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Binary Bell polynomial application in
generalized (241)-dimensional KdV
equation with variable coefficients™®
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In this paper, we apply the binary Bell polynomial approach to high-dimensional variable-coefficient nonlinear

evolution equations. Taking the generalized (241)-dimensional KdV equation with variable coefficients as an illustrative

example, the bilinear formulism, the bilinear Backlund transformation and the Lax pair are obtained in a quick and

natural manner. Moreover, the infinite conservation laws are also derived.
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1. Introduction

There has been considerable interest in the study
of the variable-coefficient nonlinear evolution equa-
tions (NLEEs) in recent years,!~% since they can
describe real situations in many fields of physical
and engineering sciences. For example, the variable-
coefficient nonlinear Schrédinger-type ones describe
situations more realistically than their constant-
coeflicient counterparts in plasma physics and long-
distance optical communications.[0=% Many physi-
cal and mechanical situations are governed by the
variable-coefficient KAV (ve-KdV) equation, e.g., the
nonlinear excitations of a gas of impenetrable bosons
with a longitudinal confinement, the nonlinear waves
in types of rods.['9=14 Recent progress in the study of
the complete integrability and the exact solutions for
the variable-coefficient NLEEs via the Painlevé anal-
ysis, the inverse scattering transformation, the Hirota
bilinear method, and the Darboux transformation has

[15-22] Ag is well known, the investi-

been reported.
gation of integrability for an NLEE can be regarded
as a pre-test and the first step to its exact solvabil-
ity. There are many significant properties, such as
the Lax pairs, the infinite conservation laws, the infi-
nite symmetries, the Hamiltonian structure, and the
Painlevé test, which can characterize the integrability

of an NLEE. This may pave the way for construct-
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ing their exact solutions explicitly in future. However
in contrast to the constant-coefficient cases, very little
detail is known about the complete integrability of the
variable-coefficient NLEESs.

Among the direct algebraic methods applicable to
the NLEEs in the soliton theory, the bilinear method
developed by Hirotal?324 has been proved to be par-
ticularly powerful in obtaining multi-soliton solutions.
The key of the method is that a given NLEE must be
transformed to be in the bilinear form by a dependent
variable transformation, then the N-soliton solutions
can be constructed. However, the construction of the
bilinear Backlund transformation by using the Hirota
method is not as one would wish it to be. It relies on a
particular skill in using appropriate exchange formu-
las that are connected with the linear representation
of the system. Recently, Lembert et al.25=27 pro-
posed a clear and systematic approach to obtain the
parameter families of the bilinear Backlund transfor-
mation and the Lax pairs for soliton equations based
on the use of the Bell polynomials. The Bell poly-
nomials are found to play an important role in char-
acterizing the bilinearizable equations. As a conse-
quence, the bilinear Backlund transformation with a
single field can be linearized into the corresponding
Lax pairs. Their method provides the shortest way
to the bilinear Bécklund transformation and the Lax
pairs of the NLEEs, which establishes a deep relation
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between the integrability of an NLEE and the Bell

(28] extended that method to system-

polynomials. Fan
atically investigate the complete integrability of the
nonisospectral and the variable-coefficient equations
and proposed a procedure to construct the infinite
conservation laws of the NLEEs. On the basis of their
work, we apply that method to the high-dimensional
variable-coefficient NLEEs.

The rest of this paper is organized as follows. In
Section 2, we briefly introduce some notations on the
multi-dimensional binary Bell polynomials that will
be used in this paper. In Section 3, we deal with the
integrability of the generalized (241)-dimensional vec-
KdV equation. In Section 4, we draw some conclusions
from the present study.

2. Multi-dimensional Bell poly-
nomials and binary Bell poly-

nomials

The main tool used in this paper is a class of
generalized multi-dimensional binary Bell polynomi-
als. To make our presentation easily understood and
self-contained, we first introduce some necessary nota-
tions for the Bell polynomials, for details, please refer
to Refs. [25]-[27] and [29)].

Let f = f(x1,22,...,2;) be a C* function with
multi-variables, the following polynomials

Yn1w1,-~,nzwz(f) = Ynh.--,nz(fhwh.--,rzwz)

e fom . omel,

are called the multi-dimensional Bell polynomi-
oS =

n;. For convenience, we de-

als, where fro . 1o =
0,...,n1;---;1, =0,...,
note the multi-dimension Bell polynomials by Y-
polynomials.

For example, for the simplest case f = f(z), the

associated one-dimensional Bell polynomials are

lefz7 Y2:f2w+fm2a

For f = f(x,t), the associated two-dimensional Bell

polynomials are

Yx,t = fx,t + fxfta
Y2a:,t = f2:v,t + f2wft + 2fw,tfw + f;fft; s

Based on the use of the above Bell polynomials,
the multi-dimensional binary Bell polynomials (#%/-
polynomials) can be defined as

%111,m,mrz (V7 w) - Ynl,m,m (fﬁll,mﬂ“zﬂiz )7

in which we replace function f and its derivatives by
the corresponding terms of functions v and w respec-
tively according to the following rule:

Vrizy,...,mayy T1 +--- 41 is Odd,
Jriz iz = .
Wrizy,...,mzy, 71+ -+ 1 1S even,
The % -polynomials inherit the easily recognizable
partial structure of the Bell polynomials.
The first few lowest order binary Bell polynomials

read
%(V):me %w(y,w):wgz—&—ui,
%,t(ua W) = Wyt + VgV,
%m(yy W) = V3y + 3Vzwag + l/i,
%az(ya W) = W4y + 3w§w + 4vg V3,
+ 602wy + 12, - (1)
We denote the particular case of the binary
Bell polynomials by %41, .V = 0w) =
Py, myz (W). For simplicity, we call it P-

polynomials. Then it follows from Eq. (1) that

P, (W) = Wag,
Pu(w) = way + 3w§$,

Py (w) = wer + 15wosway + 15w§’m, e (2)

Px,t(w) = Wxt,

The link between the %/-polynomials and the
standard Hirota bilinear formula D7 --- D! F - G can
be established by the following identity

Dizrsmm ¥ =10 F/G,w=1In FQG)
= (FG)"'Dp!---DIF - G, (3)

where n14ng+- - -+n; > 1, and operators D, , ..., Dy,

are the classical Hirota’s bilinear operators defined by
Dy DUF -G

= (00 — ) -

x G(x),...

(0, — Op )" F(21,...,2)

!
,{E;) ‘Ii:ml,.,‘,z;:zl .
This formula will be used to obtain the bilinear

Backlund transformations of the NLEEs.
that once an NLEE is written in a combination form of

It means

the #-polynomials, then it can be easily transformed
into the corresponding bilinear Bécklund transforma-

tion form.
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In the particular case of G = F, formula (3) re-
duces to

F~?Dpt---DJF - F
= Dy, (0,0 = 2In F)
0, ny + -+ ng is odd,
B (4)

Prioy, s (W), n1+ -+ ny is even,

which implies that the P-polynomials can be char-
acterized by an equally recognizable even part parti-
tional structure. Moreover, this formula will be proved
to be particularly useful in connecting the NLEEs with
their corresponding bilinear equations. It means that
once an NLEE is written as a linear combination of
the P-polynomials, then it can be easily transformed
into the corresponding bilinear equation.

It follows that
iz, ma (Vsw) can be separated into the P-

binary Bell polynomials

polynomials and the Y-polynomials,

(FG)~'D}t---DI'F - G
- %1r1,...,nlml(va)|u:1nF/G,w:1nFG
= %1;81,..4@1901(”77/+Q)|V:lnF/G,q:21nG

> i: i ﬁ (:) Priay,..i (4)

nit+---+np r1=0 r1=01:=1

=even

X Yi7l1_T1)$17--47(”1—77)151(V)' (5)

Under the Hopf-Cole transformation v = Int, that
is, ¥ = F/G, multi-dimensional Bell polynomials
Yoiz1,...ma (V) can be linearized into the following

form

11/}n111 NIy
R
” (6)

Formulas (5) and (6) suggest that binary Bell poly-

Ynlwl,...,nl:cl (V)|l/:lnw =

nomials %, 2, . n,z, (v, w) can still be linearized. And
they provide the shortest way to the associated Lax
system of the NLEEs.

Next, we will build the infinite conservation laws
of the NLEEs by using the binary Bell polynomials.
We define a new auxiliary field variable as

N = (e, = qui)/2s

where ¢ = w+ v, ¢ = w — v, and x is an appro-
priate variable chosen from x1,...,2;. The two-field

condition

Cld',q) =E(d)—E(q) =0 (7)

can be considered as a natural ansatz for the bi-
linear Backlund transformation. By expressing two-
field condition (7) in terms of the binary Bell #/-
polynomials and their derivatives, we expect that the
resulting condition is then decoupled into a pair of
constrains, i.e. often a Riccati type equation with re-
spect to xy,

Nay, + f(77) =0, (8)

and a divergence-type equation
Ou Fi(n) + -+ + 05, Fy(n) = 0. (9)

The recursion formulas of the conversed densities can
be obtained from Eq. (8), the formulas of the associ-
ated fluxes are derived in Eq. (9). It is often the case
that the first few conservation laws of an NLEE have
a physical interpretation.

3. Generalized (2+41)-dimensional

vc-KdV equation

Consider a generalized (2+1)-dimensional vc-
KdV equation30—33]

(ut + 6uty + usg)s + e(t)ug + n(t)ugy =0,  (10)

with time-dependent coefficients e(t) and n(t). In
Eq. (10), the subscripts denote the partial derivatives.
The importance of Eq. (10) is well known, and there is
a continuing high level of interest in the construction
of exact solutions to its special forms. Equation (10)

can degenerate into the cylindrical KAV equation, %!
ie.,
u
up + 6uuy, + uz, + % =0, (11)

which describes the solitary wave in a channel with
slowly varying depth. Equation (10) can also degen-

erate into the cylindrical KP equation!®!]

1
%ux + tTUQy = O,

: (12)

(ug + 6uty + use)s +
o? =+1

which describes the surface wave in a fluid character-
ized by a small deviation from the axial symmetry.
The KdV and the KP equations and their cylindri-
cal generalizations (11) and (12) are all known to be
completely integrable.[30:31]

For Eq. (10), Elwakil et all3?l obtained an auto-
Béacklund transformation and new exact solutions

by using the homogeneous balance method. And
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Yombal?3! obtained new soliton-like solutions by us-
ing the extended tanh method. In our present work,
we focus on the integrability of Eq. (10) by using the
bilinear Bécklund transformation, the Lax pair, and

the infinite conservation laws.

3.1. Bilinear representation

In order to detect the existence of the bilinear rep-
resentation, we introduce a potential field ¢ by setting

U = Ccqag, (13)

with ¢ = ¢(t) being a free function with respect to ¢,
which will be chosen appropriately so that Eq. (10)

is related to the P-polynomials. Then substituting

Eq. (13) into Eq. (10) and integrating twice with re-
spect to = yield

E(q) = (0ic(t))qa + c(t)qut + 3¢3(t)d3,
+ c(t)qae + e(t)e(t)qs + n(t)c(t)qey
0. (14)

Comparing the third and the fourth terms of the above
equation with formula (2), we find that ¢(t) = 1. The
resulting equation is then cast into a combination form
of the P-polynomials

E(q) = qut + 33, + qaz + €(t)qz + n(t)qay
Pui(q) + Paz(q) + n(t) P2y (q) + e(t)ga
— 0. (15)

Making a change of the dependent variable
g=2InF <— u=cqe, =2(InF)g,,

and noting property (4), we can obtain the bilinear
representation of Eq. (10) as

[D.D¢ + Dj + n(t)D; + e(t)d,]F - F = 0,

in which we have used the notation 0, F - F = 0,F? =
2FF,. The equation can be easily solved to obtain
the multi-soliton solutions of Eq. (10) by using the
Hirota’s bilinear method.

For example, the regular one-soliton like solution
is 12

k
u= sech? ME TSyt w

2 )
where k is an arbitrary constant, s is an integral con-

(16)

stant, and w = w(t) is a function of ¢ given by

w(t) = — /[k3 + 8%k~ In(t) + e(t)]dt,

The two-soliton solution takes the form
u = 2[111(1 + eft + e&2 + e§1+§2+A12)]MC7 (17)
where

& = kja + 55y + w (1),
oAz _ _ 3RTRB (k1 — k2)® + n(t) (kal — koh)?
- 3](7%]6%(]{}1 + k2)2 - n(t)(kllz — k2l1)2 ’

with conditions e(t) = 0 and n(t) = const. satisfied.
The multi-soliton solutions are omitted here, since ex-
actly solving Eq. (10) is not the main purpose in this
paper.

3.2. Backlund transformation and Lax
pair
Next, we search for the bilinear Backlund trans-
formation and the Lax pair of Eq. (10). Let ¢ =2In F

and ¢ = 2InG be two different solutions of Eq. (15)
respectively, we have the two-field condition

E(d) - E(q)
= (¢ = @t +3(¢' + Q)2:(¢ — Q)2
+ (0" = Qaz + ()¢ — @)z +n(t)(d — @)2y
= 0. (18)

The two-field condition can be considered as a nat-
ural ansatz for the bilinear Backlund transformation
and may produce the required transformation under
appropriate additional constraints.
To find such constraints, we introduce two new
variables
v=(¢—4q)/2=mF/G,
w=(¢+q)/2=InFG, (19)

and rewrite condition (18) in the form

%[E(Q’) — E(q)]
= Vgt + Blozwoy + Vag + e(t) vy + n(t)vyy,
= 0u[(v) + P (v, w)] + R(v,w)

where

R(v,w) = 3Wr[%4, (v, w), % (V)]
+ n(t)vay + e(t)vg, (21)

with Wr being a Wronski determinant.

In order to decouple two-field condition (20) into
a pair of constraints, we impose such a constraint that
enables us to express R(v,w) as the x derivative of a
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linear combination of the #-polynomials. The sim-
plest possible choice of such a constraint may be

Dow(V,w) + aZy(v) = A, (22)

where A is an arbitrary parameter, and o = a(t) is to
be determined. A direct calculation shows that
R(v,w)
= 3o, — 3(2V2V2w + Vpwsy + Qo)
+ n(t)voey +e(t)vy
= 39, — 3[21/31/237 + Vg (—205005 — Qgy) + Q1]
+ n(t)a_l(—wgw,y — 2u, V0, ) + e(t) vy
= 3\vg, — a H{n(t)way y + [2n(t) — 302 |vpvyy,
+ 302v9, vy} + e(t) vy (23)

If we take a simple constraint

e(t) =0, 3a?=n(t),

then R(v,w) can be expressed as the x derivative of a
linear combination of the % -polynomials

R(v,w) = 0,[3\%,(v) — 3a%,, (v, w)]. (24)

From formulas (20), (22), and (24), we can deduce
a coupled system of the % -polynomials

Doz (V,w) + a¥y(v) = A =0,
0% (V) + 05 [#34 (v, w) + 3AY, (V)

—3a%, ,(v,w)] =0, (25)
where we prefer the second equation in the conserved
form without integration with respect to z, and we
will use it to construct the conservation laws later.

Using identity (3) and system (25) immediately leads
to the following bilinear Backlund transformation:

(D2 +aD, —\)F -G =0,
(D; + D3 —3aD,D, + 3D, + 3)F -G =0,
where «, 3, and A are arbitrary parameters.

By using the Hopf-Cole transformation v = In,
it follows from formulas (5) and (6) that

D(v) =i/, De(v) =Y/,

Yy(v) =y [, Phu(v,w) = qor + V2 /Y,
Yy (VW) = Gy + Yy [,

B (V,w) = 3202 [V + Y32/,

therefore, system (25) is linearized into the corre-
sponding Lax representation

(aé)y + Ll)lﬂ =0,

(0 + Lo)y = 0, (26)
where

Ll = ai + g2 — )‘7
— 330Gy + 5.

Or equivalently replacing go, by u and g, by 9; 'u,,
we have

w2x + Oﬂ% + (U - )\)¢ = 07
"/)t - 401%;, + (2u + 4)‘)"/190
— 300, uy — (uy — B)b = 0.

It is easy to check that the integrability condition
[oﬁy + Lhat + Lghz} = 0,

is satisfied if w is a solution of the generalized (2+1)-
dimensional ve-KdV equation (10) and oy = 0, or
equivalently n(t) = const. The Lax pair can be used
to construct the Darboux and the inverse scattering
transformations of Eq. (10).

3.3. Infinite conservation laws

Finally, we show how to derive the infinite conser-
vation laws of Eq. (10) based on the binary Bell poly-
nomials. For this purpose, we need to re-decompose
two-field condition (20) into = and y derivatives of a
linear combination of the #-polynomials. So we re-
visit R(v,w) in two field condition (21) and write it in

another form as

R(v,w)
= 3o, — 3(21/31/2m + Vpwsg 4+ aogiy) + n(t)vy,

= 3oy — 3(—auplyy + avevy) + n(t)vey

3y — 3004 (Vply) + 60wy Vgy + n(t) ey
= 0, (3\vy — 3av,vy) + Oy [n(t)vy, + 3ar?],  (27)
where we have used the simple constraint e(t) = 0.
Here, we do not need constraint n(t) = 3a?, which is
slightly different from the former.
It follows from relations (20), (22), and (27) that
Wow(V,w) + aZy(v) — A =0,
0¥ (V) + 03 (%5, (v,w) — 30, (V)% (V)
3N )] + By (1) () + 3aZ2(w)] =0, (28)

where we have used relation 0, %;(v) = 0% (V) = vaq.
By introducing a new potential function

n= (¢, —4)/2,
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it follows from formula (19) that
Vg =1, Wg=(gy+1. (29)

Substituting Eq. (29) into Eq. (28), we have a Riccati-
type equation

Mo+ 17 +ad; 'ny + g = A=¢ (30
and a divergence-type equation

M+ O (2 + 6™ = 20* = 6amd; )
+ 0y[n(t)0; 'n, + 3an?] =0, (31)
where we have used Eq. (30) to obtain Eq. (31) and

set A = g2,

To proceed, inserting expansion

(oo}
n:E+ZIn(Qaqw7"')€_n7 (32)

n=1

into Eq. (30), we have the formula

%] [e’e) oo n—1
Z Inge™ ™+ 2 Z I, e ™+ Z Z I 1, e "
n=1 n=1 n=2 k=1

+ 00,1 Liye " + qoa = 0. (33)

n=1

Equating the coefficients for powers of €, the conserved
densities are explicitly obtained by the recursion rela-

tion as
1 1
I = —§Q2y §u,
1 1 1
Ih = ——(—= S T
2 2( 2(13 20&(], y)
1
== *(Um + aaajluy)a
4
1 n—2
I, = ) {I(n—l),x + Z Il g1+ Oéagzljnfl,y )
k=1
n=34,.... (34)

In addition, substituting Eq. (32) into Eq. (31) yields
Z In,tgin + aac |:Z In,23c57n
n=1 n=1
9] 00 3
" 6<5 'y z) o ( S 1)
n=1 n=1

— 6o <5 + i Ins_”> 8;1 i In,y&:_”]
n=1 n=1

+ 0y [n(t)a;l Z Inye ™"
n=1

fe%e] 2
+ 3@(5 + ZInE_n) } =0,

n=1
Comparing the coefficients for powers of ¢, we can ob-

tain the infinite consequence of the conservation laws
Int+Fhe+Gny=0, n=12.... (35)

In Eq. (35), conversed densities I, (n = 1,2,...)
are given by recursion formula (34), the first fluxes

F,(n=1,2,...) are given by the following recursion
formulas:
Py = I 9, — 617 — 600, ' I,
1 3 3 _
= fiuh - §u2 - ioﬁm 1(uxy + a0, 1qu),
Fy = 12,295 — 6[1(2[2 -+ a@;IILy) — 60[({9;1.[3’3/,

n

F, = —6 Z Ie[Ln—psr + @0y k) )
k=1

=2 Y LI+ Lyge — 600, Tiia)
i+j+k=n
n=34,....

and the second fluxes G, (n =1,2,...) are given by

G = n(t)@‘llLy + 6als

1 3
= —in(t)agluy + ia(ux + ady tuy),
Ga = n(t)9; Iy, + 6als + 3ali,

Gn = n(t)0; 1y + 6al, 41
n—1

+3a Y Iy,
k=1

n=23....

Here, we should note that the first equation of con-
servation law equation (35) is exactly Eq. (10) under
constraint e(t) = 0. The expressions F,, and G,, indi-
cate that the fluxes of Eq. (10) are local.

4. Conclusion

In this paper, we investigated the generalized
(241)-dimensional ve-KdV equation by using the bi-
nary Bell polynomials approach. The equation turns
out to be completely integrable under certain con-
straints, since it admits the bilinear Bécklund trans-
formation, the Lax pair and the infinite conservation
laws. In a similar way, we can also investigate the

generalized (341)-dimensional ve-KP equation[®*

[us + s(t)uug + m(t)use)e
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+h(t)ugy + g(t)us= =0, (36)

where s(t), m(t), h(t) and g(t) are arbitrary functions
of ¢t with s(t) # 0 and m(t) # 0.

The binary Bell polynomials approach provides us
a procedure, which may help us to find the integrable
constraint conditions and to obtain many integrabil-
ity properties. It is found to be effective and practical
in investigating the integrability of nonlinear evolu-
tion equations. And we try to extend the approach to
some discrete equations, the work in these directions

is in progress.
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