral™ have shown that
this demonstration is not correct. They also have
studied the general teleparallel gravity model within
the framework of the metric affine gravity theory.
Nester et al.32 have considered the quasi-local center-
of-mass (COM) in pentad -teleparallel gravity. They
have used the covariant Hamiltonian formalism, in
which quasi-local quantities are given by the Hamilto-
nian boundary term, along with the covariant asymp-
totic Hamiltonian boundary expressions. Considera-
tion of the COM not only gives the most restrictive
asymptotic conditions on the variables but also gives
strong constraints on the acceptable expressions.3?

Another advantage for the teleparallel gravity
concerns energy-momentum, its representation, pos-
itivity and localization.[19=21:32] Nester[32 succeeded
in formulating a pure tensorial proof of the positiv-
ity of the total energy for Einstein’s theory in terms
of the teleparallel geometry. He has found that spe-
cial gauge features of TEGR, which are usually con-
sidered to be problematic, are quite beneficial for
this purpose. Because of its simplicity and trans-
parency, the teleparallel gravity seems to be much
more appropriate than GR to deal with the prob-
lem of the gravitation energy-momentum. It is proved
that[19=21:32] in the teleparallel gravity there exists a
gravitational energy-momentum tensor which is co-
variant under general coordinate and global Lorentz
transformations.

The localization of gravitational energy-
momentum remains an important problem in GR.
Using the standard methods many famous researchers

have found their expression. None of these expres-

sions is covariant, they are all reference frame de-
pendent (referred to as pseudotensors). This feature
can be understood in terms of the equivalence prin-
ciple: gravity cannot be detected at a point, so it
cannot have a point-wise defined energy-momentum
density. At present, there is another way to ad-
dress this difficulty. The new idea is the quasi-local:
energy-momentum is associated with a closed 2 sur-
face surrounding a region. A good quasi-local ap-
proach is in terms of the Hamiltonian.?? Then the
Hamiltonian boundary term determines the quasi-

In fact, this approach includes all
¢.[32,73]

local quantities.
the traditional pseudotensor They are each
generated by a superpotential which can serve as a
special type of Hamiltonian boundary term. A good
energy-momentum expression for gravitating systems
should satisfy a variety of requirements, including
giving the standard values for the total quantities for
asymptotically flat space and reducing to the ma-
terial energy-momentum in proper limit. No entire
expression has yet been identified. One of the most
restrictive requirements is positivity. A general posi-
tivity proof is very difficult.!™

It is the aim of the present work to find a higher
dimensional solution in TEGR. In Section 2, we give
a brief review of teleparallel spacetime in five dimen-
sions. The Lagrangian and the field equations are
given in Section 3. In Section 4, we construct the
axisymmetric pentad field and then apply it to the
field equation given in Section 3. A five-dimensional
rotating black hole is also given in Section 4. We cal-
culate the energy and spatial momentum associated
with this solution in Section 5. The final section is

devoted to the main result.

2. Pentad, covariant deravative

and teleparallelism

The five-dimensional space-time M is assumed
to be a differentiable manifold endowed with the
Lorentzian metric g, dz# ® dz¥ (u,v = 0,1,2,3,4)
related to the fields e* = e¥, da#, (k = 0,1,2,3,4)
through the relation g,, = ne' e?, with n;; =
(=1,41,41,+1,+1). Here z* {x = 0,1,2,3,4} is a
local coordinate of the space-time. The fields e, =
et,0/dxH, which are the dual to e, are the dreibein

fields. In this study, we will denote the symmetric
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part by ( ), for example, A,y = (1/2)(Auw + Avp)
and the antisymmetric part by the square bracket [ ],
Apw = (1/2)(Apw — Auy). The field strength of e*,
is given by

Tk,uz/ = Fk[p,l/]v Fk,uv = a,ueku' (1)

We define the covariant derivative of the Lorentzian
vector field V* by

v,k e g,V (2)

For the world vector fields V' = V#9/0x*, the covari-
ant derivative with respect to the affine connection
I'*,y is defined by

v, Ve g e ey v (3)

The requirement

VVF =eek, v, v (4)
for
VH = e“ka leads to FH)\,, d;f. €Mkau6kA,
and hence we have the relation!”!
Tkw/ d;f' ek/\TAuuv
Rﬂukp d%f‘ 8)\[Wl/p - 8p[wu/\ + F“T}\FTIJ[)
— I, I\ =0, (5)
V)\g;w = aAgiw - Fpp)\gpu - Fpu)\gup =0, (6)

where T)‘W = (vl

The components T*W and R*,,, are those of
the torsion and of the curvature tensor, respectively.
Equation (5) implies teleparallelism and together with
Eq. (6), means that M is the Weitzenbock space-time.

Also from (6), we can obtain

FA;LI/ = ,)ll,} + K)\uua

with
1
{ﬁv} - 59)@ (Ougvp + Ovdup — OpGup) » (7)

where K* uv stands for the contortion tensor as

1
K)\#V = *5 (T)\;w - Tl‘)\u - TVAIL> = 7Kﬂ)\u' (8)
In what follows, the field components e*, and e”j
are used to convert Latin and Greek indices, e.g.,
V# and VF(= ek, V). Rasing and lowering the in-
dices k,I,m--- are accomplished with the aid of n%/,

nij = (n7)~* respectively.

3. The Lagrangian density and

the gravitation field equation

In this paper, we follow the notions given in
Ref. [21]. Throughout this paper we use the relativis-
tic units, ¢c = G = 1 and k = 8n. The Lagrangian
density for the gravitational field in the TEGR, in the

presence of matter fields, is given by!21:79]
Ya = elg
= — 3= E"*Tue = Lm, (9)

where e = det(e?,) and Ly, is the matter Lagrangian.
The tensor X% is defined by

Eabc déf- i (Tabc + Tbac _ Tcab)
1
+5 (T = 1), (10)

T and T are the torsion tensor and the basic vector
field defined by

def. by
a a a a
T = eI = 0ue, — 0,ey,

def.
Tabc = ebuecyTauuv

def. p @
T ="T%

(11)

The quadratic combination X®°T,,. is proportional
to the scalar curvature R(e), except for a total diver-
gence term. 2]

The gravitational field equations for the system

described by Lg are as follows:

1
€axebuOy (eEbA”) —e (Eb"aTbW — e(wach’de)

4
1
= —rely,, (12)
2
where 5L
Soan = elyy,.

It is possible to prove by explicit calculations that
the left hand side of the symmetric field equations of
Eq. (12) is exactly given by

e 1
£ [Ranle) = SeanRi(e)

4. Axisymmetric black hole solu-
tion

Let us begin with the pentad field which can be

written as
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Al(pa (b)
Bi(p, ¢)sinf
Ci(p, ¢)sind

Fi(p, ¢) cosf

A2(pa d))
Bs(p, ¢)siné
(ei") Ca(p, ¢)sin b

Fy(p, ¢) cosf

Hy(p,p)cosd  Ha(p, ) cosb

where A;i(p,¢), Bi(p ,¢), Ci(p,¢), Fi(p,$) and
H;i(p,¢) (i=1,...,5) are unknown functions of p and
o.

Applying Eq. (13) to the field equations (12), we
obtain a set of non-linear partial differential equations.
We are interested to find some special solutions to
those differential equations. We are going to attribute
the following values to the unknown functions given
in Eq. (13).

M M
Ai=1——"=., Ay;==—. A3=0
1 97 2 T? 3 )
Masin? 6
A4:T, A5 =0,
M cos ¢ 1
B, = 0 B2fT(POé*MCOS¢)a
Masin2 .
By =a, Bw—W%W, Bs =0,
M si 1
=" 0y = L (o8~ Msing),
Masin? 0 si
C3:ﬁ> 04201_%&11(;5? C5:07
M M
Fi=—, Ih=1+—, F3=—
1 07 2 +T7 3 P
Masin? 6
F4:—4Q , F5=0,
Hy =0, Hy=0, H3=0,
H4 = 07 H5 =P, (14)

where (2, T, a and (8 are defined by

T =p*+a® - 2M,
B = psing + acos ¢, (15)

2= p?+a?cos? 0,

a = pcos¢ — asin @,

and M and a are the gravitational mass of the source
and its angular momentum respectively. The metric
associated with the pentad (13) using solution (14)
has the form

oM 17,
2 _ _ (122 2 | 440 9
ds ( Q)dt +po
2 2)2 _ ra2sin? 6
| oap 4 W) - a o }sin29d¢2
. 2
- Wdtd(ﬁ + 02 cos? 0dy?, (16)

As(p. @)

Bs(p, ¢) cosf
Cs3(p, ¢) cos
Fs(p, ¢)sinf

Hs(p, ¢)siné

A4(p7 ¢)
By(p, ¢)sinf
04(pa ¢) sin ¢

Fy(p, ¢) cosf

(13)

Hy(p, @) cosb

which is exactly the Myers-perry metric (rotating
black hole in five dimensions) with one non-zero an-
gular momentum.l”® When the parameter a — 0, so-
lution (14) will be coincides with the five-dimensional
Schwarzschild metric.

5. Energy, momentum and an-

gular-momentum

The Hamiltonian formulation of TEGR in five di-
mensions is obtained by establishing the phase space
variables. The Lagrangian density does not con-
tain the time derivative of the pentad component
eq0. Therefore, this quantity will arise as a Lagrange
multiplier.””] The momentum canonically conjugated

to eq; is given by
IT% = 8L /8¢éq;.

The Hamiltonian formulation is obtained by rewriting
the Lagrangian density in the form L = p¢ — H, in
terms of eq;, II* and the Lagrange multipliers. The
Legendre transformation can be successfully carried
out and the final form of the Hamiltonian density has

the form![78]

H = e,0C®% + i I + B, T, (17)

plus a surface term. Here, «;, and [y are Lagrange
multipliers that are identified as
1
Qi = i(TiOk +Troi),  Br = Took, (18)
and C?%, I''* and I'* are first class constraints. The
Poisson bracket between any two field quantities F

and G is given by

{F,G} = /d?’x(

OF S0G

deqi(x) 8IT% ()
dOF

_ 3G >

dII¥(x) deqi(x)
We recall that the Poisson brackets {I'(z), ™™ (z)}
[21]

(19)

reproduce the angular-momentum algebra.
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The constraint C¢ is written as C® = —9;IT* +
h®, where h® is an intricate expression of the field vari-
ables. The integral form of the constraint equation
C® = 0 motivates the definition of the gravitational

energy-momentum P? five-vector2!]
Pt = — / d*zo, T, (20)
1%
where V is an arbitrary volume of the four-
dimensional space. In the configuration space we have
% = —4r/—g 52 (21)
with

1
ay( /jgza)\u) — ﬂ /jgeaﬂ(t)\# 4 T)\#)7
where

t)\p, -k (42bc)\Tbc,u _ gAlquCdTbcd) )

The emergence of total divergences in the form of
scalar or vector densities is possible in the framework
of theories constructed out of the torsion tensor. Met-
ric theories of gravity do not share this feature. By
making A = 0 in Eq. (21) and identifying IT% in the
left side of the latter, the integral form of Eq. (20) is
written as

P = / d*z/=ge,, (% +T) . (22)
1%

Equation (21) suggests that P® is now understood as
the gravitational energy-momentum.?!! The spatial
component P forms a total four-momentum, while
temporal component P(?) is the total energy.[™]

It is possible to rewrite the Hamiltonian density

of Eq. (17) in the equivalent form[50l

1
H = eq,0C" + iAabFaba (23)

with Ay = —Ape being the Lagrangian multipliers
such that Az = i and Agp = —Ako = OBx. The
constraints I'* = — (78] embodies both constraints
I'** and I'* by means of the relation

Ik = e lefrab, k=% —¢ O krab (24)
The constraint I'* can be reads as

I = M + 4ky/=ge()° (2“<0>b - 2b<0>a> - (25)

Similar to the definition of P%, the integral form
of the constraint equation I"*® = 0 motivates the new
definition of the space-time angular-momentum. The
equation I'*’ = 0 implies

Mab — _4HH600 (EaCb _ Ebca) , (26)

Maluf et al.21:80 have used the definition
L = / d*ze, e, MM (27)
v

as the 5-angular-momentum of the gravitational field
for an arbitrary volume V of the four dimensions.
Definition (27) is a four-dimensional integral. The
quantities P® and L are separately invariant un-
der general coordinate transformations of the four-
dimensional space and under time reparametrizations,
which is an expected feature since these definitions
arise in the Hamiltonian formulation of the theory.
Now, we calculate the energy associated with the
pentad field (13) after using the solution given by
Egs. (14) and (15). In the context of pentad theo-
ries of gravity, asymptotically flat space-times may be
characterized by the asymptotic boundary condition

1
€ap = Nap + iha,u(l/r)v (28)

together with the condition d,e®, = O(1/r?) in the
asymptotic limit r — oo. An important property
of pentad fields that satisfy Eq. (28) is that in the
flat space-time limit one has e®,(t,z,y,2) = 6%, and
therefore the torsion tensor 7%, = 0.

We use the definition (20) in the pentad field (13)
using Eqgs. (14) and (15), to calculate the energy con-
tent. We perform the calculations in the spherical
coordinate. Definition (20) implies that the reference
space is determined by a set of pentad fields e®, for
the flat space-time such that the condition 7,, = 0
is satisfied. Substituting Eqgs. (13)—-(15) into Eq. (11),
we obtain the non-vanishing components of the torsion
tensor as given in Appendix A. We apply Eq. (20) to
the pentad field (13) using Egs. (14) and (15) to calcu-
late the energy content. The only required component
of M ig

1 1
P00t~ _ — (2 6M = . 2
1 (2-6M)+0O E (29)
Using Eq. (29) in definition (20), we obtain

PO = F= —7{ AV, 1Ok
V—oo

1 w/2 27 27
- / / dfdgdape X0k
4 Jo—o =0 Jy=0

=L 2L (30)

1%

which is a divergent form.®") This is due to the fact
that the components of the torsion do not vanish iden-
tically when the physical quantities vanish, i.e., M =0
and a = 0. This contradicts the flatness condition
given by Eq. (28). Therefore, in this case we are going
to use the regularized expression for the gravitational

energy-momentum. ]
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6. Regularized expression for the
gravitational energy-moment-

um and localization of energy

An important property of the pentad fields that
satisfy the condition given by Eq. (28) is that in the
flat space-time limit, e, (t,z,y,2) = 6%, and there-
fore the torsion T uww = 0. Hence, for the flat space-
time, it is normal to consider a set of pentad fields such
that T2 uv = 0 in any coordinate system. However, in

general, an arbitrary set of pentad fields that yields
the metric tensor for the asymptotically flat space-
time does not satisfy the asymptotic condition given
by Eq. (28). Moreover, for such pentad fields the tor-
sion T*,, # 0 for the flat space-time.5?] Tt might
be argued that the expression for the gravitational
energy-momentum (20) is restricted to particular class
of pentad fields, namely, to the class of frames such
that T’\,w = 0 if E," represents the flat space-time
pentad field.?] To explain this, let us evaluate (13)
in the case of flat space-time as

1 0 0 0 0
0 cos¢sinf pcospcosf —psingsind 0
(EB")=1| 0 singsinf psingcosf  pcos¢singd 0 (31)
0 cos —psinf 0 0
0 0 0 pcosf 0

Expression (31) yields the following non-vanishing tor-

sion components:

1
T, = -, T®W,, = cot 6.

p (32)

In view of the geometric structure of Eq. (32), we
see that Eq. (32) does not display the asymptotic be-
haviour required by Eq. (28). Moreover, in general the
pentad field (31) is adapted to accelerated observers.
In spite of the above problems discussed for the pen-
tad field of Eq. (13), it yields a satisfactory value for
the total gravitational energy-momentum, as we will
discussed.

Definition (20) implies that the reference space is
determined by a set of pentad fields e®,, for flat space-
time such that the condition 7%,, = 0 is satisfied.
However, in general there exist flat space-time pentad
fields for which 7%, # 0. In this case, Eq. (20) may
be generalized!"™® by adding a suitable reference space
subtraction term, exactly like that in the Brown-York
formalism. [83—85]

We will denote T%,,,(E) = 0,E%, — 0,E%, and
II*(E) as the expression of IT% constructed out of
the flat pentad £¢,. The regularized form of the grav-
itational energy-momentum P? is defined by!8?!

po—— / d*ed, [1T1°F(e) — T (B)] . (33)
1%

This condition guarantees that the energy-momentum
of the flat space-time always vanishes. The reference
s Ob-
tained from e?,, by requiring the vanishing of the phys-

space-time is determined by pentad fields E®

ical parameters like mass, angular-momentum, etc.
Assuming that the space-time is asymptotically flat,
then Eq. (33) can has the form[™®:82l

P =— f dVy, [T (e) — I*™(E)],  (34)
V—oo

where the volume V is established at spacelike infinity.

We may likewise establish the regularized expres-
sion for the gravitational 5-angular momentum. It
reads

L% = / d?z [M*(e) — M (E)]. (35)
1%

Now we are in a position to proof that the pen-

tad field (13) yields a satisfactory value for the to-

tal gravitational energy-momentum. We will integrate

I = and

Eq. (34) over a volume of constant radius
require r — oo. Therefore, the index k in (34) takes

the value k£ = 1. We need to calculate the quantity
1
5(0)01 _ (0) 57001 _ 56(())O(Tom — g7,
Evaluating the above equation, we find

-1

—2 (0ot

4m ‘

_ sinfcos 0(p? —3M)

- 167 ’ (36)

IO e) =
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and the expression of IT(W'(E) is obtained by just
making M =0, and a = 0 in Eq. (36), it is given by

1
IOYE) = _4—p2 sin @ cos 0. (37)
T

Thus, the gravitational energy of the pentad field of
Eq. (13) is given by

/2 2w 27
PO — / / dedqbdw%siné‘cosﬁ
0=0 J$=0Jyp=0 16m
. 3Mm 1
& 3 +0 <p) . (38)

which is the desired result.

7. Conclusion

We construct a five-dimensional pentadic theory
of gravitation. The basic entity of this theory is the
pentad field e,*. A Lagrangian which is quadratic in
torsion in five-dimensional spacetime is constructed.
By making a variational principles to the Lagrangian
we obtain the field equation given by Eq. (12).

We have assumed the existence of an extra di-
mension and solved the TEGR field equations in this
context. We have found a new static axisymmetric so-
lution to the field equations of TEGR in vacuum. The
solution contains two parameters M and a. If the pa-
rameter a — 0, then the solution will coincides with
that of the Schwarzschild solution in five-dimensions.
Solution of the TEGR with electromagnetic has not
been obtain. This will be done in a future work.

The energy of the obtained solution is calcu-
lated using the gravitational energy-momentum ten-
sor, which is independent of coordinate. We have ob-
tained a form of energy which is divergent. Therefore,
we use the regularized form and obtain a consistence
result of energy.

Appendix A

Here, we write the non-vanishing components of
the torsion T",, and the non-vanishing vector T*
needed for the calculations of energy.
The non-vanishing components of the torsion
have the form
0 2Mp(p® + a?)
"o =—@p57—>
0227
—2Ma?sin 0 cos O(p? + a®> — M)

T =
02 QQT ?

70 _ —2M?apsin® 0
03 — QQT )
o —Ma?sin 6 cos 0
12 — or )
70 Mapsin® 0(3p? + a?[2 + cos? 6])
13 — 027 )
7. _ —Masinf cos 0(2(p* + a?)? + 2Ma? sin? 0)
23 — Q2T J
2M
T'o = 92p7
1 —apsin® 0(p? + a? cos® 6 4+ 2M)
T 13 = 02 )
1 Masin 6 cos 0(2p* + a* + a® cos? 0)
T 23 — 02 )
7 —a?M sin @ cos 6
= T
—aMpsin® 0 M
iy = ZMS0 g M
T2, _ ¢ sinf cos 0(p*> — M + a?)
13 — 0r )
aMpsin® @ -M
T?g3 = [})727 T? = Qgp,
o —Masinfcost
1730 = — 2
3 acos®(p* — M + a? cos? 6)
1712 = - ;
sin 027
—2aMp
Ty =
10 227 )
3 Mp(p? + a® + a®sin? §)
T 13 = )
02r
T3, aM cos0(p* — 2M + a? + a? sin? 0)
0 sin 00227 ’
T3.. — —a®M sin 0 cos 0(3p* +2a>+a? sin® —2M)
23 — Q2T Y
T3, —ap(p? — 2M + a? cos® 0)
30 — QQT I
-1
T414 = —, T424 = cot 6. (Al)
p

The non-vanishing components of the vector T# have

the form
70 _ Ma?psin® 0 T = r
ST oer T
T2 sin 0([2p? — 4M]2—2a? cos? 0[p* + a®>— M])
B cos 00227 ’
—ap[p?® + a® cos? H— M]
T3 = T . (A2)
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