
Chin. Phys. B Vol. 20, No. 11 (2011) 110204

Binary Bell polynomial application in

generalized (2+1)-dimensional KdV

equation with variable coefficients∗

Zhang Yi(Ü Ê)†, Wei Wei-Wei(�vv), Cheng Teng-Fei(§C�), and Song Yang(y �)

Department of Mathematics, Zhejiang Normal University, Jinhua 321004, China

(Received 13 April 2011; revised manuscript received 17 May 2011)
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1. Introduction

There has been considerable interest in the study
of the variable-coefficient nonlinear evolution equa-
tions (NLEEs) in recent years,[1−5] since they can
describe real situations in many fields of physical
and engineering sciences. For example, the variable-
coefficient nonlinear Schrödinger-type ones describe
situations more realistically than their constant-
coefficient counterparts in plasma physics and long-
distance optical communications.[6−9] Many physi-
cal and mechanical situations are governed by the
variable-coefficient KdV (vc-KdV) equation, e.g., the
nonlinear excitations of a gas of impenetrable bosons
with a longitudinal confinement, the nonlinear waves
in types of rods.[10−14] Recent progress in the study of
the complete integrability and the exact solutions for
the variable-coefficient NLEEs via the Painlevé anal-
ysis, the inverse scattering transformation, the Hirota
bilinear method, and the Darboux transformation has
been reported.[15−22] As is well known, the investi-
gation of integrability for an NLEE can be regarded
as a pre-test and the first step to its exact solvabil-
ity. There are many significant properties, such as
the Lax pairs, the infinite conservation laws, the infi-
nite symmetries, the Hamiltonian structure, and the
Painlevé test, which can characterize the integrability
of an NLEE. This may pave the way for construct-

ing their exact solutions explicitly in future. However
in contrast to the constant-coefficient cases, very little
detail is known about the complete integrability of the
variable-coefficient NLEEs.

Among the direct algebraic methods applicable to
the NLEEs in the soliton theory, the bilinear method
developed by Hirota[23,24] has been proved to be par-
ticularly powerful in obtaining multi-soliton solutions.
The key of the method is that a given NLEE must be
transformed to be in the bilinear form by a dependent
variable transformation, then the N -soliton solutions
can be constructed. However, the construction of the
bilinear Bäcklund transformation by using the Hirota
method is not as one would wish it to be. It relies on a
particular skill in using appropriate exchange formu-
las that are connected with the linear representation
of the system. Recently, Lembert et al.[25−27] pro-
posed a clear and systematic approach to obtain the
parameter families of the bilinear Bäcklund transfor-
mation and the Lax pairs for soliton equations based
on the use of the Bell polynomials. The Bell poly-
nomials are found to play an important role in char-
acterizing the bilinearizable equations. As a conse-
quence, the bilinear Bäcklund transformation with a
single field can be linearized into the corresponding
Lax pairs. Their method provides the shortest way
to the bilinear Bäcklund transformation and the Lax
pairs of the NLEEs, which establishes a deep relation
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between the integrability of an NLEE and the Bell
polynomials. Fan[28] extended that method to system-
atically investigate the complete integrability of the
nonisospectral and the variable-coefficient equations
and proposed a procedure to construct the infinite
conservation laws of the NLEEs. On the basis of their
work, we apply that method to the high-dimensional
variable-coefficient NLEEs.

The rest of this paper is organized as follows. In
Section 2, we briefly introduce some notations on the
multi-dimensional binary Bell polynomials that will
be used in this paper. In Section 3, we deal with the
integrability of the generalized (2+1)-dimensional vc-
KdV equation. In Section 4, we draw some conclusions
from the present study.

2. Multi-dimensional Bell poly-

nomials and binary Bell poly-

nomials

The main tool used in this paper is a class of
generalized multi-dimensional binary Bell polynomi-
als. To make our presentation easily understood and
self-contained, we first introduce some necessary nota-
tions for the Bell polynomials, for details, please refer
to Refs. [25]–[27] and [29].

Let f = f(x1, x2, . . . , xl) be a C∞ function with
multi-variables, the following polynomials

Yn1x1,...,nlxl
(f) = Yn1,...,nl

(fr1x1,...,rlxl
)

= e−f∂n1
x1

. . . ∂nl
xl

ef ,

are called the multi-dimensional Bell polynomi-
als, where fr1x1,...,rlxl

= ∂r1
x1

· · · ∂rl
xl

f, r1 =
0, . . . , n1; · · · ; rl = 0, . . . , nl. For convenience, we de-
note the multi-dimension Bell polynomials by Y -
polynomials.

For example, for the simplest case f = f(x), the
associated one-dimensional Bell polynomials are

Y1 = fx, Y2 = f2x + f2
x ,

Y3 = f3x + 3fxf2x + f3
x , · · · .

For f = f(x, t), the associated two-dimensional Bell
polynomials are

Yx,t = fx,t + fxft,

Y2x,t = f2x,t + f2xft + 2fx,tfx + f2
xft, · · · .

Based on the use of the above Bell polynomials,
the multi-dimensional binary Bell polynomials (Y -
polynomials) can be defined as

Yn1x1,...,nlxl
(ν, ω) = Yn1,...,nl

(fr1x1,...,rlxl
),

in which we replace function f and its derivatives by
the corresponding terms of functions ν and ω respec-
tively according to the following rule:

fr1x1,...,rlxl
=

 νr1x1,...,rlxl
, r1 + · · · + rl is odd,

ωr1x1,...,rlxl
, r1 + · · · + rl is even,

The Y -polynomials inherit the easily recognizable
partial structure of the Bell polynomials.

The first few lowest order binary Bell polynomials
read

Yx(ν) = νx, Y2x(ν, ω) = ω2x + ν2
x,

Yx,t(ν, ω) = ωxt + νxνt,

Y3x(ν, ω) = ν3x + 3νxω2x + ν3
x,

Y4x(ν, ω) = ω4x + 3ω2
2x + 4νxν3x

+ 6ν2
xω2x + ν4

x, · · · . (1)

We denote the particular case of the binary
Bell polynomials by Yn1x1,...,nlxl

(ν = 0, ω) =
Pn1x1,...,nlxl

(ω). For simplicity, we call it P -
polynomials. Then it follows from Eq. (1) that

P2x(ω) = ω2x, Px,t(ω) = ωxt,

P4x(ω) = ω4x + 3ω2
2x,

P6x(ω) = ω6x + 15ω2xω4x + 15ω3
2x, · · · . (2)

The link between the Y -polynomials and the
standard Hirota bilinear formula Dn1

x1
· · ·Dnl

xl
F ·G can

be established by the following identity

Yn1x1,...,nlxl
(ν = ln F/G, ω = ln FG)

= (FG)−1Dn1
x1

· · ·Dnl
xl

F · G, (3)

where n1+n2+· · ·+nl ≥ 1, and operators Dx1 , . . . , Dxl

are the classical Hirota’s bilinear operators defined by

Dn1
x1

· · ·Dnl
xl

F · G
= (∂x1 − ∂x′

1
)n1 · · · (∂xl

− ∂x′
l
)nlF (x1, . . . , xl)

× G(x′
1, . . . , x

′
l) |x′

1=x1,...,x′
l=xl

.

This formula will be used to obtain the bilinear
Bäcklund transformations of the NLEEs. It means
that once an NLEE is written in a combination form of
the Y -polynomials, then it can be easily transformed
into the corresponding bilinear Bäcklund transforma-
tion form.

110204-2



Chin. Phys. B Vol. 20, No. 11 (2011) 110204

In the particular case of G = F , formula (3) re-
duces to

F−2Dn1
x1

· · ·Dnl
xl

F · F

= Yn1x1,...,nlxl
(0, ω = 2 ln F )

=

 0, n1 + · · · + nl is odd,

Pn1x1,...,nlxl
(ω), n1 + · · · + nl is even,

(4)

which implies that the P -polynomials can be char-
acterized by an equally recognizable even part parti-
tional structure. Moreover, this formula will be proved
to be particularly useful in connecting the NLEEs with
their corresponding bilinear equations. It means that
once an NLEE is written as a linear combination of
the P -polynomials, then it can be easily transformed
into the corresponding bilinear equation.

It follows that binary Bell polynomials
Yn1x1,...,nlxl

(ν, ω) can be separated into the P -
polynomials and the Y -polynomials,

(FG)−1Dn1
x1

· · ·Dnl
xl

F · G

= Yn1x1,...,nlxl
(ν, ω)|ν=ln F/G,ω=ln FG

= Yn1x1,...,nlxl
(ν, ν + q)|ν=ln F/G,q=2 ln G

=
∑

n1+···+nl
=even

n1∑
r1=0

· · ·
nl∑

rl=0

l∏
i=1

(
ni

ri

)
Pr1x1,...,rlxl

(q)

× Y(n1−r1)x1,...,(nl−rl)xl
(ν). (5)

Under the Hopf–Cole transformation ν = ln ψ, that
is, ψ = F/G, multi-dimensional Bell polynomials
Yn1x1,...,nlxl

(ν) can be linearized into the following
form

Yn1x1,...,nlxl
(ν)|ν=ln ψ =

ψn1x1,...,nlxl

ψ
. (6)

Formulas (5) and (6) suggest that binary Bell poly-
nomials Yn1x1,...,nlxl

(ν, ω) can still be linearized. And
they provide the shortest way to the associated Lax
system of the NLEEs.

Next, we will build the infinite conservation laws
of the NLEEs by using the binary Bell polynomials.
We define a new auxiliary field variable as

η = (q′xk
− qxk

)/2,

where q′ = ω + ν, q = ω − ν, and xk is an appro-
priate variable chosen from x1, . . . , xl. The two-field
condition

C(q′, q) = E(q′) − E(q) = 0 (7)

can be considered as a natural ansatz for the bi-
linear Bäcklund transformation. By expressing two-
field condition (7) in terms of the binary Bell Y -
polynomials and their derivatives, we expect that the
resulting condition is then decoupled into a pair of
constrains, i.e. often a Riccati type equation with re-
spect to xk

ηxk
+ f(η) = 0, (8)

and a divergence-type equation

∂x1F1(η) + · · · + ∂xl
Fl(η) = 0. (9)

The recursion formulas of the conversed densities can
be obtained from Eq. (8), the formulas of the associ-
ated fluxes are derived in Eq. (9). It is often the case
that the first few conservation laws of an NLEE have
a physical interpretation.

3. Generalized (2+1)-dimensional

vc-KdV equation

Consider a generalized (2+1)-dimensional vc-
KdV equation[30−33]

(ut + 6uux + u3x)x + e(t)ux + n(t)u2y = 0, (10)

with time-dependent coefficients e(t) and n(t). In
Eq. (10), the subscripts denote the partial derivatives.
The importance of Eq. (10) is well known, and there is
a continuing high level of interest in the construction
of exact solutions to its special forms. Equation (10)
can degenerate into the cylindrical KdV equation,[30]

i.e.,
ut + 6uux + u3x +

u

2t
= 0, (11)

which describes the solitary wave in a channel with
slowly varying depth. Equation (10) can also degen-
erate into the cylindrical KP equation[31]

(ut + 6uux + u3x)x +
1
2t

ux +
3σ2

t2
u2y = 0,

σ2 = ±1, (12)

which describes the surface wave in a fluid character-
ized by a small deviation from the axial symmetry.
The KdV and the KP equations and their cylindri-
cal generalizations (11) and (12) are all known to be
completely integrable.[30,31]

For Eq. (10), Elwakil et al.[32] obtained an auto-
Bäcklund transformation and new exact solutions
by using the homogeneous balance method. And
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Yomba[33] obtained new soliton-like solutions by us-
ing the extended tanh method. In our present work,
we focus on the integrability of Eq. (10) by using the
bilinear Bäcklund transformation, the Lax pair, and
the infinite conservation laws.

3.1.Bilinear representation

In order to detect the existence of the bilinear rep-
resentation, we introduce a potential field q by setting

u = cq2x, (13)

with c = c(t) being a free function with respect to t,
which will be chosen appropriately so that Eq. (10)
is related to the P -polynomials. Then substituting
Eq. (13) into Eq. (10) and integrating twice with re-
spect to x yield

E(q) = (∂tc(t))qx + c(t)qxt + 3c2(t)q2
2x

+ c(t)q4x + e(t)c(t)qx + n(t)c(t)q2y

= 0. (14)

Comparing the third and the fourth terms of the above
equation with formula (2), we find that c(t) = 1. The
resulting equation is then cast into a combination form
of the P -polynomials

E(q) = qxt + 3q2
2x + q4x + e(t)qx + n(t)q2y

= Pxt(q) + P4x(q) + n(t)P2y(q) + e(t)qx

= 0. (15)

Making a change of the dependent variable

q = 2 ln F ⇐⇒ u = cq2x = 2(lnF )2x,

and noting property (4), we can obtain the bilinear
representation of Eq. (10) as

[DxDt + D4
x + n(t)D2

y + e(t)∂x]F · F = 0,

in which we have used the notation ∂xF ·F = ∂xF 2 =
2FFx. The equation can be easily solved to obtain
the multi-soliton solutions of Eq. (10) by using the
Hirota’s bilinear method.

For example, the regular one-soliton like solution
is

u =
k2

2
sech2 kx + sy + ω

2
, (16)

where k is an arbitrary constant, s is an integral con-
stant, and ω = ω(t) is a function of t given by

ω(t) = −
∫

[k3 + s2k−1n(t) + e(t)]dt,

The two-soliton solution takes the form

u = 2[ln(1 + eξ1 + eξ2 + eξ1+ξ2+A12)]xx, (17)

where

ξj = kjx + sjy + ωj(t),

eA12 = −−3k2
1k

2
2(k1 − k2)2 + n(t)(k1l2 − k2l1)2

3k2
1k

2
2(k1 + k2)2 − n(t)(k1l2 − k2l1)2

,

with conditions e(t) = 0 and n(t) = const. satisfied.
The multi-soliton solutions are omitted here, since ex-
actly solving Eq. (10) is not the main purpose in this
paper.

3.2.Bäcklund transformation and Lax

pair

Next, we search for the bilinear Bäcklund trans-
formation and the Lax pair of Eq. (10). Let q′ = 2 ln F

and q = 2 ln G be two different solutions of Eq. (15)
respectively, we have the two-field condition

E(q′) − E(q)

= (q′ − q)xt + 3(q′ + q)2x(q′ − q)2x

+ (q′ − q)4x + e(t)(q′ − q)x + n(t)(q′ − q)2y

= 0. (18)

The two-field condition can be considered as a nat-
ural ansatz for the bilinear Bäcklund transformation
and may produce the required transformation under
appropriate additional constraints.

To find such constraints, we introduce two new
variables

ν = (q′ − q)/2 = ln F/G,

ω = (q′ + q)/2 = ln FG, (19)

and rewrite condition (18) in the form
1
2
[E(q′) − E(q)]

= νxt + 6ν2xω2x + ν4x + e(t)νx + n(t)ν2y

= ∂x[Yt(ν) + Y3x(ν, ω)] + R(ν, ω)

= 0, (20)

where

R(ν, ω) = 3Wr[Y2x(ν, ω),Yx(ν)]

+ n(t)ν2y + e(t)νx, (21)

with Wr being a Wronski determinant.
In order to decouple two-field condition (20) into

a pair of constraints, we impose such a constraint that
enables us to express R(ν, ω) as the x derivative of a
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linear combination of the Y -polynomials. The sim-
plest possible choice of such a constraint may be

Y2x(ν, ω) + αYy(ν) = λ, (22)

where λ is an arbitrary parameter, and α = α(t) is to
be determined. A direct calculation shows that

R(ν, ω)

= 3λν2x − 3(2ν2
xν2x + νxω3x + αν2xνy)

+ n(t)ν2y + e(t)νx

= 3λν2x − 3[2ν2
xν2x + νx(−2νxν2x − ανxy) + αν2xνy]

+ n(t)α−1(−ω2x,y − 2νxν2x) + e(t)νx

= 3λν2x − α−1{n(t)ω2x,y + [2n(t) − 3α2]νxνxy

+ 3α2ν2xνy} + e(t)νx. (23)

If we take a simple constraint

e(t) = 0, 3α2 = n(t),

then R(ν, ω) can be expressed as the x derivative of a
linear combination of the Y -polynomials

R(ν, ω) = ∂x[3λYx(ν) − 3αYx,y(ν, ω)]. (24)

From formulas (20), (22), and (24), we can deduce
a coupled system of the Y -polynomials

Y2x(ν, ω) + αYy(v) − λ = 0,

∂xYt(v) + ∂x[Y3x(ν, ω) + 3λYx(ν)

− 3αYx,y(ν, ω)] = 0, (25)

where we prefer the second equation in the conserved
form without integration with respect to x, and we
will use it to construct the conservation laws later.
Using identity (3) and system (25) immediately leads
to the following bilinear Bäcklund transformation:

(D2
x + αDy − λ)F · G = 0,

(Dt + D3
x − 3αDxDy + 3λDx + β)F · G = 0,

where α, β, and λ are arbitrary parameters.
By using the Hopf–Cole transformation ν = ln ψ,

it follows from formulas (5) and (6) that

Yt(ν) = ψt/ψ, Yx(ν) = ψx/ψ,

Yy(ν) = ψy/ψ, Y2x(ν, ω) = q2x + ψ2x/ψ,

Yx,y(ν, ω) = qxy + ψxy/ψ,

Y3x(ν, ω) = 3q2xψx/ψ + ψ3x/ψ,

therefore, system (25) is linearized into the corre-
sponding Lax representation

(α∂y + L1)ψ = 0,

(∂t + L2)ψ = 0, (26)

where

L1 = ∂2
x + q2x − λ,

L2 = ∂3
x − 3α∂x∂y + 3(q2x + λ)∂x

− 3αqxy + β.

Or equivalently replacing q2x by u and qxy by ∂−1
x uy,

we have

ψ2x + αψy + (u − λ)ψ = 0,

ψt − 4αψxy + (2u + 4λ)ψx

− 3α∂−1
x uy − (ux − β)ψ = 0.

It is easy to check that the integrability condition

[α∂y + L1, ∂t + L2]ψ = 0,

is satisfied if u is a solution of the generalized (2+1)-
dimensional vc-KdV equation (10) and αt = 0, or
equivalently n(t) = const. The Lax pair can be used
to construct the Darboux and the inverse scattering
transformations of Eq. (10).

3.3. Infinite conservation laws

Finally, we show how to derive the infinite conser-
vation laws of Eq. (10) based on the binary Bell poly-
nomials. For this purpose, we need to re-decompose
two-field condition (20) into x and y derivatives of a
linear combination of the Y -polynomials. So we re-
visit R(ν, ω) in two field condition (21) and write it in
another form as

R(ν, ω)

= 3λν2x − 3(2ν2
xν2x + νxω3x + αν2xνy) + n(t)ν2y

= 3λν2x − 3(−ανxνxy + αν2xνy) + n(t)ν2y

= 3λν2x − 3α∂x(νxνy) + 6ανxνxy + n(t)ν2y

= ∂x(3λνx − 3ανxνy) + ∂y[n(t)νy + 3αν2
x], (27)

where we have used the simple constraint e(t) = 0.
Here, we do not need constraint n(t) = 3α2, which is
slightly different from the former.

It follows from relations (20), (22), and (27) that

Y2x(ν, ω) + αYy(ν) − λ = 0,

∂tYx(ν) + ∂x[Y3x(ν, ω) − 3αYx(ν)Yy(ν)

+ 3λYx(ν)] + ∂y[n(t)Yy(ν) + 3αY 2
x (ν)] = 0, (28)

where we have used relation ∂xYt(ν) = ∂tYx(ν) = νxt.
By introducing a new potential function

η = (q′x − qx)/2,
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it follows from formula (19) that

νx = η, ωx = qx + η. (29)

Substituting Eq. (29) into Eq. (28), we have a Riccati-
type equation

ηx + η2 + α∂−1
x ηy + q2x = λ = ε2, (30)

and a divergence-type equation

ηt + ∂x(η2x + 6ηε2 − 2η3 − 6αη∂−1
x ηy)

+ ∂y[n(t)∂−1
x ηy + 3αη2] = 0, (31)

where we have used Eq. (30) to obtain Eq. (31) and
set λ = ε2.

To proceed, inserting expansion

η = ε +
∞∑

n=1

In(q, qx, · · · )ε−n, (32)

into Eq. (30), we have the formula

∞∑
n=1

In,xε−n + 2ε

∞∑
n=1

Inε−n +
∞∑

n=2

n−1∑
k=1

IkIn−kε−n

+ α∂−1
x

∞∑
n=1

In,yε−n + q2x = 0. (33)

Equating the coefficients for powers of ε, the conserved
densities are explicitly obtained by the recursion rela-
tion as

I1 = −1
2
q2x = −1

2
u,

I2 = −1
2
(−1

2
q3x − 1

2
αqxy)

=
1
4
(ux + α∂−1

x uy),

...

In = −1
2

[
I(n−1),x +

n−2∑
k=1

IkIn−k−1 + α∂−1
x In−1,y

]
,

n = 3, 4, . . . . (34)

In addition, substituting Eq. (32) into Eq. (31) yields

∞∑
n=1

In,tε
−n + ∂x

[ ∞∑
n=1

In,2xε−n

+ 6
(

ε +
∞∑

n=1

Inε−n

)
ε2 − 2

(
ε +

∞∑
n=1

Inε−n

)3

− 6α

(
ε +

∞∑
n=1

Inε−n

)
∂−1

x

∞∑
n=1

In,yε−n

]

+ ∂y

[
n(t)∂−1

x

∞∑
n=1

In,yε−n

+ 3α

(
ε +

∞∑
n=1

Inε−n

)2]
= 0,

Comparing the coefficients for powers of ε, we can ob-
tain the infinite consequence of the conservation laws

In,t + Fn,x + Gn,y = 0, n = 1, 2, . . . . (35)

In Eq. (35), conversed densities In (n = 1, 2, . . .)
are given by recursion formula (34), the first fluxes
Fn(n = 1, 2, . . .) are given by the following recursion
formulas:

F1 = I1,2x − 6I2
1 − 6α∂−1

x I2,y

= −1
2
u2x − 3

2
u2 − 3

2
α∂−1

x (uxy + α∂−1
x u2y),

F2 = I2,2x − 6I1(2I2 + α∂−1
x I1,y) − 6α∂−1

x I3,y,

...

Fn = −6
n∑

k=1

Ik[In−k+1 + α∂−1
x I(n−k),y]

− 2
∑

i+j+k=n

IiIjIk + In,2x − 6α∂−1
x I(n+1),y,

n = 3, 4, . . . .

and the second fluxes Gn(n = 1, 2, . . .) are given by

G1 = n(t)∂−1
x I1,y + 6αI2

= −1
2
n(t)∂−1

x uy +
3
2
α(ux + α∂−1

x uy),

G2 = n(t)∂−1
x I2,y + 6αI3 + 3αI2

1 ,

...

Gn = n(t)∂−1
x In,y + 6αIn+1

+ 3α

n−1∑
k=1

IkIn−k,

n = 2, 3, . . . .

Here, we should note that the first equation of con-
servation law equation (35) is exactly Eq. (10) under
constraint e(t) = 0. The expressions Fn and Gn indi-
cate that the fluxes of Eq. (10) are local.

4. Conclusion

In this paper, we investigated the generalized
(2+1)-dimensional vc-KdV equation by using the bi-
nary Bell polynomials approach. The equation turns
out to be completely integrable under certain con-
straints, since it admits the bilinear Bäcklund trans-
formation, the Lax pair and the infinite conservation
laws. In a similar way, we can also investigate the
generalized (3+1)-dimensional vc-KP equation[34]

[ut + s(t)uux + m(t)u3x]x
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+h(t)u2y + g(t)u2z = 0, (36)

where s(t), m(t), h(t) and g(t) are arbitrary functions
of t with s(t) 6= 0 and m(t) 6= 0.

The binary Bell polynomials approach provides us
a procedure, which may help us to find the integrable
constraint conditions and to obtain many integrabil-
ity properties. It is found to be effective and practical
in investigating the integrability of nonlinear evolu-
tion equations. And we try to extend the approach to
some discrete equations, the work in these directions
is in progress.
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