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Energy and spatial momentum of charged
rotating frames in tetrad gravity

Gamal G.L. Nashed!

Mathematics Department, Faculty of Science, Ain Shams University, Cairo, Egypt

(Received 27 April 2011; revised manuscript received 2 June 2011)

We compute the total energy and the spatial momentum of four charged rotating (Kerr—Newman) frames by using

the gravitational energy-momentum 3-form within the framework of the tetrad formulation of the general relativity

theory. We show how the effect of the inertial always makes the total energy divergent. We use a natural regularization

method, which yields the physical value for the total energy of the system. We show how the regularization method

works on a number of different rotating frames that are related to each other by the local Lorentz transformation. We

also show that the inertial has no effect on the spatial momentum components.
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1. Introduction

As is well known, there are two ways to described
gravitational interaction, one by curvature and the
other by torsion.l! According to the general relativ-
ity (GR), the curvature is due to the geometry, based
on which a successful description of the gravitational
interaction has been carried out. On the other hand,
the teleparallelism attributes the gravitation through
torsion. In this case, the torsion acting as a force ac-
counts for the gravitation instead of the geometrizing
the interaction. This means that in the teleparallel
equivalent of the GR, there is no geodesic but force
equations quite analogous to the Lorentz force equa-
tion of the electrodynamics. Therefore, the gravita-
tional interaction can be described!? either in terms of
the curvature, which is always done within the frame-
work of the GR, or in terms of the torsion. In this
study, we study the teleparallel gravity.

Nowadays, it seems that the teleparallel theories
are interesting for several reasons.

i) The GR can be viewed as a particular theory
of the teleparallelism. Thus the teleparallelism can be
considered as a different point of view, which can lead
to the same results. !

ii) In the teleparallelism, we can define an energy—
momentum tensor for the gravitational field, which is
a true tensor under all general coordinate transfor-

mations. This was the reason why the teleparallelism
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was reconsidered by Mgller when he was studying the
problem of defining an energy—momentum tensor for
the gravitational field.[*=¢! The idea was taken over by
Pellegrini and Plebanski, who constructed the general
Lagrangian for those theories. "]

iii) The teleparallelism can be seen as gauge the-
ories of the translation group (not the full Poincaré
group) and thus, they give an alternative interpreta-
tion of the GR.[8—12]

An important difference between Einstein’'s GR
theory and the teleparallel theories is that it is possi-
ble to distinguish the gravitation and the inertia.['?]
Since the inertia has the pseudotensor behaviour of
the usual expressions for the gravitational energy—
momentum density, it is possible in the teleparallel
gravity to write down a tensorial expression for such a
density."¥ The computation of the total energy of the
Schwarzschild and Kerr spacetimes using a regularized
teleparallelism has been given.['®) Obukhov et al.[16:17]
computed the energy and momentum transported by
using the exact plane gravitational-wave solutions of
the Einstein equations and the teleparallel equivalent
of the general relativity (TEGR). It is our aim to cal-
culate the total energy and momentum using the two
different procedures. In the first procedure, we use
the Riemannian connection I % only. In the second
one, we use the covariant formulation of the telepar-
allel gravity, which implies to take into account the

pure gauge connection. The teleparallel gravity al-
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ways yields the physically relevant result for the en-
ergy and momentum. We will use the notation given
in Ref. [16].

In Section 2, we use the language of the exterior
forms to give an outline of the teleparallel approach.
A brief review of the covariant formalism for the gravi-
tational energy—momentum, which is described by the
pair (<, FQ'B), is also given in Section 2. In Section 3,
we show by using calculations that due to the incon-
venient choice of the reference system, the traditional
computation of the total energy of a charged rotating
frame is unphysical! Using the regularized formalism,
we show that the Weitzenbock connection acts as a
regularizing tool that separates the inertial contribu-
tions and provides the physically meaningful result.
The final section is devoted to main results and dis-
cussion.

Notation We use Latin indices i, 7, ... for local
holonomic spacetime coordinates and Greek indices
a, B3, ... for (co)frame components. Particular frame
components are denoted by hats, 0, 1, etc. As usual,
the exterior product is denoted by A and the interior
product of a vector £ with a p-form ¥ is denoted by
&|W. The vector basis dual to frame 1-forms 9% is
denoted by e, and they satisfy e, |0° = 6", Us-
ing local coordinates x!, we have ¥9* = h®dz’ and
eo = h%0;, where h® and h!, are the covariant and
the contravariant components of the tetrad field. We
define the volume 4-form by 7 et 90 A9l A 92 A 93,
With the help of the interior product, we define

def.

1
No = €aln = o7 €aBys 9B NI NP,

3!

def. 1
Nap = €5J77a = geaﬁvé AN 196,

def. 1 5
Napy = ey]nap = 1) €aprs v°,
which are bases for 3-, 2- and 1-forms, respectively.
The €435 is completely antisymmetric with €123 = 1.
Finally,

def

77(1,@;“/ = GVJ,’?O&['}/J = eVJeMJeﬁJeaJn’

is the Levi-Civita tensor density. The n-forms satisfy
the useful identities:

< s,

97 A Nuw = 65"7u - 557%,

195/\77,1

D Ao =" 8500 + 8wa + 00N,
D Ao = 85Ny — Simayw
+ 557704“/ - 55%#% (1)

The line element ds? < Jap?® @098 is defined by the

spacetime metric gog.

2. Review of teleparallel gravity
and energy—momentum con-

servation

The teleparallel geometry can be viewed as a
gauge theory of translation.[8=10:17-30 Coframe 9
plays the role of the gauge translational potential of
the gravitational field. The GR can be reformulated
into the teleparallel theory. The teleparallel gravity
can be considered as a special case of the metric-affine
gravity, in which < and the local Lorentz connection
(Weitzenbock 1-form connection) are subject to the

distant parallelism constraint[30—47]

R, =dr,’ -, AL, =0.
In this geometry, the torsion 2-form
1
T = D™ = dv* + I3* A9 = o L 0" N0
1 . .
= 5Tij‘xdx’ A da?, (2)

arises as the gravitational gauge field strength, where
d is the exterior derivative and D is the exterior co-
variant derivative. Torsion T* can be decomposed
into three irreducible pieces,19:16) the tensor part, the
trace and the axial trace, which are given respectively

by
Wpa At pa _ (2)pa _ @)ea
@) At éﬁ“ AT,
1
@re S et P, (3)

where T = (engﬁ), e T =Tu", P = (ﬁﬁATg),
and eo|P = THNuna.
teleparallel equivalent, which is a particular case of

The Lagrangian of the

the general 3-parameter Lagrangian quadratic in the
field strength (see Refs. [1], [10] and [28] for examples),
has the form

V(0*, d9)

1 1
= ——ToN\ (1, — 2@, — —O)T, 4
5T ( 50 Ta )y (4)

where k = 87G'/c3, G is the Newtonian constant, c is
the speed of light and * denotes the Hodge duality in
metric gog, which is assumed to be the flat Minkowski
metric with gog = 0ap = diag(+1,—1,—1,—1). The
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Minkowski metric is used to raise and lower the local
frame (Greek) indices.

The variation of the total action with respect to
the coframe gives the field equations in the form of

DH, — E, =X, (5)

where
E@ dgf. 6Lmattter _ oL D OL ’
oY« o oT
is the canonical energy—momentum current 3-form of
matter and is considered as the source. In accordance

with the general Lagrange Noether scheme,[?1:26]

we
can derive from Eq. (4) the translational momentum

2-form and the canonical energy—momentum 3-form,

gt OV 1 <<1>T _o@p _lep )
« «@ «@ 2 « b)

ore kK
B, < %zeajv+(eajTﬁ)AH@. (6)

Due to the geometric identities,*”) Lagrangian (4) can
be rewritten as

1
V=—3T"AH,. (7)

Connection field ' plays an important regularizing
role as shown in the following arguments.

i) The theory becomes explicitly covariant under
the local Lorentz transformations of the coframe, i.e.,
Lagrangian (4) is invariant under the change of vari-

ables
W = A%0°,
P =y noa ™’ —ahoamy,. ©®)
a a” K v 107 a’

It should be noted that due to the non-covariant trans-
formation law of I,® shown in Eq. (8), if a connec-
tion vanishes in a given frame, it will not vanish in
any other frame related to the given one by a local
Lorentz transformation.

o B

€

R

(2M7r — ¢*)asin® @
Va/C

_ g2 3
—(QMT q°)asinf cos 6 —w%sinﬁcosqﬁ — sin @sin v/ —\/gsinﬁcosﬁ

% b
—\/écosﬂcosqb —cosfsin oV .o ugsirfﬁ
| ol

O @Siﬂﬁb

ii) The I, plays an important role in the telepar-
allel framework. The role represents the inertial ef-
fects, which arise from the choice of the reference
system.[!5] The contributions of the inertial in many
cases lead to unphysical results for the total energy
of the system. The translational momentum has the

form[16]

~ 1 ~

H, = %Fﬂﬂy A Napys Faﬁ =
where I, aﬁ is the purely Riemannian connection, and
K" is the contorsion 1-form, which is related to the
torsion through the relation

VR 'SPV (10)

When the Weitzenbock connection is trivial, i.e.,
I,” =0, we denote the corresponding superpotential
with a tilde, i.e.,

Ha :Hoc|[‘a5=0- (11)

3. Energy and momentum of

charged rotating frames

In this section, we use four charged rotating
frames, which reproduce the Kerr—-Newman metric, to
calculate their total energy and momentum using the
translational momentum given by Eq. (11). The four
frames are related to each other through local lorentz
transformations as will be shown.

3.1. First charged rotating frame

The covariant form of the first charged rotating
tetrad field having an axial symmetry in the spherical
coordinates (t,r,0,¢) can be written as

0 0

—cos oV o 0

where &7, % and ¢ are three functions of r and 6 having the form

o =12+ a’cos? b,

B =r>—2Mr +ad®+ ¢°,
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¢ = (r* +a”) (r* + a®cos® ) + (2Mr — ¢*)a” sin? 6,

with M, a and ¢ being the mass, the rotation and
the charge parameters, respectively.?) We consider
an asymptotically flat space-time in this paper and
impose the boundary condition that for r — oo,
tetrad (12) approaches the tetrad of the Minkowski
space—time in the Cartesian coordinate. Metric ten-
SOT g;j def. o h#;h? j associated with tetrad field (12)
has the form
ds? — {1 _ (2Mr —¢%)

o
dt? — = dr? — &/ d6?
o } 2"

(13)

(2M7r — ¢*)asin’® 0
o

—2 dtde, (14)

which is the Kerr-Newman (charged rotating) metric

written in the Boyer-Lindquist coordinates.6!

In the spherical local coordinates, we take the first

rotating frame to be described by the coframe

R ¢
91 =A%) 07, (15)

2, oy, @Mr—q*a?sin®0) . 5, . _
N {(r +a’)+ o sin”0de”  yhere Y17 = (h7;), da’ has the following components:
5 o B
9" = Zcdt,
. sing {(2Mr — @®)av B cos cdt — cos pf VEdr — sin g/ BC O — cosd %@dqﬁ}
9 = — ,
! Vi BC
9.2 _ [2M7 — ¢?lav/ B sin® 0 cdt + cos O cos .o/ /E dr + cos O sin g/ BC AO — sin? O €/ Bdp
' vV BC ’
. Vet (sinpdr — cos o/ Bdo
3
The local Lorentz transformation, which is given by matrix A%, is defined as(3%]
1 0 0 0
(4e,) = 0 sinfcos¢ cosfcos¢p —sing (17)
0 sinfsing  cosfsing cos ¢
0 cos 6 —sind 0

By using Eq. (11), coframe (15) has the following non-vanishing components of the Riemannian connection

~5 a’sinfcos0dr + rAdo
Fi - — B
AN B

~3 sin OV B

=Y
! 2V C o2
~ 1
rd—=__ -
b 2a2V%
— (r* + a®)[2M (r* — a® cos® 0) — 2rg°cdt),
8 _ cos 0

2
~4 (2Mr — ¢?)aV PBsinf cos O
FQ = — 5

VE
~3 _ asinf
S WBCA
— (2Mr — ¢*)a® sin 0 cos 0.28d0).

({2re7® — 24° sin? @ [M(r* — a®cos®0) — ¢°r] } d¢ + [2Ma(r? — a® cos® 0) — ¢*r]edt)

(a sin? 9{2M[3T4 +7r%a® 4 a® cos? O(r? — a2)} — 2r¢? [ + (7”2 + ag)]}d¢

({&?(r* + a*) + (2Mr—g°)a®sin® 6[2r* + a®(1 + cos® 0)] }dp— (2Mr—g*)a(r® + a®)cdt),
(a sin® fd¢ — cdt) ,

({2M[3r" +r%a® + a® cos® 0(r* — a®)] — ¢*[4r® + 2ra®(1 + cos® 0)] } dr

(18)

If we take coframe (15) as well as the trivial Weitzenbock connection I'*g and substitute them into Eq. (11),
we finally obtain the temporal component of the translation momentum, which has the form
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Ho = ~Yovmrn WZ (VBAr® + 2ra*(1 + cos? 0)
e
+2Ma?sin? 0]} (df A do). (19)

Using Eq. (19) to compute the total energy up to or-
der O (T%) at a fixed time in the 3-space with a spatial
boundary 2-dimensional surface 95 = {r = R, 6, ¢},
we obtain

~ ~ M ¢ 1

E=| Hy=—R(1-—=+-5]+0(=;), (20
[ A=r (1= Fsm) <0 () o

which is a divergent form as R — oo.

In order to find a regularizing connection to
tackle the above divergent result, we take the limit

of Eq. (18) for r — oo, i.e., ]lelgz_wo). This yields
2 =—dg, I =—sinfdg,
F;’ = —cosfde. (21)

The curvature R,” aet- dfg + f,'f A ]N“a” vanishes for
connection (21), but the torsion components are non-
trivial and have the following non-vanishing compo-

nents

T2 = 2dr A d6,

Hi=H; = Hy = Hy = 0,

5o asin® @ {M [3r* + r2a?(1 + cos? 0) — a* cos? 0] — ¢®r [2r2 + a®(1 + cos? 0)] }

T3 = 2sin0(dr A d¢) + 2rcos 0(dO A de).

Using Egs. (15), (18) and (21) and substituting them
into the regularized form

~ 1 /~ ~5
we finally obtain the temporal component of the trans-
lation momentum, which has the following form up to

order O (T%)

N <M— ;) sin 0 1
Hy = T(d@/\ d¢)+ 0O (7&) . (23)

The integral of Eq. (23) over the spatial boundary
yields

q2

E=P=M- 5,

(24)
which is the energy of the Reissner Nordstrom space-
time and the Kerr—Newmann black hole up to order
0 (T%) [29,46]

The non-vanishing components needed to calcu-
late of the spatial momentum associated with coframe
(15), i.e., I;fd, Hg, & =1,2,3, have the form

S 3€

(dO A dg).  (25)

Using Eq. (25) in Eq. (11), we finally get the spatial momentum in the form

P =P, =0,

Ps =

[ m=o(L). -

Equation (26) ensures that the inertia has no effect on the spatial momentum.

3.2. Second charged rotating frame

The covariant form of the second charged rotating tetrad field having an axial symmetry in the spherical

polar coordinates can be written as

F
-\ 0

0 —U%sinqﬁ

VAT
| ot | B
0 Z sinfcos¢ sin@sinpv.o/ 7 sin @ cos 6
| o .
0 Z cosfcosd cosBsin oy of —

cos o\ 0

(2Mr — ¢*)asin® 0

0 —

@ sin®

F
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where . = 12 —2Mr+a? cos? +¢>. Tetrad field (27) has the same associated metric as that of tetrad field (12).
Using spherical local coordinates (¢, 6, ¢), the second rotating frame is described by the coframe components

[0

R
ba =)0, (25)
where coframe 957 = (h7;), da’ has the form

9.0 (2Mr — ¢?)asin®0 d¢ + Fedt g sin 0V (cos &V F dr + sin o/ BEF O + cos %dqﬁ)
2 = - 2 =

VAF ’ JAF ’
5 N4 (cos@coséx/?dr+cosﬂsin¢\/ﬁd9 —sin’0 & d(b)
Uo” = JBE )
5 N2 (sin odr — cos qﬁ\/@dﬁ)
Do = — 75 : (29)

The local lorentz transformation A%, is defined by matrix (17). The two frames (15) and (28) are related
through the local Lorentz transformation, i.e.,

R @ R 7
Vi o= (M%), (30)
where (/110‘7) has the form
_d\/@ 0 _(2Mr — ¢*)asind
CT €T
0 1 0
M) = 31
( 1 v) 0 01 0 (31)
(2Mr — ¢*)asin@ 0 0 AN B
CF VeF

By using Eq. (11), coframe (28) has the following non-vanishing components of the Riemannian connection,

2 _a2 sin 0 cos 0dr + r#d0
! AP ’
~3 sin ¢ .
Fig = NP7 [(2ra7® —2M{r?[r® + a®(1 + cos® 0)] + 2Ma* sin® 0 cos® 0} + 2¢%r(r? + a?)) d¢
+a [2M(r® — a® cos® ) — 2rq?] cdt],
VB,
Fi4 = YNy {asin® 0(2Mr? — 2Ma® cos® § — 2rg*)d¢ — [2M(1"2 —a?cos?9) — 2rq2} cdt},
~3 cos OV B .
FQB = —W{[Q{Q + (2M'I" — q2)a2 Sln2 0]} d¢ — a(QMT — q2) Cdt},
~i  (2Mr—q¢*)asinfcosf ., 5,
ry = =7 [(r +a%)d¢ —a cdt] ,
Fi_ @ [sing (2Mr? — 2Ma? cos? 0 — 2rg*)dr — (2Mr — ¢*) cos 840 (32)
5 VB [ — (2Mr - ¢?)] '
\
If we take coframe (28) as well as the trivial +2ra* cos? § — 8Mr* — 6Mr*a® cos® 0

Weitzenbock connection I'* g and substitute them into 4 o 4 4
. +2Ma” cos® 0 + 2ra® cos™ 0
Eq. (11), we finally obtain the temporal component of

the translation momentum —2Ma*cos* 0 — 2Ma?r?
~ sin 6
Hy = —Jgp o " 4 6% cos®0 4 2r%? +2rg?[r® + a*(1 + cos> )]} (dO A dg).  (33)
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Using Eq. (33), we compute the total energy up to or-
der O (%2) at a fixed time in the 3-space with a spatial
boundary 2-dimensional surface 9S = {r = R, 6, ¢}
and obtain

2
- - q 1
FE = H-=2M—-— R — — — 4
/85 . R 2R+0<R2>, (34)

which is also a non-physical quantity as R — oo.

In order to find the regularizing connection, we
take the r — oo limit of Eq. (32). This yields the same
non-vanishing components of Riemannian connection
(21). Using Egs. (21), (28) and (32) and substituting
them into Eq. (22), we finally obtain

~ (M- Z)sing

Ay = T2 40 p dg) + 0 (:2) . (35)

The integral of Eq. (35) over the spatial boundary

2
q 1
_2R+O<R2>’

yields

E~P =M (36)

SYAN

asinfsin ¢

. | of
sin 6 cos ¢ Z
| o
0 si A
sin 6 sin ¢ Z
| of
04/ =
0 cos Z

Q

—asin @ cos ¢

Q

which is a physical result.?"]
The necessary components needed to calculate of
the spatial momentum Hgs, & = 1,2,3 have the fol-

lowing components

Masin® 0.
Hy = Hy =0, ng—&

o7 (10N o).

(37)
Using Eq. (37) in Eq. (11), we finally obtain the spa-

tial momentum in the form

1

P =Py =0, ﬁ320<). (38)
o5 R

Py =

3.3. Third charged rotating frame

The covariant form of the third charged rotating
tetrad field having an axial symmetry in the spherical

local coordinates can be written as

0 _a sin? 0v/ %
Vo

o L 2 2

cos 0 cos pv/ sm@m\r;%r +a®)
(39)
: 2, .2
cosfsingpved - b CO% +a’)
—sin v/ 0

Tetrad field (39) has the same associated metric as that of tetrad field (12). Using spherical local coordinates

(t,r,0,0), the third rotating frame is described by the coframe components

R «

Vs = (4%)957, (40)
where coframe 93 = (h*;); dz’ has the form
1936 _ N4 (cdt —asin?6 dgzﬁ)
Vi ’
9.1 — asin@sin pv/ & cdt + o sinfcos ¢ dr + o/ PBcosfcosp d — v/ ABsinfsin p(r? + a?) de
3 /7,52/,@ )
5 asinf cos 9/ B cdt — of sinfsin ¢ dr — o7/ B cosOsin g d6 — VA sin 0 cos d(r? + a?) do
92 — —
3 /7%% )
ﬁg_@cosﬁdr—\/.stinﬁd(? (41)
3 \/@ )
and (A%,) is defined in Eq. (17).
The two frames (15) and (40) are related through the local Lorentz transformation, i.e.,
R © N
U1 = (42%)9 5, (42)

110401-7



Chin. Phys. B Vol. 20, No. 11 (2011) 110401

where (/120‘7) has the form

(r? 4+ a?) 0o o & P sin b
Ve Ve
a 0 1 0 0
(427,) = 0 0 1 0 : (43)

av/ A sin b (r? + a?)
Ve Ve

The non-vanishing components of the corresponding Riemannian connection of coframe (40) read

_a2 sinfcosfdr+r#Bdf  ~3  rsin 0/ ABd o 75 _cost [€d¢ — (2Mr — ¢*)a cdi]

I2— 3 _IPmuvaae 3 _
i PN | o 3 o2 ’
Fi_ asin® @ [r?(r + M) + a®rcos? 0(r — M) — rq*] d¢ — [M(r? — a® cos? 0) — rq*] cdt
1 /2 )
i asin@cosﬂx/@dqb7 7 rsinﬁdr—cos@%’dcb. (44)
2 JZ{ 3 %\/@
\
If we take coframe (40) as well as the trivial  yields
Weitzenbock connection I g and substitute them into )
Eq. (11), we finally obtain the temporal component of E= Py=M — 2qu7 (48)
the translation momentum up to order O (T%)
) which is the desired result.
Efo = Silne [M —r— (2]} (df A dp)+0 <12> . (45) The non-vanishing components needed to calcu-
g r r late of the spatial momentum Hgs, & = 1,2, 3 have the

If we compute the total energy at a fixed time in the  form
3-space with a spatial boundary 2-dimensional surface - _

aS = {T = R797 ¢}7 we Obtain Hi = HQ = 07
.2
77 asin” 6
E H ’ Hy = - (2r" 4+ a®rcos® 6
” —rSM — a®M cos® 0 — r2a* M cos* 0
which leads to a divergent total energy as R — oo. © 3rat cost 0 4 2r%a cos® )(dB A dg). (49)

In order to find the regularizing connection, we
take the r — oo limit of Eq. (44). This yields the  Using Eq. (49) in Eq. (11), we finally obtain the spa-

same non-vanishing components of Riemannian con-  tial momentum in the form
nection (18). _ 1
Using Egs. (21), (40) and (44) and substituting Pi=P =0, P= [ Hy= O <R) - (50)
them into Eq. (22), we finally obtain 08
2 3.4. Fourth rotating frame
_ (M 27") sin 0 1 . '
Hy = T(de Adg)+ 0 <R) . (47) The covariant form of the fourth rotating tetrad

field having an axial symmetry in the spherical polar
The integral of Eq. (47) over the spatial boundary  coordinates can be written as

Al AQ A3 A4
o Bysinfcos¢ Bysinfcos¢ Bzcosfcos¢p Bysingsin
(h%)y = : (51)
Cisinfsing Cysinflsing Cscosfsing Cycospsind
D cos@ Dy cos @ D3 sin 6 Dy cos@
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where A;, B;, C; and D; read The « and § are defined as
s 'S
N ) (MT_2> n (MT_Q) a=rcos¢+asing, [=rsing—acos¢. (53)
>
2 . . .
< o L ) asin? 0 Using s'pherlcal lf)cal co.ordlnates (t,r,0,¢), the
A3 =0, Ay= , fourth rotating frame is described by the coframe com-
) =4 ponents
(or-5) .
Bi=——0 " Dy = (A%) 00, (54)
B, 1 M — LY cos |
7 Bcoso ra= Ty ) eos gk where coframe 9,7 = (h7;), da’ has the form
2
q ) . -
; <M7—2>abm B eos ¢ 9.0 = Ay edt + Apdr + A3d0 + Aydg,
B; = o , B,= : o , 15‘4i = Bj sinf cos ¢cdt + By sin 6 cos ¢dr
cos sin
¢ 2 ¢ + B3 cos ) cos ¢pdf + By sin 0 sin ¢d ¢,
o (MT - 2) 9,% = Oy sinfsin ¢cdt + Co sin @ sin ¢pdr
L o ’ , 4+ C3 cosfsin ¢pdf 4+ Cy sin 0 cos pd @,
1 ~
Cy = - rB— | Mr— 4 sing| , 94° = Dy cosfcdt + Dy cosOdr
T sin ¢ 2
g2 + D3sinfd@ + Dy cosfde. (55)
(Mr — 2) asin® 0 sin ¢
c 15 c _a + o The local lorentz transformation A%, is given by ma-
T sing” ! Cos ¢ " trix (17). The two frames (15) and (54) are related
Mr — ﬁ Mr — f through the local Lorentz transformation, i.e.,
2 2
Di=——0 D=1+ ——p", RO Roo
q2 9 1 = (A3a'y) ) 4 > (56)
(Mr — 2) asin’® 6
D3 =-r, Dy=-— % ; (52)  where (A5*,) has the form

yl\/ﬂ% _Mlﬂgx/d%sinﬁcosﬁ _M1§4\/£7<@ Mlﬁm/sz{%sin@

2.FNEC FNC FoNEC FNC
B M, _sin 0 cos 0.%¢ Fq sin 0.%5
(45".) VAR 2V A B 2V AR VAR (57)
3 v o . o o )
0 F9 751n9(:os 0.710 cos 0.711
v v e4
_MﬂLSiHQ _COSG}\lQ _sin@ﬁ“lg §14
VAC VAC 2V AC 2V AC
with
2
M, = (Mr - q>
2
F1 = 2t —2M 71 4 2r2a® cos? 0 + 2r2a® — AMa*r cos® 0 4+ 2Mra® + 2a” cos? 6 + ¢*(r* + a® cos 20),
Fy = 1t —2Mr® + 1r2a® cos® 0 + r?a® — 2Ma®r cos? 0 + a* cos® 0 + >,
F3 = r2(sin2¢ — 1) — a*(sin2¢ + 1) — 2racos 2¢, Fy = (r* + a?)(sin 2¢sin? 6 + cos? §) + 2ar sin”  cos 2,
Fs = —(r? +a*) cos 26 + 2arsin2¢, Fg = 2r(r — M)(1 — sin 2¢) + 2a® + 2ar cos 26 + ¢*(1 + sin 2¢),
Fr = (M2r — 2r? — ¢*)(sin 2¢ sin® 0 + cos” §) — 2ar sin®  cos 2¢ — 2a* cos® 6,

Fg = (2r2 —2Mr + ¢*) cos 2¢ + 2racos 2¢, Fo = r(sin® 6 + sin 2¢ cos? ) — a cos? O cos 24,
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F10 = r(1 —sin2¢) + acos2¢, F11 = rcos2¢ + asin2¢,
F1o = 2r3cos2¢ + asin2¢[2r? + (2Mr — ¢*)sin® 6 + 2a? cos? §) — a[(2Mr — ¢*) sin® § — 2ar cos® 6 cos 2¢)],
Fi3 = 2r3cos2¢ + asin 20[2r2 + (2Mr — ¢*) sin? 0 + a® cos® 0] + a[(2Mr — ¢*) cos® 6 4 a cos® § cos 24,
F14 = 2r3sin2¢ — acos 2¢[2r? + (2Mr — ¢*) sin? 6 + a? cos® 0] + 2a*r sin 26 cos? 6. (58)
1
The non-vanishing components of the corresponding Riemannian connection of coframe (54) up to order O <r3)
read
¢ ¢
{27‘ — 2<M — > sin 2¢] dé + <M - ) sin 26 cos 2¢d ¢
7 2r 2r 40 1
1 2r r3 )’
~s 2
Fi?’ = _27“281110{a sin 20dr + 2 (M — gr) rsin? 6 cos 2¢d 6
2 1
+sin20|3 —r (M- L sin?@(1 —sin2¢)|d¢ ¢ +O [ = |,
2r r3
~i ¢?) sin26[(1 — sin 2¢)(dr + cdt) + r cos 2¢d @] + 7(sin? # + sin 2¢ cos? §) df 1
rf=(M-— +0 (=],
1 2r 212 r3
i (o ﬁ (cos? @ + sin® @sin 2¢) (dr + cdt) + “*228 (1 — sin 2¢)d6 + r sin®  cos 2¢d ¢ 40 1 ’
2 2r 7 rd
~3 1 . ¢
Iy = ———<2asinfdr —2 ( M — — ) rcosf cos2¢df
2 2r2 2r
2 1
+2sinf [37“2 . (M . g) 7(sin” @ + sin 2¢ cos® 0)] dgb} +0 <3) ,
T r
f‘f;i _ (M B gi) sin 6 cos 2¢(dr + cdt) — r (C:SQCOS 2¢d6 + sin 0 sin 2¢d ) L0 <r13> . (59)

If we take coframe (54) as well as the trivial
Weitzenbock connection I'* 3 and substitute them into
Eq. (11), we finally obtain

(v

—acos 2(4 (do A do).

q2

2r

sin 0
8

Hy =

> — (3 — sin 2¢)
(60)

If we compute the total energy at a fixed time in the
3-space with a spatial boundary 2-dimensional surface

0S ={r =R,0, ¢}, we obtain
1

)

which is also a non-physical quantity as R — oc.

2
- 40

FE =

H, = (M
oS

2

In order to find the regularizing connection, we
can simply take the r — oo limit of Eq. (59). This
yields the following non-vanishing components

—3sinfd¢. (62)

I?=4d6, I} =-3cos0dgp, I}

The curvature of Eq. (62) vanishes for the connection,
while the torsion is nontrivial and has the following
non-vanishing components

T! = 2(sin 2¢ sin® @ + cos? #)dr A d6

+ 3sin 26 cos 2¢(d ¢ A dr)
+ 27 cos2p(4cos? 0 — 1)d¢ A d6,

T! = sin 20(1 —sin2¢)dr A d6
+3cos2¢(1 — cos® 0)(do A dr)
+4rcos2¢sin20d¢ A d6,

T3 = 6sin2¢sin§(dr A do)

— 6rsin2¢cosfdo A d.

Using Egs. (54), (59) and (62) and substituting
them into Eq. (22), we finally obtain
sin 6

= < ) (dO A de) +0 (;) L (63)

The integral of Eq. (63) over the spatial boundary

20 ()

The non-vanishing components needed to calcu-

2
v
2r

Hy

yields

- 2
E=pP=M-1 ! (64)

late of the spatial momentum Hg, & = 1,2, 3 have the
form

(27‘4 +1r2a% cos? 0 + r2a?
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+a* cos? 0 — a* cos? 0)(dO A do),

e
<M— 2>a2 sin? 0 cos 0

~ r

HQ - 87T ) )

e
(M — 2) arsin® 0
~ r
H; = .
3 8maf? (65)
Using Eq. (65) in Eq. (11), we finally obtain the spa-

tial momentum in the form

- 1
Py=P;=0, P = Hi—0(>. (66)
oS R

4. Discussion and conclusion

We took coframe 9 as the only field variable in
the purely tetrad formulation. We have shown that
in order to obtain physical results, we should choose
a tetrad field that satisfies the following conditions.
i) The asymptotic behaviour of the Weitzenbdck con-
nection fg must be O (1) like.['% ii) The Weitzenbdck
connection must dies out at infinity. We have shown
that when (f g‘) # 0, the physics relevant energy
becomes a non—pﬁ“l;gfcal quantity, i.e., as R — oo, the
energy becomes E = oco.

The choice of an appropriate frame is equivalent
to the choice of an appropriate connection. This is
the idea behind the mechanism of using a background
To understand this, let us recall that

the inertial effects are not covariant.[25] This is quite

connection.

clear in the special relativity, where we know that
the inertial effects are not present in a specific class
of inertial frames while do appear in any other class
of frames.['924 Being non-covariant, the effects turn
out to be represented by a connection. Therefore, if
(fg‘) is the connection in a general (orthonormal)
frame, before calculating the physical quantities, e.g.,
the energy, it is necessary to extract from them all
the inertial effects connected with the frame, which
here are represented by the background connection

(fg) [14,15,17]
ical qlg;rf?ities will represent purely the gravitational

If we do that, the resulting phys-

effects and can consequently be finite.

The main results of this paper are the following.
i) Four charged rotating coframes are used. The local
Lorentz transformations between the first, second and
third coframes are derived. ii) We have shown within
the tetrad formulation of the GR that in general the
formal total integral for the calculations of the energy
associated with the four charged rotating coframes al-
ways diverge. iii) The divergent of the energy is re-
lated to the fact that 15@ corresponding to ffo does not

transform covariantly under the change of the frame.
This is due to the fact that the Riemannian connection
of the frame is nontrivial at the infinity spatial. Then
a regularization is needed. iv) Using the flat Rieman-
nian connection given in Eq. (21), we have shown that
the connection acts as a regularization. This assures
that the teleparallel connection plays the role of the
regularizing tool, which subtracts the inertial effects
without distorting the true gravitational contribution.
This problem was also discussed in Ref. [19]. We also
have shown that the spatial momentum of the four
charged rotating frames 1351 = P, corresponding to
H, = H; with @ = 1,2,3 is trivial up to O(1//7).
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