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In the current work, we extend the local discontinuous Galerkin method to a more general application system. The

Burgers and coupled Burgers equations are solved by the local discontinuous Galerkin method. Numerical experiments

are given to verify the efficiency and accuracy of our method. Moreover the numerical results show that the method

can approximate sharp fronts accurately with minimal oscillation.
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1. Introduction

In this paper, the purpose is to apply the local
discontinuous Galerkin (LDG) method to the Burgers
equation

ut + uux − νuxx = 0, (1)

and coupled Burgers equations:

ut − uxx + γuux + α(uv)x = 0,

vt − vxx + γvvx + β(uv)x = 0, (2)

x ∈ [a, b], t ∈ [0, T ], where ν and γ are constants, α

and β are arbitrary constants depending on the Peclet
number, the Stokes velocity of particles due to grav-
ity and Brownian diffusivity. The Burgers equation
was first introduced by Bateman[1] when he mentioned
it as worthy of study and gave its steady solutions.
It was later referred to as the Burgers equation after
Burger[2] introduced this equation as a mathematical
model for fluid flow. Equation (1) has found applica-
tions in field as diverse as gas dynamics, heat conduc-
tion, elasticity, continuous stochastic processes, etc.
The second coupled system (2), derived by Esipov,[3] is
a simple model of sedimentation or evolution of scaled
volume concentrations of two kinds of particles in fluid
suspensions or colloids, under the effect of gravity.[4]

Various powerful mathematical methods such as Cole-
Hopf transformation,[5] tanh-function method,[6] vari-

ational iteration method,[7] and other methods[8−10]

have been used to solve Eqs. (1) and (2) analytically.
Simulation of the Burgers equation is a natural

first step towards developing methods for the compu-
tation of complex flows. Many researchers have devel-
oped various numerical schemes for solving the Burg-
ers equation to test their algorithm. These numerical
methods include implicit methods,[11] the boundary
element method,[12] the finite element methods,[13] lo-
cal Crank–Nicolson method[14] and the lattice Boltz-
mann method.[15] In addition, Khater et al.[16] used
the Chebyshev spectral collocation method and M.
Dehghan et al.[17] introduced the Adomian–Pade tech-
nique for solving the coupled Burgers equations. More
recently Mittal[18] presented a cubic B-spline colloca-
tion scheme in order to solve Eqs. (2).

Cockburn and Shu introduced the local discontin-
uous Galerkin (LDG) method[19] for solving nonlinear
convection diffusion equation in 1998. The idea of the
LDG method is to rewrite the equation with second
order derivative into systems of first-order equations.
The systems are then discretized by using the DG
space discretization technique to obtain ordinary dif-
ferential equations (ODEs) system. We then use total
variation diminishing (TVD) high order Runge–Kutta
methods[[20] to solve the ODEs. Some of the more
recent applications of LDG method for higher order
nonlinear partial differential equations can be found
in Refs. [21]–[23]. Zhao have transformed the Burgers
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equation into linear diffusion equation by Hopf–Cole
transformation and then solved it by LDG method.[24]

In this paper the LDG method is directly applied to
Burgers and coupled Burgers equations.

The rest of the paper is organized as follows: In
Section 2, we describe the proposed LDG method.
The numerical results are presented and discussed in
Section 3. Finally the conclusion is given in Section 4.

2. The LDG method

In this section,we will illustrate the algorithm for-
mulation of the LDG method for Eqs. (1) and (2) in
detail.

2.1.Burgers equation

To define LDG method, we introduce an auxiliary
variable, p =

√
νux, and rewrite Eq. (1) as the system

ut +
(

1
2
u2

)
x

−
√

νpx = 0, (3)

p −
√

νux = 0. (4)

The computational domain [a, b] is divided into N cells
as follows:

a = x 1
2

< x 3
2

< · · · < xN+ 1
2

= b. (5)

We denote the cell by Ij = [xj− 1
2
, xj+ 1

2
]. Again de-

note the size of each cell as hj = xj+ 1
2
− xj− 1

2
and

h = max
j

hj . The finite element space consisting of

piecewise polynomials is defined as

V k
h = {v : v|Ij ∈ P k(Ij), j = 1, . . . , N}. (6)

where P k(Ij) denotes the set of all polynomials
of degree up to k on Ij . The numerical solu-
tion in the space V k

h can be written as follows:

uh(x, t) =
k∑

l=0

ul
j(t)v

j
1(x) = V T(x)Uj(t), Uj(t) =

(u0
j , u

1
j , . . . , u

k
j )T denotes the degree of freedom in cell

Ij . The basis functions in P k(Ij) are defined here by
scaled Legendre polynomials. The u+

j+ 1
2

and u−
j+ 1

2
are

values of u at xj+ 1
2

from the right cell, Ij+1, and the
left cell, Ij , respectively,

u+
j+ 1

2
= lim

ε→0+
u(xj+ 1

2
+ ε), u−

j+ 1
2

= lim
ε→0+

u(xj+ 1
2
− ε).

The semi-discrete LDG method for solving the
system (3) and (4) is defined as follows: find uh, ph ∈

V k
h such that, for all test functions v, q ∈ V k

h and all
1 ≤ j ≤ N , we have∫

Ij

(uh)tvdx −
∫

Ij

(
1
2
u2

h −
√

νph

)
vxdx

+ (f̂ −
√

νp̂h)j+ 1
2
v−

j+ 1
2

− (f̂ −
√

νp̂h)j− 1
2
v+

j− 1
2

= 0, (7)∫
Ij

phqdx +
∫

Ij

√
νuhqxdx − (

√
νûhq−)j+ 1

2

+ (
√

νûhq+)j− 1
2

= 0 (8)

where f = 1
2u2

h. The “hat” terms are numerical fluxes,
which are single-valued functions defined at the cell
interfaces and in general depends on the values from
both sides of the interface. There are two types of nu-
merical fluxes to be defined. One type is the diffusion
numerical fluxes, ûh, p̂h, and the other one is convec-
tion numerical flux f̂ . The convection flux f̂ is chosen
to be local Lax–Friedrichs flux[25]

f̂ =
1
2
(f(u−) + f(u+) − α(u+ − u−)),

α = max
u

|f ′(u)|. (9)

where the maximum is taken over a relevant range of
u. The diffusion fluxes û, p̂ can be chosen as alternat-
ing fluxes[25]

ûh = u+
h , p̂h = p−h . (10)

The choices

ûh = u−
h , p̂h = p+

h (11)

are also fine. Note that we can solve ph explicitly
and locally in terms of uh from Eq. (8) with numer-
ical fluxes (9) and (10). This is why the method is
referred to as “local” discontinuous Galerkin method.

2.2.Coupled Burgers equation

We introduce the auxiliary variables, p = ux, q =
vx and rewrite the coupled system (2) into a first order
system as follows:

ut + φ(u, v)x − px = 0, (12)

p − ux = 0, (13)

vt + ϕ(u, v)x − qx = 0, (14)

q − vx = 0, (15)

where φ(u, v) = γ
2 u2 + αuv, ϕ(u, v) = γ

2 v2 + βuv.
The mesh and finite element space are still given
by Eqs. (5) and (6). Apply discontinuous Galerkin
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method to the system: find u, p, v, q ∈ V k
h such that

for all test functions w, r, z, s ∈ V k
h , we have∫

Ij

utwdx −
∫

Ij

(φ − p)wxdx + (φ̂ − p̂)j+ 1
2
w−

j+ 1
2

− (φ̂ − p̂)j− 1
2
w+

j− 1
2

= 0, (16)∫
Ij

prdx +
∫

Ij

urxdx − ûj+ 1
2
r−
j+ 1

2

+ ûj− 1
2
r+
j− 1

2
= 0, (17)∫

Ij

vtzdx −
∫

Ij

(ϕ − q)zxdx + (ϕ̂ − q̂)j+ 1
2
z−
j+ 1

2

− (ϕ̂ − q̂)j− 1
2
z+
j− 1

2
= 0, (18)∫

Ij

qsdx +
∫

Ij

vsxdx − v̂j+ 1
2
s−

j+ 1
2

+ v̂j− 1
2
s+

j− 1
2

= 0, (19)

where 1 ≤ j ≤ N . The “hat” terms in Eqs. (16)–(19)
are the numerical fluxes. The convection numerical
fluxes are defined as standard Lax–Friedrichs fluxes
in the system case

φ̂ =
1
2
(φ− + φ+ − α(u+ − u−)),

ϕ̂ =
1
2
(ϕ− + ϕ+ − α(v+ − v−)), (20)

where α is the maximum eigenvalue of the Jacobian
of the flux (φ, ϕ)T. The diffusion numerical fluxes are
chosen as “alternating fluxes”:

û = u−, p̂h = p+, v̂ = v−, q̂h = q+. (21)

At boundary points, for Dirichlet boundary condi-
tions, we choose

û 1
2

= u(a), p̂ 1
2

= p+
1
2
,

v̂ 1
2

= v(a), q̂ 1
2

= q+
1
2
,

ûN+ 1
2

= u(b), p̂N+ 1
2

= p−
N+ 1

2
,

v̂N+ 1
2

= v(b), q̂N+ 1
2

= q−
N+ 1

2
. (22)

The algorithm is now well defined.

2.3.Time integration

The application of LDG method generates a
large coupled system of ordinary differential equations
(ODEs) system

d
dt

Uh = L(Uh, t). (23)

Here Uh = (U1,U2, . . . , UN )T are the degrees of free-
dom on all cells. We obtain the right-hand side of

Eq. (23) by eliminating the auxiliary variable ph in
Eqs. (8). In the current work, the ODE system (23)
are integrated with respect of time with consideration
of low-storage TVD-RK3 scheme.[20] The TVD-RK3
scheme integrates from t to t + ∆t as follows:

U
(1)
h = Un

h + ∆tL(Un
h , tn), (24)

U
(2)
h =

3
4
Un

h +
1
4
U

(1)
h +

1
4
∆tL(U (1)

h , tn + ∆t), (25)

U
(3)
h =

1
3
Un

h +
2
3
U

(2)
h +

2
3
∆tL

(
U

(2)
h , tn +

1
2
∆t

)
. (26)

3. Results and discussion

In this section, the solutions of the Burgers equa-
tion and coupled Burgers system will be investigated
by using the LDG method. To show the efficiency of
the LDG method for our problem as compared with
the exact solution, we report maximum error which is
defined as

L∞ = max
1≤j≤N

{|u(xj , t) − uh(xj , t)|},

where u(xj , t) is the exact solution and uh(xj , t) is
the solution obtained by LDG method at the centre
of cell Ij . The ratio of the errors and the order of
convergence of the scheme are defined by using the
formulas,

Ratio =
error(N1)
error(N2)

,

Order =
log(error(N1)/error(N2))

log(N2/N1)
,

where error(N1) and error(N2) are the L∞ errors for
the numbers of cells N and 2N , respectively. We con-
sider four different problems to test our methods. The
first and the second problems are of the viscous Burg-
ers equation (1). The first problem has large gradi-
ents moving with small diffusion constant. The perfor-
mance of our LDG method shows its ability to resolve
the large gradient regions. The third problem is of the
coupled Burgers equation (2). We obtain the optimal
convergence order and compare it with that of other
methods. The fourth one is also of coupled Burgers
equation with its solution being shock wave. We give
this example to test the capability of LDG method in
capturing the shock wave. All the test problems in
this paper are computed by P 2 elements.

Example 1 Consider the viscous Burgers
equation[26]

ut + uux − νuxx = 0, x ∈ [−1, 1], t > 0. (27)
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The exact solution of this problem is a shock wave,

u(x, t) = 1 − tanh
(

1
2ν

(x − t)
)

. (28)

The initial and boundary conditions are determined
by Eq. (28). The numerical result is obtained by LDG
scheme and the number of partitions being 100. We
plot the LDG solution and exact solution in Fig. 1
at different time levels for the values ν = 0.1 and
ν = 0.01, respectively. Figure 1(b) shows that the
steep variation is spread over only a few grids, more-
over, there are none unphysical oscillations before and
after the front.
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Fig. 1. Comparison between LDG solution and analytical

results for Example 1 for diffusion coefficients ν = 0.1 (a)

and ν = 0.01 (b)

Example 2 The test problem of the one-
dimensional viscous Burgers equation is

ut + uux − νuxx = 0, 0 < x < 1, t > 0 (29)

with initial and boundary conditions

u(x, 0) = sin(πx), 0 ≤ x ≤ 1,

u(0, t) = u(1, t) = 0, t > 0. (30)

The exact solution of this equation is in the form of
the infinite series[14]

u(x, t) = 4πν
C

D + E
, (31)

where

C =
∞∑

n=1

n In

(
1

2πν

)
sin(nπx) exp(−n2π2νt),

D = 2
∞∑

n=1

In

(
1

2πν

)
cos(nπx) exp(−n2π2νt),

E = I0(1/2πν), and In(x) is the first type of the n-th
modified Bessel function. When n = 50, it is used
as an approximation to the infinite sum (31). The
LDG scheme is chosen as P 2 element and the in-
terval is divided into 25 cells equally. Comparisons
are made with exact solution and several existing nu-
merical schemes, which are fully implicit finite differ-
ence method (IFDM),[11] a mixed finite difference and
boundary element method (BEM).[12] The numerical
results are presented in Table 1 for different times and
different viscosity coefficients. It is clear that the LDG
method gives more accurate solution.

Table 1. Comparison of the numerical results in Example 2

for ν = 0.1 and ν = 0.01.

ν = 0.1

Method t x = 0.1 x = 0.3 x = 0.5 x = 0.7 x = 0.9

IFDM[11] 2.0 0.02909 0.08044 0.10939 0.09838 0.04037

BEM[12] 0.02913 0.07951 0.10770 0.09663 0.03976

LDG 0.02876 0.07945 0.10789 0.09685 0.03969

Exact 0.02876 0.07946 0.10789 0.09685 0.03969

ν = 0.01

Method t x = 0.1 x = 0.3 x = 0.5 x = 0.7 x = 0.9

IFDM[11] 2.0 0.04367 0.13095 0.21800 0.30466 0.38024

BEM[12] 0.04300 0.12877 0.21468 0.30075 0.37452

LDG 0.04297 0.12885 0.21457 0.30002 0.37355

Exact 0.04296 0.12884 0.21456 0.30000 0.37328

Example 3 We consider the coupled Burgers
equations with α = 1, β = 1, η = −2,

ut − uxx − 2uux + (uv)x = 0,

vt − vxx − 2vvx + (uv)x = 0. (32)

where x ∈ [−π, π], in the initial condition u(x, 0) =
v(x, 0) = sin(x). The exact solutions of Eqs. (32) are
given in Ref. [18] as u(x, t) = v(x, t) = e−t sin(x). The
LDG scheme is chosen as P 2 element. We computed
the maximum error for different numbers of cells and
obtain the order of convergence shown in Table 2. The
results are compared with other numerical results in
Ref. [18]. We can see that the LDG scheme provides
much more accurate solutions.
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Table 2. Maximum error and order of convergence of the method for u(x, t) in Example 3 at t = 0.5.

Ref. [18] LDG

N L∞ Ratio Order L∞ Ratio Order

32 9.7487 × 10−4 – – 1.1058 × 10−4 – –

64 2.4361 × 10−4 4.0014 2.005 1.3789 × 10−5 8.0194 3.003

128 6.0896 × 10−5 4.0004 2.001 1.7224 × 10−6 8.0057 3.001

256 1.5223 × 10−5 4.0003 2.001 2.1527 × 10−7 8.0011 3.000

512 3.8052 × 10−6 4.0006 2.002 2.6907 × 10−8 8.0005 3.000

Example 4 We finally give the LDG solutions
of the coupled Burgers equation[26]

ut − uxx − 2uux +
5
2
(uv)x = 0,

vt − vxx − 2vvx +
5
2
(uv)x = 0 (33)

with the initial conditions u(x, 0) = v(x, 0) = λ(1 −
tanh(3

2λx)), where λ is an arbitrary constant. The
exact solutions of this coupled system is

u(x, t) = v(x, t) = λ

[
1 − tanh

(
3
2
λ(x − 3λt)

)]
.

Results are calculated by considering the domain as

x ∈ [−20, 20], and the boundary conditions are deter-

mined by exact solution. We compute the system (33)

for different λ with 100 cells. The curves of numerical

solution and analytical solution of u(x, t) are plotted

in Fig. 2 for λ = 1 at t = 1, 3, 5 and for λ = 10

at t = 0.1, 0.3, 0.5, respectively. It can be shown

that the numerical solution by using LDG method is

in good agreement with the exact profile for steep so-

lution profiles.
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Fig. 2. Comparison between LDG solution and analytical results for Example 4 for λ = 1 (a) and λ = 10 (b).

4. Conclusion

In this paper the LDG method was proposed to

solve the Burgers equation and coupled Burgers equa-

tion. We compute Eqs. (1) and (2) for various parame-

ters by LDG method. The test examples show that the

LDG scheme can give more accurate results than the

other numerical schemes. Moreover, the LDG scheme

is proved to be successful to approximate shock wave

solutions.
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